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Abstract

In this paper, we investigate the existence of periodic solutions for the nonlinear discrete system with classical or bounded
($1, d2)-Laplacian:
{ Ad1 (Aug(t—1)) + Vi, F(t,ug (t), up(t)) =0,
Adz (Aug(t —1)) 4+ Vi, F(t, 1wy (1), up(t)) = 0.

By using the saddle point theorem, we obtain that system with classical (¢1, ¢2)-Laplacian has at least one periodic solution
when F has (p, q)-sublinear growth, and system with bounded (¢4, ¢2)-Laplacian has at least one periodic solution when F has
sublinear growth. By using the least action principle, we obtain that system with classical or bounded (¢4, $2)-Laplacian has at
least one periodic solution when F has a growth like Lipschitz condition. (©2017 All rights reserved.
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1. Introduction and preliminaries

As we all know, critical point theory plays an important role in studying the existence and multi-
plicity of solutions for various differential equations, for example, nonlinear Schrodinger elliptic partial
differential equations, nonlinear Dirac equations, reaction-diffusion equations, Hamiltonian systems (see
[1, 16, 19, 21]). In 2003, the pioneering work for applying the critical point theory to discrete equations
was given by Guo and Yu in [4] and [3]. Since then, lots of achievements for various types of discrete
equations were presented. It is impossible to review them one by one here. We just refer readers to
[5, 6, 10, 13, 23, 25, 27-29] and references therein. Recently, in [14] and [15], Mawhin studied a class of
nonlinear discrete systems with ¢-Laplacian which possesses generality. To be precise, he considered the
following system:

Ap[Au(n—1)] = VyFn,u(n)]+h(n), (ne2z), (1.1)

where ¢ is a homeomorphism from X € RN onto Y ¢ RN and the following three different types of
homeomorphisms were discussed:
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(1) classical homeomorphism: when X =Y = RN, that is, ¢ : RN — RN;
(2) bounded homeomorphism: when X = RN,Y =By, thatis, ¢ : RN — B (a < +0);
(3) singular homeomorphism: when X =B,,Y = RN, that is, ¢ : B, ¢ RN — RN;

where B is a ball with its center at origin and radius a. By virtue of some critical point theorems, Mawhin
obtained a series of results on existence and multiplicity of periodic solutions for system (1.1). Motivated
by [14] and [15], Wang and our second author in [24] considered the following (¢1, $¢2)-Laplacian system:

{ Ad1(Aur(t—1)) = Vi, F(t,ug (1), uz(t)) +ha(t),
Ads (Auy(t—1)) = Vi, F(t, ui (), ua(t)) + ha(t).

Under the assumption that potential function F(t,x1,x7) is periodic about some components of the inde-
pendent variables (x1,%2) and has a (p, q)-sublinear growth and ¢,(m = 1,2) are classical or bounded
homeomorphisms, by virtue of some abstract critical point theorems in [16] and [11], the authors obtained
some multiplicity results of periodic solutions for system (1.2). Moreover, in [30], they also considered the
following system:

(1.2)

{ Ad1 (Aug(t—1)) + Vi, V(t,ug (1), up(t)) = f1(t),
Adr (Aup(t—1)) + Vi, V(t,ug (1), ua(t)) = fa(t),

where ¢ (m = 1,2) are classical homeomorphisms, functions V(t,xi,x2) : Z x RN xRN — R and
fm : Z — RN (m = 1,2) satisfy some reasonable growth conditions. By virtue of an abstract critical point
theorem in [21], they presented some existence results of homoclinic solutions for system (1.3). In [31],
our second author and Wang investigated the following two classes of nonlinear difference systems with
classical (¢1, ¢2)-Laplacian:

nA|p1(t— 1)1 (Aug(t—1))
HA

p2(t—1) b2 (Auz(t—1))
{ A (y1(t =1 b1 (Aug (t—1))) —va(t)da(fur (t)]) + Vo, F(t, wi (1), ua(t)) =0,
A (v2(t =12 (Auz(t —1))) —va(t)dalfuz(t)) + Vi, F(t, u (1), uz(t)) =0,

where 0 € R, p;i : R - R, y; : R = R* and ¢4, i = 1,2, 3,4 satisfy some reasonable assumptions.
By using a critical point theorem due to Ricceri in [20], they obtained that (1.4) has at least three distinct
T-periodic solutions, and by using the Clark’s theorem, they obtained a multiplicity result of T-periodic
solutions if F satisfies a symmetric condition. It is easy to see the differences between those results in [31]
and our results below in this paper.

Motivated by [14, 15, 24] and [30], in this paper, we investigate the existence of T-periodic solutions
for the following system with classical or bounded (¢, $2)-Laplacian:

{ Ad1(Aug(t—1)) + Vi, F(t,ug (1), up(t)) =
Ad)z(Auz(t— 1)) + VuzF(t,ul(t),uz(t)) =

(1.3)

— up3(t)ba(ug (1) + Vi, W(t, ug (1), up(t)) =

’ (1.4)
— upa(t) ba(uz(t)) + Vi, W(t, ui (t), uz(t)) =0,

—

and

0,
0 (1.5)

where A is a forward difference operator, T > 1 is an integer, t € Z, F : Z x RN x RN — R and
¢m(m =1,2) satisty the following condition:

(A0) ¢dm : RN — B, € RN(a € (0,+00]), m = 1,2 are two homeomorphisms which satisfy ¢ = V@,
$m(0) =0, where ®,,, € CI(RN, [0, 4+00)) is strictly convex and @, (0) = 0.

Remark 1.1. Assumption (AQ) given in [14] is used to define the homeomorphisms ¢ (m = 1,2), that is,
¢m(m =1,2) are called classical homeomorphisms, if a = +oo and are called bounded homeomorphisms,
if a < +oo. Moreover, if @, possesses coercion (i.e., O (x) = +00 as [x| = 00), then one can find two
constants 0, = minjy—1 Pm (x) >0, m = 1,2 such that

O (x) = dm(lx|—1), xeRN. (1.6)
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As @q(x) = %leq and @,(x) = %lep, where p > 1 and q > 1, system (1.5) reduces to the following
(q,p)-Laplacian difference system:

A(lAug (t—1)[972Aug (t — 1)) 4+ Vi, F(t ur (1), un(t)) =0,
A(IAuz(t — 1P 2Auy (t — 1)) + VuZF(t, w (t),uz(t)) =0,

which can be regarded as a discretization of the following differential system:

d (g ()92 (1))

+ Vi F(t ui(t), us(t)) =0,

d(li(t)P?n(t)) (1.7)

dt

+ Vi, F(t, up (t), us(t)) = 0.

In recent years, there have been some results about periodic solutions for a system like (1.7) (see [8, 9, 17,
18, 26]). In [8], [17] and [18], by using the least action principle and the saddle point theorem, the authors
obtained that system like (1.7) has at least one periodic solution. In [26], by using the least action principle,
the authors obtained that system like (1.7) has at least one periodic solution and by using the local linking
theorem, the authors obtained that system like (1.7) has at least two nonzero periodic solutions. In [9],
by using an abstract critical point theorem in [2], the authors obtained that system like (1.7) has infinitely
many periodic solutions.

In this paper, some assumptions on potential function F and some proofs are motivated partially by
[26] and [25]. In [25], Xue and Tang investigated the following second-order discrete Hamiltonian system:

A’u(t—1)+ VF(t,u(t) =0, VteZ. (1.8)

By using the saddle point theorem, they obtained three theorems that system (1.8) has at least one T-
periodic solution when F has a subquadratic growth. Here, we only recall two theorems which are related
to our paper.

Theorem 1.2 ([25, Theorem 2]). Assume that F(t,x) satisfies

(Hy) there exists an integer T > 0 such that F(t+ T,x) = F(t,x) for all (t,x) € Z x RN,

(Hy) F|(>E'\§) — 0as |x| = oo, forall t € Z[1,T], where Z[1,T] :={1,--- ,T};
(Hz) 2F(t,x) — (x, VF(t,x)) = 400 as [x| = oo, forall t € Z[1,T].
Then system (1.8) possesses at least one T-periodic solution.

As a corollary of Theorem 1.2, the authors also presented the following theorem:

Theorem 1.3 ([25, Theorem 3]). Assume that F(t,x) satisfies (Hy),

(Hyq) there are constants G > 0 and 0 < 3 < 2 such that for all (t,x) € Z[1,T] x RN and |x| > G,

(x, VE(t,x)) < BF(t,x);

(Hs) F(t,x) = o0 as x| = oo, forall t € Z[1,T].
Then system (1.8) has at least one T-periodic solution.

Next we prepare to present our results. For this purpose, we need to make the following three
assumptions:

(Al) there exist constants d; >0, d, >0, p > 1 and q > 1 such that

D1 (x1) + Pa(x2) = dilxq|P 4+ dalxal, Vx1,% € RY;
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(A2) (d1(x1),x1) + (d2(x2),x2) = min{p, q}[@1(x1) + P2(x2)], ¥ x1,x2 € RY;

(A3) there exist constants p* € (0,1] and q* € (0, 1] such that

(b1(x1),%1) + (d2(x2),x2) = min{p*, g*}[@1(x1) + D2(x2)], Vx1, %2 € RN,

Moreover, we need to fix some notations. For any s > 1 and s’ > 1 with 1/s+1/s" =1, let

C(s,s') = min{

) B E s’+1 _E 1 s'+1_ ) s/s’
@(s,s)—Z[(T) +11 T+T Tt .

t=1

(T—1)%s"1 T71Q(s/,s)
Ts—1 4 (S/_|_1)s/s’ ’

(I) For classical homeomorphism

Theorem 1.4. Suppose that (AO) with a = +o0, (A1), (A2) and the following conditions hold:

(Fo) foreveryte Z[1,T], F: Z x RN xRN - Ris continuously differentiable in (x1,x2), and for all (x1,%2) €

RN x RN, (t,%1,%2) — F(t,%x1,x2) is T-periodic in t, where x| = (x{l)f-- , xl(\}))T, Xy = (xiz),--o ,xg))T;

(F1)
lim min{p, q}F(t,x1,%2) — (Vx, F(t, x1,%2), 1) — (Vx, F(t, %1, %2), Xz)] = 400,

[x1|+Ix2]—=+00

forall t € Z[1,T];
(F2) there exists a positive constant M., such that
(Vx, F(t,x1,%2),%1) 20, (Vg F(t,x1,%2),%2) 20,
for all (t,x1,%2) € Z[1, TI x RN x RN with |x1] + [xa| = M,;

(F3)
F(t/ X1, XZ) _

m —_— =0,
Ix1|+Ixal =00 [X1|P + [x2|9

forall t € Z[1,T].
Then system (1.5) possesses at least one T-periodic solution.
Corollary 1.5. Suppose that (AQ0) with a = +o0, (A1), (A2), (Fo) and (F,) hold. If
(F1)’ there exist constants L > 0 and 0 < 3 < min{p, q}, such that
BF(t, x1,%x2) = (Vi F(t,x1,%2),x1) + (Vx, F(t,x1,%2),%2),
for all (t,x1,%2) € Z[1, TI x RN x RN with |x1] +xa| > L;

(F3)’
lim F(t,x1,%2) = +o00,
[x1[+x2| =00

forall (t,x1,%x2) € Z[1,T] x RN x RN,

Then system (1.5) possesses at least one T-periodic solution.
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Remark 1.6. There exist some examples satisfying Theorem 1.4. For example, let T > 1, ®4(x1) = %lelp,
®3(x2) = Lixo|9 and
a T
F(t,x1,%x2) = (1 + sin? Tt) In(1+ pxq1|P + [x2]9).
It is easy to verify that the example satisfies Theorem 1.4 if we take d; = % and dy = %.
Theorem 1.7. Suppose that (AO) with a = +o0, (A1), (A2), (Fo), (F1), (F2) and the following conditions hold:

(F4) there exists a positive constant M* such that

F(t,x1,x2) >0, forall (t,x1,%x2) € Z[1,T] x RN x RN with |xq] + [xa] > M*;

(Fs)

F(t,x1,%2) . { dq dy }
— 2V~ min .

1 7
Ix1l+Ixal =00 [X1[P 4 [x2/9 Clp,p")" Clq,q")

Then system (1.5) possesses at least one T-periodic solution.

Remark 1.8. In Theorem 1.4, Corollary 1.5 and Theorem 1.7, (F;) can be deleted if p = q. One can see the
reason in Remark 3.4 below. Thus we claim that Theorem 1.4 and Corollary 1.5 generalize Theorem 1.2
and Theorem 1.3, respectively. In fact, when p = q =2, ®4(x) = Oy(x) = %lez and F(t,x,y) = F(t,y,x),
system (1.5) reduces to system (1.8) and Theorem 1.4 and Corollary 1.5 become Theorem 1.2 and Theorem
1.3, respectively. Moreover, Theorem 1.7 is still a new result even if system (1.5) reduces to system (1.8),
which shows that (F,) can be weakened to (Fs) if (F4) holds. There exist examples satisfying Theorem 1.7
but not satisfying Theorem 1.4. For example, let T > 1, ®(x1) = %lelp, Dy(xy) = %IlelD and

1
4pC(p,p’)

It is easy to verify that the example satisfies Theorem 1.7 if we take p = q and d; = d; =

Flt, %) = (1-+5in® Tt) 1P +x2l” +In(1+ bt + beal).

1

=x

Theorem 1.9. Assume that F(t,x1,%2) = F(x1,%2) for all t € Z[1,T], and (A0) with a = +oo, (A1), (Fo) and
the following conditions hold:

(Fg) there exist constants r1 € [0,%), T € [0,400), 13 € [O,Cd—“%) T4 € [0,+00), g € [0,p) and

(a.q’
Bo € [0, q) such that
(VXIF(Xllxz) - VUIF(y1/y2)/X1 —91) < r]|X] _y1|'P —|—T2|X1 _y1|0‘0,

and
(Vo F(x1,%2) — Vi, F(Y1,Y2), %2 — Y2) < Talxa — Y2l + 1alxa — yal Po,

fOT’ ﬂll (XllXZJI (‘JLUZ) € IRN X RN/

(F7)

lim F(Xl,Xz) = —09Q,
[x1]+Ix2]|—+00

for all (x1,%x2) € RN x RN,
Then system (1.5) possesses at least one T-periodic solution.
By Theorem 1.9, it is easy to obtain the following corollary.

Corollary 1.10. Assume that F(t,x1,x2) = F(x1,%2) forall t € Z[1,T], and (A0) with a = +oo, (A1), (Fo), (F7)
and the following condition holds:
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(Fg) there exist constants r1 € [0,%), Ty € [0,400), 13 € [O,%jﬁ), T4 € [0,400), &9 € [0,p) and

Bo € [0, q) such that

IV, F(x1,%2) — Vi, Fly1, y2)l < m1lxa —yalP 71+ 12lxg —yg|® 7,
and

Vo F(x1,%2) — Vg, F(y1, y2)l < mabxa — Yol 971+ 1alxa —yalPo 7,
for all (x1,%2), (y1,y2) € RN x RM.

Then system (1.5) possesses at least one T-periodic solution.

Remark 1.11. There exist some examples satisfying Theorem 1.9. For example, letp =2, q = %, Dq(x1) =
12, @a(x0) = 2x,|5 and

ary
4

3ry, 4 4 0T 3
F(x1,%2) = T\X1|3 + —=xa[3 — E|7<1|2 Ix2|2,

3
d; d, .. . .

where 11 € (O, —p—c( p’p,)) and 1 € (0, %( ) ) Then it is easy to verify that the example satisfies Theorem

1.9 if we take o9 = g = %, d, = % and dzZ%.

(I) For bounded homeomorphism

Theorem 1.12. Assume that @, : RN — R are coercive, m = 1,2, and (A0) with a < +o0, (A3), (Fo), (F2) and
the following conditions holds:

(S1)
lim [mln{p*/ q*}F(trxll XZ) - (vxlF(t/Xl/ XZ)/ Xl) - (VXZF(t/Xl/ XZ)/XZ) = +o00,

Ix1]+[x2| =00

forallt € Z[1,T];

(S2)
F(t,x1,x2)

im =
il =0 [X1] 4+ X2
forall t € Z[1,T].
Then system (1.5) possesses at least one T-periodic solution.

Corollary 1.13. Assume that @, : RN — R are coercive, m = 1,2, and (A0) with a < +o0, (A3), (Fo), (F2)
and (Sy) and the following condition holds:

(Sp)’ there exist constants 01 € (0,1) and 6, € (0,1) such that

F(t, x1, x2)
i o e < too,
et bzl —oo [X1|%1 4+ [x2|%2
forall t € Z[1,T].
Then system (1.5) possesses at least one T-periodic solution.

Remark 1.14. There exist some examples satisfying Theorem 1.12. For example, let T > 1, ®(x1) =

V1t P =1, @a(x2) = /2 + x2]2 — V2 and

Lo T
F(t,x1,%2) = (1 + sin? ft> In(1 + |x11> + [x2?).

It is easy to verify that the example satisfies Theorem 1.12 if we take p* = q* = 1, § = V2 —1 and

52 = V3 — V2.
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Theorem 1.15. Assume that @, : RN — R are coercive, m = 1,2, and (A0) with a < +oo, (A3), (Fy), (F2),
(S1), (F4) and the following condition holds:

(S3) there exist four constants so, s§, s1,8] € (1,+00) with = + L =1and - + % =1 such that
0 So S1 Sq

F(t,x1,%2) . d1 )
< min o1 TR o1 1 ,
S,

im
Ixal+Ixal =00 [X1] 4 X2 T 50 [Clso,s{)I%0 T 1 [Clsy,s])]1

forall t € Z[1,T], where &, and &, are given in (1.6).
Then system (1.5) possesses at least one T-periodic solution.
Remark 1.16. There exist some examples satisfying Theorem 1.15 but not satisfying Theorem 1.12. For

example, let T > 1, @1(x1) = /1 + ]2 —1, @a(x2) = /2 + [x2|? — V2 and

LT
F(t,x1,%) =A (1 + sin? Tt> [\/l + [x1]2 + \/2 + o2 +In(1 + 11> + x2 ) |,

where

v2-1 V3—V2
sp—1 17 s1—1 1 4

T %0 [C(so,sp)]*0 T =1 [C(s1,s1)]1

1
O<A<§min

and sy, s, s1 and s; are four fixed positive constants with L4l —Tand L +2L =1 Itis easy to verify
So So Sq Sq

that the example satisfies Theorem 1.15 if we take p* =q* =1, &1 = V2 —1 and &, = V3 — /2. Moreover,
it is obvious that F does not satisfy (S;) so that it does not satisfy Theorem 1.12.

Theorem 1.17. Assume that F(t,x1,%2) = F(xq1,x2) forall t € Z[1,T], O : RN — R are coercive, m = 1,2,
and (AQ) with a < 400, (Fy), (F7) and the following condition holds:

(S4) there exist constants sy, s3, 3,545 € (1, +00) with Si + % =1 and Si + % =111 € |0, = & = |,
oo o T 52 [C(s,8])]%2
T2 € [0,400), 13 € |0, 5= &2 — |, 14 € [0,400), wo € [0,1) and vq € [0,1) such that
T 53 [C(s3,s4)]%3

(Va, Flx1,%x2) — Vy, F(y1,Y2), x1 —y1) < milxs —yal +r2lxg —y1 0,

and
(Vo Flx1,%2) — Vy, F(y1,Y2), x2 — Y2) < 13lx2 — Yol +1alx2 —yo[¥?,

forall t € Z[1,T] and all (x1,%2), (Y1,Y2) € RN x RN,
Then system (1.5) has at least one T-periodic solution.
By Theorem 1.17, it is easy to obtain the following corollary.

Corollary 1.18. Assume that F(t,x1,%2) = F(x1,x2) forall t € Z[1,T], O, : RN — R are coercive, m = 1,2
and (A0) with a < 4o0, (Fg), (F7) and the following condition holds:

(85) th€7€ exist constants Sz,S/, S3,Sl S (1, +OO) ZUith L + *1, =1 (an L + *1/ = 1, 11 € 0, -1 il
2 3 S
2 S5 S3 3 T 2 1

S L
2 [C(s2,55)]%2

and 1; € | 0, —5= &2 — | such that
T 55 [C(s3,84)]%3

|VX1F(X11X2) - VylF(ULUZN < ll,
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and
[V, F(x1,%2) — Vy,Fly1,y2)| < by,
for all (x1,%2), (y1,y2) € RN x RN,
Then system (1.5) possesses at least one T-periodic solution.
Remark 1.19. There exist some examples satisfying Corollary 1.18. For example, let T > 1, ®q(x1) =

VI+FIxi2—1, Pa(x2) = /2 + [x22 — V2 and

1
F(x1,%2) = —5 In(2 4 b + Ixal?),

where 1 € | 0, min - E\/g*ﬁ - , and sy, sj, s3 and s} are four fixed positive
(s2, 52 152 T 3 [C(s3,53)]°3
constants with L -+ i, = and + 1 = 1. Then it is easy to verify that the example satisfies Corollary
3

SI
1.181fwetake11_12 1, &, :ﬁ 1and &, = V3 — V2.

2. Preliminaries

Let
==} vt+T)=v(t),v(t) e RN, t e Z}.

It is easy to see that Et has NT dimensions. For v € E, set

1/r
VIl ) <Zlv ) , v>1 and |V = max [v(t)

teZ(1,T]

It is obvious that X
[Viioo < [Vl < T7[[V]o- (2.1)

For1l < s < 400, for v € ET, define

T T 1/s
Ivlls = (Z AV + ) IV(t)IS) :
t=1 t=1

Then there exist two positive constants D1, D, such that
ey < wallp < Diflwllp),  lv2lligr < lluzllq < Daffuzliig) (2.2)

for all uy,uy € Ev.
Let E = Et x E1. For u = (uy,up)™ € E, define

[ull = flwallp + [luzllq-

Note that for any v € Er, it can be expressed as v = V+V, where v = %Z,Ll v(t) and v satisfies that

Zt 1v(t) = 0. Hence, for any u € E, u = (ug,up)™ = (g + g, Wp + Up) ™ = (U, Up)™ + (g, Uz)". Define W
and Yby
-
W={u= )T e Eum) = =unM = = 3 um(t),m=12},
T t=1
and
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Then, E = WEY and for any u € E, it can be expressed as u = U+ u, where U = (U1, U2)* € W and
u = (uy,up)" € Y. Furthermore, u;, = Uy + Um, Where Ty, = % ZLl Um(t), and Atty, = Auy, m=1,2.
For u = (uy,up)™ €Y, define

[Au]| = [[Aw | (p) + [|[Auz][(q), YU EY,

which is also a norm on Y. Since Y is finite dimensional space, so the norm ||Aul| is equivalent to the
norm |[ul/ in Y.

Lemma 2.1 ([27]). Let u = (uy,up)® € Y. Then forany s > 1and s’ > 1 with 1/s +1/s’ =1, we have

T T
D lum(B)F < Cls, ) ) JAum (), m=1,2.
t=1 t=1

Remark 2.2. By Lemma 2.1 and a simple calculation, it is easy to obtain that
hullp < (Clp, ) +1) [Awlf,),  Iw2llf < (Cla,q) +1) [Auallfy), Yu=(w,w)" €Y. (23)
p [p] q lq]

Moreover, for any u = (uy,uz)* € E, by Lemma 2.1, we have

1/s
||um‘s—<Z|Aum |S+Z|um >
T T 1/s
(vam |S+Z|um+am(t)|5>
t=1
1/s
< At (1)]° 425 1Z|umls +257 1Zlum )

M- T

t

I
MR

T 1/s
< [251T|am|s +(14+257Cls,8") ) |Aum(t)|5]
t=1
T 1/s
<25 Toftm| + (1+2571C(s, s’ VS[ZIAum )¢ } (2.4)
t=
1 1 T
<25 Tsfin| + (142571C(s,8")V/5 Y [Aum(t)], (2.5)
t=1

where m = 1 (or 2) and s > 1. Hence, if ||ul| = oo, then |[ui||, — oo or |[uz||q — oo and so [T+
ZLl |Aum ()15 — 0o, m =1 (or 2) and s = p (or q).

Lemma 2.3 ([24]). For any u = (uy,up)", v = (v1,v2)" € E, the following two equalities hold:

T T

=Y (Ad1(Aw (t—1)),vi(t)) = ) (b1(Aw (1)), Avs (1)),
t=1 t=1
T T
— > (Aba(Aup(t—1)),va(t) = ) (ha(Aus(t)), Ava(t)).
t=1 t=1

Lemma 2.4 ([24]). Let L : Z[1,T] x RN x RN x RN x RN — R, (t,x1,%2,Y1,Y2) — L(t,x1,%2,Y1,Y2) and
assume that L is continuously differentiable in (x1,%2,Y1,Y2) for all t € Z[1,T]. Then the functional J : E — R
defined by
-
Ju) =3(up,up) = ) Lt wi(t),ua(t), Aus(t), Aus(t)),

t=1



H. Y. Deng, X. Y. Zhang, H. Fang, J. Nonlinear Sci. Appl., 10 (2017), 535-559 544

is continuously differentiable on E and for all u,v € E, we have

(@' (w),v) = (I’ (w1, u2), (vi,v2))
T
= [(Dy, L{t, g (1), up(t), Aug (t), Aus(t)), ve (1))
t=1
+ (Dy, L(t, uq (1), up(t), Auy (t), Aup(t)), Avi(t))
+ (D, L(t, ur(t), ua(t), Auq (t), Aun(t)), va(t))
+ (Dy, L(t, up (1), un(t), Aug (t), Aua(t)), Ava(t))].

Let
L(t,x1,%2,Y1,92) = @1(y1) + P2(y2) — F(t,xq,x2).
Then .
J(uw) =J(u, u2) = Z (@1 (Aug (1) + Do (Auy(t)) — F(t,ug (1), un(t))].
=1

By (A0), (Fp) and Lemma 2.3, we have

(@'(u),v) = (3’(u1,uz) (vi,v2))

Z ($1(Aus (1)), Avi () + (d2(Auz(t)), Ava(t))

— (vulF(t w (1), uz(1)), v1 () — (Vg F(t, w (1), u2(1)), va(t))]
T
Z (A1 (A (t—1)),v1 (1) + (Ada(Auz(t — 1)), v2(t))
t=

+ (Vo F(t,w (1), wa(4), vi (1) + (Vi F(t wa (1), ua (1)), va (1)),
and then it is easy to obtain that critical point of J in E is T-periodic solution of system (1.5).

Definition 2.5 ([16]). Let E be a real Banach space and for ¢ € C!(E,R), we say that ¢ satisfies the (PS)
condition, if any sequence (u,) C E for which @(u,) is bounded and ¢’(u,) — 0 as n — co possesses a
convergent subsequence.

Next, we introduce some abstract critical point theorems which will be used to prove our main results.

Lemma 2.6 ([19]). Let X = X @ Xo, where X is a real Banach space and Xy # {0} and is finite dimensional.
Suppose @ € C}(X,R), satisfies (PS) condition, and

(1) there is a constant & and a bounded neighborhood D of 0 in X; such that ¢lap < «, and
(Ip) there is a constant 3 > « such that @|x, > f.

Then @ possesses a critical value ¢ > (3. Moreover c can be characterized as

= inf h(u)),
c= ﬁ%rﬂ?ﬁ“"( (w)

where
I'={h e C(D,X)|h =id on 0D}.

Remark 2.7. As we all know, under the weaker condition (C) than (PS), a deformation lemma holds true.
We say that {uy} is a (C) sequence for ¢, if {u} is bounded and (1 + |jun|)]|¢’(un)|| = 0, as n — oo, and
¢ satisfies (C) condition, if any (C) sequence for ¢ has a convergent subsequence.
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Lemma 2.8 ([12]). Assume that @ € C}(X,R) is bounded from below (above) and satisfies the (PS) condition.
Then

c felx(p(u) (c ilé};((@(u)),

is a critical value of .

3. Proofs for classical homeomorphism

Lemma 3.1. Assume that (A0) with a = +oo, (A1), (A2), (Fo), (F1) and (Fs) (or (F3)) hold. Then J satisfies the
(C) condition.

Proof. The proof is motivated by [7]. Suppose that {u,, = (uin),uén))} is a (C) sequence for J, that is,
J(un) isbounded and (14 |[un|)|d'(un)]| =0 asn — oo.
Then there exists a positive constant Cp such that

d(un)l < Co, (14 unlDIId (wn)]l < Co, ¥ne€N. (3.1)

Then we claim that {u,} is bounded, that is, both {ugn)} and {uén)} are bounded. Otherwise, without

loss of generality, we assume that {ugn)} is unbounded. Then there exists a subsequence of {u{n)}, still

(n)
denoted by {uin)}, such that ||u§n)||]D — o0. Let zgn) = _A

L—. Then HZ(H)H = 1. Hence there exists
™ Iy L

a convergent subsequence {zin“)} of {zin)} such that z{nk) — z] for some z] € Et. Correspondingly, we

choose a subsequence {uénk)} of {uén)}, which has the same index (ny) as {uin“)}. Then there exist the
following two cases.

(i) {uénk)} is unbounded.

For this case, there exists a subsequence of {uénk)}, still denoted by {uénk)}, such that Huénk) lq = oo.

(ny)

k . (nx;)
Let zénk) = Tl u&k)u . Then Hzé“k) llq = 1. Hence there exists a convergent subsequence {z, K } of {zénk)}
Uy q
() . . . . ()
such that z, A z5 for some z; € Et as j — oo. Correspondingly, it is obvious that z, A z] as

j — oo. Then (2.1) and (2.2) imply that

(leA ) * (nk~ )

z, ()= zi(t), z, 7 (t) = z3(t), asj — o0, Vte Z[1,T], (3.2)

and it is easy to see that
lu, lp = 00, lu, 7 |lg = 00, asj — oo. (3.3)
Moreover, it follows from (Fs) or (F3) that there exist constants G; > 0 and 0 < ¢ < min { C(glp,), C(gz T }

such that
F(t,x1,%2) < e([x1]P + [x2[9),

for all (xq,%x2) € RN x RN with |x1| + [x2] > G;. Then by (Fo), there exists a positive constant C; such that
F(t,x1,%2) < (1P +[x2/9) + Cy, (3.4)

where C; = max{|F(t,x1, x2)[[t € Z[1,T], [x1] < Gy, [x2| < G1}. Then by (A1), (3.1) and (3.4), for the sequence

(k) ()
{unkj = (ulnk’ ,uan’ )}, we have
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Co
P (ni) g
I+l g

3(u§nkj ), u;nkj ) )

- (ny.) (ny.)
uy R+ w7

s [@alau, ™ )+ @a(aw,™ (1) < Fe ™ (1), 0™ (1))

(ny;) (ny;)
g 0B+l I
. () () () ()
_ min{dy, da} T [[Awy T (0P +1Awy O] =T [ehy 7O ey (0194 Cif

(ny;) (ny;)
R 1 [P

uy™

. (ny;) (ny.) . (k) (ny.)
_ min{dy, do}(Jwy 7B+ [y TYI§) —min{di, do} Y ¢y (hy T (OP +Rey (1))

(ny;) (ny;)

g 7B+ w7l (3.5)
(ni;) (n; )

X [ehy O P ey, ()19 4 G

() ()
lwy 7lB + vy 7l

T (nkj) T (ny;)
u t)|P g hu, ()]
> min{d;, do} — (min{d,, do} + 8)[Ztl l( 1k) Y Lt 1|(nzk) .
0B IS
CiT
AT ) q
w7 llp+ 1wy g

T T
. . (ny;) (ny;)
— min{d;, dp} — (min{d, dp} + ¢) [Z 2 TP+ Yz (1)
t=1 t=1

_l’_

CiT }
(ni;) (i) )

LTS R (TP

Let j — oo. Then it follows from (3.2), (3.3) and (3.5) that

U min{dy, d,}

-
|7 (t)|P + lZ5 ()9 > ————=—— >0,
; 1(t) ; 2(t) min{dy, d>} + ¢

which implies that there exists a nonempty set Oy C Z[1, T] such that
|21 (1) + 123 (t)] > 0, Vte Q.

Without loss of generality, we assume that [z} (t)| > 0 for all t € Qg;, where Qg is a nonempty set of Q.

Then the definition of z}(t), together with (3.3), implies that Iuinkj : (t)] = oo asj — oo, for all t € Qgy,
which shows that

(n)

™ ()4 huy ™ (1) = 0o, as oo, Wt € Q. (3.6)
Moreover, (F;) implies that there exists a positive constant G, such that
min{pl q}F(tlxll XZ) - (vxlF(t/Xl/ XZ),X]) - (VXZF(t/ X11X2)1X2) 2 0/

for all (x1,%2) € RN x RN with |x;] + |x2] > Gy and all t € Z[1,T]. Since F is continuously differential,
there is a positive constant C; such that

’ mln{p/ q}F(t/ X11X2) - (vxlF(t/ X11X2)/ Xl) - (VXQF(t/Xl/ XZ)/ XZ)‘ < CZ/
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for all (x1,%x2) € RN x RN with |xq|+ x2] < Gy and all t € Z[1,T]. So
mln{p/ q}F(t/ Xl/XZ) - (vxlF(t/ X1,X2),X1) - (VXZF(t/ XllXZ)/XZ) > _CZI (37)
for all (t,x1,%2) € Z[1,T] x RN x RN, Thus it follows from (A2), (3.1) and (3.7) that

> 1, DIt ) i, )
, (le ) () () . (i) ()
<8 ( )/ (u'l /uz )> - mln{P/ q}g(ul ru'z )

[minfp, qF(t,uy ™ (0,15, (6) = (Ve Flt ™ (1), us™ (1), ™ (1)

l\/]—q

t=1
(VP 0,0 (1), ()]
= Y [minfp, gt 10,0 1) = (Vi Fiu ™ 0,0 )0 1)
teQnp
(ni;) (ni;) (ne.)
_(vuzF(trLH ' (t)/uz k (t))ruz ' (t))]
n Z [min{p, q}F(t,uinki)(t),uénkA) (my;) (ny,) ¢ ()
teZ(1,T]/Qn
(ny,) (i) (i)
— (Vi Fltuy, 7 (0),uy 7 (1),u, ()]
) (ny.) (ny.) (ny.) (ny.)

> ) [min{p,q}F(t,uinj (), 7 (1) = (Vi Fltu, V(4w 7 (1),w 7 (1)
teQp

— (Va0 0,0, (10), 0™ ()] - caT,
which, together with (3.6), contradicts (F;). Hence, {ugn)} is bounded.
(ii) {uénk)} is bounded
For this case, we consider the subsequence {(ugnk),uénk) )}. Then we have
W™, = 00, ask— o0, and [uW™|, < Cs,

for a constant C3 > 0. Similar to the argument in (3.5), it is easy to obtain that

G )

( =
™ B ™ B 4 g™

T (ny) T (ny)
_ t)|P _ t)|d CiT
> min{dy, do} — (min{dy, dp} + ¢) Liihy “ (1) + Ll “ ()] ” ! ” ] (3.8)
P

g™l ™%

> min{dy, d2} — (min{d;, d2} + €)

P Huiﬂk)
Letting k — oo in (3.8) implies that

t=1
The remainder of the argument is the same as case (i) with replacing Q¢; with Qg and replacing ny; with

ny. Hence {uin)} is also bounded for this case.
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Similarly, it is easy to show that {uén)} is also bounded, so that {un} is bounded. Since all topologies
in finite dimensional space are equivalent, {u,} has a convergent subsequence. The proof is complete. [

Lemma 3.2. Assume that (AOQ) with a = 400, (Fo), (F1), (F2) and (F3) hold. Then J(u) — —oo as ||u|| — oo in
Ww.

Proof. 1t is obvious that Au,, =0, m = 1,2, for all u = (u3,u2) € W so that @, (Auy,) =0, m =1,2.
Then

Ju) =3(w,up) ==Y Ftwi(t),ua(t)), YueWw. (3.9)

t=1

It follows from (F;) that for any given € > 0, there exists a constant My(€) > 0 such that

mln{p/ q}F(t/ T‘pxlrquZ) - (vrpxlF(t/ rpxll TqXZ),Tle) - (quXZF(t/ T‘pxlquXZ)/TqXZ) 2 8/ (3‘10)

min{p,q} min{p,q}
for all (r,x1,%x2) € Rt x RN x RN with [rpx1| + [rgx2l > Mo(€), where 1, ;=17 ,1q =71 a . Then

by (F;) and (3.10), we have
d (F(t,rpxl,rqx2)>

dr ymin{p,q}

. ; min{p,q}
rmm{P/q}(vrleF(t,rpxlquXZ)’ %T‘ip 1X1)

r2min{p,q}

. min{p,q}_mne.al . .
Tmm{p’q}(vrqsz(t, TpX1,TgX2), %q}T q X2)  min{p, q}rmin{Pal-1F(t, TpX1, TqX2)
r2min{p,q} r2min{p,q}

+

: min{p,q}
min(p,q} =Pl g

min{p,q} MRPal_q
s x2)

P Xl) +T(VTqX2F(t/rPX1/TqX2)/
rmin{p,q}+1

r(VTPX1F(t/ T“|i)X1/ T‘qXZ)/

_ min{p, q}F(t, Tpx1, Tgx2)
Tmin{p,q}—!—l

min{p,q} (

_ P vrpxlF(t/TpxlzquZ)/Tpxl) + %(qusz(t/rpxlzquZ)/TqXZ)

min(p,q)+1

_ min{p, q}F(t, Tpx1, Tgx2)
rmin{p,q}+1
< (VrpxlF(tr Tpxll quZ)/ Tle) + (qu XzF(t/ T‘pxll T‘qXZ)/ quZJ - mln{pl q}F(t/ Tpxll TqXZ)
= rmin{p,q}+1

(3.11)

(3.12)

€ d e
< _—_ = — B 7
rmin{p,q}+1 dr min{‘p, q }Tmm{P/q }

for all (1,%1,%x2) € RT x RN x RN with [rpxi|+ [rgx2l > Mo(€) + M. For any given r > 1 and all given
(x1,%2) € RN x RN with [rpx1| 4 [rgx2l > Mo(€) + M, we integrate the above inequality from 1 to r and
then obtain that

F(t, , e e
Fbroxraxa) gy sy« S : (3.13)
rmin{p,q} min{p, g}rmin{p.a}  min(p, q}
It follows from (F3) that for any given (x,x2) € RN x RN,
F(t, rpx1,Tqx2) | F(t, rpx1, TgX2) P q
‘ rmin{p,a} | | pmin{p,al(jxg[P + xp|9) (Bl + beal)
F(t, mpx1, Tg%2) (3.14)

(x1lP +[x2])

[rpx1|P 4 [rgxz|9
—0, asr— 0.
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Equations (3.13) and (3.14) imply that

e

F t/ 7 2 e . 7
(txa0) min{p, q}

(3.15)
for all (x1,%x2) € RN x RN with [x1] + [x2| > Mp(&) + M., which together with the arbitrary of &, shows
that
lim F(t,x1,%2) = +o00. (3.16)
[x1|+[x2|—+00

As ||u]| = coin W, by (2.1) and (2.2), it is easy to see that there exists a nonempty subset of Z[1, T], denoted
by Q4, such that [u;(t)| + uy(t)] — oo for all t € Qy, and [u;(t)| + [uy(t)] is bounded for t € Z[1, TN\Q;.

Hence by (3.16), we have
lim F(t,uq(t), un(t)) = oo,
[w (t)|+]uz (t) | —=+o0

for all t € Q. Moreover, the continuity of F implies that > F(t,uq(t),uz(t)) is bounded. Hence

tEZ[L,TIND,
-
DY Ftw(t)w(t) = > Fltw(t)wt)+ > Fltuw(t),us(t)) = +oo, as [ul - coin W,
t=1 te0, teZ[1,TI\NQ;
which, together with (3.9) implies that J(u) — —oo as ||u|| = co in W. The proof is complete. O

Lemma 3.3. Assume that (A0) with a = +oo, (Fo), (F1), (F2) and (F4) hold. Then J(u) — —oo as ||u|| — oo in
W.

Proof. Similar to the argument in Lemma 3.2, by (F;) and (F,), (3.13) holds. Then it follows from (F4) and
(3.13) that

F(t, 1px1, &€ €
FlbrpxyTaxa) pp o | _ ,
ymin{p,q} min{p, gjrminp.al  min{p, q}

_F(tlerxz) g (3.17)

for any given r > 1 and all given (x1,x2) € RN x RN with [rpx1| =+ [rgxal > Mo(€) + My +M*. Let r — oo
in (3.17). Then (3.15) holds. The remainder of the proof is the same as Lemma 3.2. O

Remark 3.4. (F,) plays the role in deducing the inequality (3.12) from (3.11). However, if p = q, then
Tp =Tq =1 and (3.12) is the same as (3.11). Hence (F;) is not necessary in Lemma 3.2 and Lemma 3.3.

Lemma 3.5. Assume that (AO) with a = +o0, (A1), (Fo) and (Fs) (or (F3)) hold. Then J(u) — 400 as ||u| — oo
inY.

Proof. 1t follows from (A1), Lemma 2.1, (2.3) and (3.4) that

J(u) = J(ug, u2)

T
D [@1(Aw (1) + Da(Aua(t)) — F(t, wi (1), ua(t))]

t=1
T T T
>d ) AP +d2 ) 1Au(t)9—e ) (Wt +hu(t)9) — CiT
t=1 t=1 t=1

T T
>dy Z |Auy (t)|P + dp Z |Auy(t)[4
t=1 t=1

T T
—e-Clp,p"))_1Aw ()P —¢e-Clq,q") ) lAup(t)|9—CiT

t=1 t=1
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= (dy—e- C(p, p)) [ 4wt + (d2 ¢ - Clq, @) A |9, — C1T

>min{d1—£-C(p, ", ds—e-Cla,q’ }|Au1up T Au)8] - ¢

> min i —e- Clp,p), da—e-Cla 0" } | gl + leld| - i,

1
C(q,q") +1

for u € Y. Note that 0 < ¢ < min {ﬁ, ﬁ}. The above inequality implies that J(u) — 400 as
|[u|] = oo in Y. The proof is complete. O

Proof of Theorem 1.4. Let X =E, X; =W, X; =Y and ¢ = J. Then by Lemmas 3.1, 3.2, 3.5, 2.6 and Remark
2.7, d possesses a critical value ¢ and then J possesses a critical point u*. The proof is complete. O

Proof of Corollary 1.5. It follows from (F;)" and (F3)’ that

min{p, q}F(t, x1,%x2) — (Vx, F(t,x1,%2), X1) — (Vx, F(t, %1, %2), %2)
= (min{p, q} — B)F(t, x1,%2) + [BF(t, x1,%2) — (Vi F(t, x1,%2),%1) — (Vx, F(t, X1, %2), %2)]
> (min{p, q} — B)F(t, x1,%2)
— 400, as [x1]+ [x2] = oo,

for all t € Z[1, T]. Thus (F;) holds. Moreover, by (F1)’, we claim that there exist two positive constants Cy4
and Cs such that

F(t,x1,%2) < Cylxq|P + Cylxa|P + Cs, (3.18)

for all t € Z[1,T]. In fact, similar to the argument in [22], for any given (xi,x2) € RN x RN and all
t € Z[1,T], we definey : R* — R by
y(s) = F(t, sx1, 5%2),

and let
Q(s) =y'(s) — %y(S)- (3.19)
It is easy to solve the equation (3.19) and obtain
y(s) =sP <L rPQ(r)dr + F(t, Xl,x2)> (3.20)
Then by (F;)’, we have
Q(s) = % [(Vsx, F(t,5x1,5%2), sx1) + (Vsx, F(t, X1, 8X2), sx2) — BF(t, sx1, 5%2)] <O, (3.21)

for all s > L/(|x1| + |x2|). Then on one hand, it follows from (3.20) and (3.21) that

< L ) ( LXl LXZ >
y|l—— | =F|(t ,
Ix1] + [x2] X1l + Ixal” [xq] 4 [x2]

L\ ((mr= g
:<|x1|+|x2|> L rBQ(r)dr+ F(t, x1, %) (3.22)

L B
2 T F(t/X /X )/
<|xl|+|><2|> -

for all (x1,x2) € RN x RN with [x1]+ [x2] > L. On the other hand, it follows from (Fy) that there exists a
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positive constant Cg such that

< L ) < LX1 I_Xz >
y|l— | =F|(t ,
Ix1] + [x2] Pl + Ixal” [xq] 4 [x2]

< max{|F(t,xq,x2)|lt € Z[1,T], |x1] < L, |xa] < L} := Ce. (3.23)

Then (3.22), (3.23) and (Fp) imply that (3.18) holds. By (F3)’, there exists M; > 0 such that
F(t,x1,%2) >0, V(x1,%x2) € RN x RN with |xq] + [xa] > M.

Then by (3.18), we have

F(t,x1,%2) o Cya(Px1]P +[x2lP) + Cs

0<
x1[P + [xald 1P + [x2]4

7

for all (x,x2) € RN x RN with [x;| + [x2| > Mj. Since < min{p, q}, we have
F(t,x1,x2)
1|+ |xal =00 [x1[P + |x2]

So (F3) holds. Thus the proof is complete. O

Proof of Theorem 1.7. Let X =E, X; =W, Xo =Y and ¢ = J. Then by Lemmas 3.1, 3.3, 3.5, 2.6 and Remark
2.7, d possesses a critical value ¢ and then J possesses a critical point u*. The proof is complete. O

Proof of Theorem 1.9. For ap € (0,p) and Bg € (0, q), it follows from (Fg), Lemma 2.1 and Holder inequality
that
-

;
S [l (1), W) — F(wy, )| ZJ (V' Fli + s (1), W), 3 (1) ds
t=1

M—!I

1 ~ _ o~
j (Vi F(1 45T (1), W) — Vy F(m, ), s () ds
T

é;m Z £)]0

X

X0

T P _
Elzul |p+<Z|u1 ) T

P —
Z|Au1 P+ olC <Z|Au1 ) T

and
T
[Flws (1) wa(1)) — Flu (VaaFluas (6, T + sTa(t)), (1)) s
0

t=1
LR -

= - X2 UZ Su?. — Vyz up, Up), sup S
ZLSV F S (1)) — Yy FT, ), stal1)d
t=1
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Po
T T B
< Be(q,0) Y 1aw()9+ 2c(q,q") T (Z |Au2(t)q> T
g t=1 Bo t=1
for all u = (ug,up)™ € E. Hence, we have
T
J(ur,uz) = ) [@1(Aug(t)) + Da(Auy(t)) — Flug (1), ua(t))]
t=1
T T T
>dy ) AP +d2 ) 1Aup ()9 — Y [Fluw(t),ua(t)) — Flus (1), )]
t=1 t=1 t=1
T
= [Flw(t), ) — (i, )] — ) F(iy, )
t=1 t=1
T T (3.24)
> (dl o C(p,p’)> D IAw (bl + (dz— = C(q,q/)> D 1Auy(1)[
t=1 t=1
T X0 Ll % 0
— —=[Clp,p)I* (Z IAu1(t)|p> T v —THuw, w)
t=1 .
T4 Bo ! N a—Po
——[Clq,q" N (D _lAu(t)9) T3
Bo t=1

Note that 1| € {O, C(‘EE),J, T3 € {0,%), g € (0,p) and Bo € (0,q). Equation (2.4) implies that if
|lu|]| — oo, then [ty |+ ZLl |Aum (t)]* = 0o, m =1 (or 2) and s = p (or q). So (3.24) and (F7) imply that
J(u, up) — 400, as [[(ug, u)|| = oo. (3.25)

If xop =0 or Bg = 0, from the above argument, it is easy to see that (3.25) also holds. (3.25) implies that J
is bounded from below and (PS) condition holds. Let X = E and ¢ = J. Then by Lemma 2.8, it is easy to
know that J has at least one critical point u* such that

J(u*) =c = inf J(u).

uek

Thus the proof is complete. O

4. Proofs for bounded homeomorphism

Lemma 4.1. Assume that @, : RN — R are coercive, m = 1,2, and (A0) with a < +oo, (A3), (Fo), (S1) and
(S3) (or (Sp)) hold. Then J satisfies the (C) condition.

Proof. Similar to the proof of Lemma 3.1, we need to consider two cases:
(i) {uénk)} is unbounded, and

(i) {ul™}is bounded.

For case (i), by the same argument as Lemma 3.1, we obtain that (3.2) and (3.3) hold for some subsequence

(nk,)  (ny,)
{(ulnk’ ,uznk’ )} of {(u&nk),uénk))}. It follows from (S3) or (S,) that there exist constants Gz and
0<5<min{ T &1 T 52 1}suchthat
T %0 [C(sq,50)]1%0 T 51 [C(sq,57)]%1

F(t,x1,%2) < e(lxq]+ x2l),
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for all (x1,%2) € RN x RN with |x1| + [x2] > G3. Then by (Fp), there exists a positive constant C7 such that

F(t,x1,x2) < (Pl + Ixal) + C7, (4.1)

where C7 = max{|F(t,x1, x2)[It € Z[1,T], [x1] < G3, [x2| < G3}. Then by (1.6), (3.1) and (4.1), for the sequence

(i) ()
{uTLk] = (ulnk) /LLZT‘LkJ )}, we haVe

Co
(ny;) (Myj)
w9 Ml + Iy g

3(uinkj )/uénkj ))

= (M) (ny;)
||u1 9 lp + [y I lq
(

ST (Au™ (1)) + @ (A ()] — Flt, )™ (1), u ™ (1)
o (ny;) (ny;)

Iy ™ [ + [y g
min{s1, &} (X1 o™ (0] + 1 14w (1) ) — X alehy ™ 0]+ ehwy™ (1)1 + €7

(n ()
[y ) lp + Iy g

=

(61 +82)T
(1) (M) 4.2
[y I lp + lluy 9 lq (4.2)
. (M j . (
min(81, 82)(wy™ [y + 5™ lq) — mingey, 82} (1 g™ 01+ £ ™ (1))
= (m (M)
[y ) llp + Iy g
O lehe ™ @)1+ ehuy™ (0) 4 Ol (81 + 5T
(n) (1)
[ L R
“k) nkl
> min{d1, 82} — (min{dy, &2} + €) [Zt l|ni Zt 1|nz ) + TES7+61+6221() }
Iy ) ||p Hu2 )||q [y )||p+|| 2 g

.
. . (Mys ) (ny:) Cr+061+6)T
—mm{sl,az}(mm{sl,sz}m[za““ W+ Y 12, (0] + flj ! ifw }

t=1 t=1 [y 2 lp+ 1wy ™ lq

Let j — oo. Then it follows from (3.2), (3.3) and (4.2) that

T T

. . min{&1, 55}
t t)W 2 ——F5— 4
Z|Z1( )|+;|Zz( )| mm{61,52}+5 >0

which implies that there exists a nonempty set Q, C Z[1, T] such that
27 (1) + 125 ()] >0, Vte Q.

Without loss of generality, we assume that [z (t)| > O for all t € Qj;, where Qy; is a nonempty set of
Q. The reminder of the argument is the same as Lemma 3.1 with replacing min{p, q} with min{p*, q*},
replacing min{d, d,} with min{9;, 62} and replacing Qg with Qy;.

For case (ii), similar to Lemma 3.1, we consider the subsequence {(ugnk),uén") )}. Then we have

W™, = 00, ask— oo, and [ui™[|4 < Cs,

for some constant Cg > 0. Similar to the argument in (4.2), together with Holder inequality, it is easy to
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obtain that

CO B(uﬁnk)’uénk))

M = o) ()
™ e ™l + ™ g

ZLﬂﬁ”WN+ZLm$“MI(Q+&+&W

> min{81, 62} — (min{dy, 82} + ¢)
() () (n)
Ihy™ Ihy™ ™

(4.3)

T —1
Z|Z(nk)(t)‘+ TH(TCS (C7+61+62)T
1

> min{01, 82} — (min{d1, 82} + ¢)
(ny) (ny)
t=1 ||u1nk llp ||u1nk p

Let k — oo. (4.3) implies that
-
> () > 0.
t=1
The remainder of the argument is the same as case (i) with replacing Qz; with Q, and replacing ny; with

ny. Finally, by the same argument as Lemma 3.1, it is easy to complete the proof. O

Lemma 4.2. Assume that (AOQ) with a < +o0, (Fo), (F2), (S1) and (Sy) hold. Then J(u) — —oo as ||u|| — oo in
w.

Proof. Note that p*,q* € (0,1]. Similar to the argument in Lemma 3.2 with replacing min{p, q} with
min{p*, q*} and 1, and vq with rp« and 14+, respectively, where v« = 14+ = rin{p®a*} it follows from
(F2) and (S;) that for any given £ > 0, there exists a positive constant M;(€) such that

d <F(t,rp*x1,rq*x2)>

a pmin{p*,q*}
_ min{p”, §H(Vipox, F(E Tpex1, T x2), Tpex1) +min{p®, q7} (Ve F( Tpex1, T x2), T x2)
= rmin{p*,q*}+1
_ min{p*, q*}F(t, Tp«x1, Tq+X2) (4.4)
rmin{p*,q*}+1 ‘
_ (VTP*XlF(t/ Tp*X1,rq*X2)/T‘p*Xl) + (qu*XZF(t,rP*XLTq*Xz), T‘q*XZ)
S Tmin{p*,q*}+1

rmin{p*,q*}+1

e d e
S ot — ol = - ,
rmin{p*,q*}+1 dr mln{p*, q*}rmm{P*,q*}

for all (r,x1,%2) € RT x RN x RN with [rpex1| 4 [rg+x2| > M1(€) + M,. For any given r > 1 and all given
(x1,%2) € RN x RN with [rp«x1] +[rq=x2| > M1(€) + M., we integrate the above inequality from 1 to r and
then obtain that

F(t, rp*xq1, Tg* & &
W To R Ta%) g 0, x0) < — e 46)
rmin{p*,q*} mln{p*, q*}rmln{P ,q*} mln{p*, q*}
By (Sy), for any given (x1,x2) € RN x RN,
F(t,Tp*XLTq*Xz) . F(t,Tp*Xl,Tq*Xz)
rmin{p*,q*} - rmin{p*'q*}ﬂxﬂ + |X2|) (‘X1| + ‘X2|)

F(t/T *X1, T *XZ) 4.7
| S e X Ta ) ) &7

ITpex1| =+ [rg=x2]

—0, asr— oo.
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Then (4.6) and (4.7) imply that
e

F(t > —, 4.
for all (x1,x2) € RN x RN with [xq] + [x2| > M;(€) + M... Starting from (4.8) instead of (3.15), we can
complete the proof in the same way as in Lemma 3.2. O

Lemma 4.3. Assume that (A0) with a < +oo, (Fy), (F2), (S1) and (F4) hold. Then g(u) — —oo as ||u|| — oo in
Ww.

Proof. Similar to the argument in Lemma 4.2, by (S1) and (F;), (4.6) holds. Then it follows from (F4) and
(4.6) that

F(t, 1pex1, 19" € €
BT T9%2) it x,00) < — T — o :
rmin{p*,q*} min{p*, g*Jrmin{p*a*}  min{p*, q*}

—F(t,x1,%2) < (4.9)

for any given r > 1 and all given (x1,x2) € RN x RN with \r;xll + Irﬁ[le > M(E)+ M, +M* Letr —
in (4.9). Then (4.8) holds. The remainder of the proof is the same as Lemma 4.2. O

Remark 4.4. (F,) plays the role in deducing the inequality (4.5) from (4.4). However, if p* = q* =1, then
Tp+ = Tq+ = 1 and (4.5) is the same as (4.4). Hence (F,) is not necessary in Lemma 4.2 and Lemma 4.3.

Lemma 4.5. Assume that (A0), (Fo) and (Sp) (or (S3)) hold and @, : RN — R are coercive, m = 1,2. Then
J(u) = +ooas |Ju|| = 0 in Y.

Proof. Note that @y, : RN — R are coercive, m = 1,2, and so > 1,s; > 1. Then it follows from (1.6), (4.1),
Holder inequality and Lemma 2.1 that

J(u) = J(ug,up)

N
= [@1(Aw (1) + Oo(Auz(t)) — F(t, g (1), uz(t))]
t=1

T T T
> 81 ) 1Aw(t)+82 ) [Au(t)—e Y (hu(t) + hua(t)) — (C7+ 81+ 52)T
t=1 = =

T T

> 8 ) |Mu(t)+82) 1Aus(t)

t=1 t=1
1 1
—eT o0 (Z fug (t |So> —eT T (Z fus (t |51> —(Cr+81+8)T

T T
> 81 ) 1Aw(t)+82 ) [Aup(t)]—(Cr+ 81 +8)T
t=1 t=1

501 51

1
T S
— T [Clso,50)] (me |So> T [Clsy, 8))] (Zmz |Sl>

T

51 ) Ay (t)] +6zZ |Aus (t)] — (C7+ 81+ 8)T
t=1 t=1

T T
sp—1 1 s1—1 1
— €T 0 [Clso,50)1%0 D 1Aw (1) —eT 1 [Clsy,s7)1% ) |Aus(t)

t=1
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T T
sp—1 1 s1—1 1
= (61 — €T =0 [C(so, 50)] SO) Z |Auy (1) + <62 —€eT 1 [C(s1,51)] 51> Z |Aus (t)]
t=1 t=1
—(Cr 461+ 8)T
i N /T v
> (61—£T 0 [C(sp,s§)] 0> (Z |Auq (t )
1
T q
5172
+ <52—£T st [C( Slrsl > (Z |Ausy (t ) —(Cy7 461+ 0T,
t=1
for u € Y. Note that 0 < ¢ < min{ = & e 5 - } The above inequality implies that
TT [C(SO/S(S”% T? [(:(slrsinﬁ
d(u) = 400 as ||u]| = oo in Y. The proof is complete. O

Proof of Theorem 1.12. Let X =E, X; =W, Xo =Y and ¢ = §. Then by Lemmas 4.1, 4.2, 4.5, 2.6 and Remark
2.7, d possesses a critical value ¢ and hence J possesses a critical point u*. The proof is complete. 0

Proof of Corollary 1.13. Note that 8; € (0,1), 62 € (0,1) and

o Fbxxa) F(t,xi,x2)  xal® +[xol®
xil+lxal oo Xl Ixal il xal—oo 1|91+ [x2[%2  xg| 4 Ixz
Hence (S;)’ implies that (S;) holds. The proof is complete. O

Proof of Theorem 1.15. Let X =E, X; = W, Xo =Y and ¢ = J. Then by Lemmas 4.1, 4.3, 4.5, 2.6 and Remark
2.7, d possesses a critical value ¢ and hence J possesses a critical point u*. The proof is complete. O

For u = (uy,up)™ € E, define
[wlle) = llwalls, + [[uzlls,-

Then ||ul|(g] is equivalent to [Ju]|.

Proof of Theorem 1.17. For po € (0,1) and v € (0,1), it follows from (S4), Holder inequality and Lemma
2.1 that

1
Z [ (0), ) — Fla, )] = Y | (Vi Pt + s 1] ), T (1))ds

t=1"0
Ll T
~ 2 ~
<) [+—=) [
t=1 t=1
) 1/s2 . %g
- 2—H0
<mT = (Z|a1(t)82> + 2T = (Zlﬁmwz)
t=1 t=1

59—y iy T
+ %T % [Clsa,sh)® (Z Ay (1)
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T
<niT % [C(sy, ) szZmul 2T T2 Clsy s Y Aw ()M,
t=1 t=1
and
T T 1
3 Flw (6, w(t) — Flw (1), w)| = L(VXZF(ul(t),uz + 5T (1)), T (1)) ds
t=1 t=1

T
= Z J %(VXZF(ul(t),ﬁz + suz(t)) — Vi, (i, Wp), suz(t))ds

T T
~ T4 ~ vo
< r_o,; R ()] + e ; R (t)]

vV
53

T 1/s3 T
s3—1 " R T4 s3—Vq . R
<mTo (Yol + 2T 5 (Y )
0
t=1

t=1

s3—1 1 T 1/53
<r3T 5 [Clss,53)]% (Z |Au2(t)|s3>

t=1
Yo
‘]44 S aY Y T 53
+ =T = [C(s3,83)] % (Z |Au2(t)|s3>
Vo
t=1
_ T — T
< 1T [Clsa, s 3 A0+ 2775 [Clss, 515 Y A (1)
S $3,83 v 2 Vo $3,83 = 2 ’

for all u = (u3,u2)™ € E. Note that @, are coercive, m = 1,2. Then by (1.6) we have

.
Jur,up) = ) [@1(Aug (1)) + Da(Aua(t)) — Flua (t), ua(t))]
t=1

51 |Au1 )+ 82 Z [Aup(t —Flu (1), )]

N
=1
I

[F(uq(t), ) — F(uy, wp)] Z F(uy, W) — (81 + 02)T

t=1 t=1

R
>8) |Aw(t |+5zz|Au2 =T [Clsa, o szZmul

t=1 t=1
T
Th  S27Hg Ho s3—1 1 (4-10)
— 2T %2 [C(sy, s3)] % Z [Aug (£)[H0 — 13T 55 [C(s3,83)]% Z |Aus (t)
Ho t=1 t=1
T4 38270 IR v T
— 2T 75 [Cls, s3)1% ) [Aup(t)[Y0 — (81 + 82)T — TF(ty, )
Vo t=1
sp—1 il
= |81 —11T =2 [C(sy, 85)]° } D Aw(b)+ [ =T 5 C(ss, s3)] } Zmuz
t=1
-
Ty __S27Ho Ho T4 5370 ¥

— =T =2 [C(sy,s5)]%2 Z |Auy (t)[M0 — T [C(53,8§)]§ Z |Aus (1)[Y0
Ho =1 Yo =1

— (81 +82)T — TF(y, u2).
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Note that r; €

0, —= 5y 1), T3 € [O, T 5; 1), and if |ju|| — oo, then |Jul[;g; — oo so that
T $2 [C(Sz,Sé”s2 T $3 [C(S3,S§”53

[t + ZLl |Aum (t)] = oo (m =1,2) by (2.5). If up € (0,1) and vg € (0,1), then by Holder inequality we

have

T T Ho T T Vo
Y A < T (me(tn) , and ) At < T (Z|Au2(t)|> ,

t=1 t=1 t=1 t=1

which, together with (4.10), implies that
H(ull 'LL2) — +OO, as || (ull 'LL2) || —r OQ. (411)

If pp =0 or vo = 0, from the above argument, it is easy to see that (4.11) also holds. Hence J is bounded
from below and (PS) condition holds. Let X = E and ¢ = J. Then by Lemma 2.8, it is easy to know that J
has at least one critical point u* such that

J(u*) =c = inf J(u).
uck

Thus the proof is complete. O
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