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Abstract

In this paper, we introduce a projected algorithm with Meir-Keeler contraction for finding the fixed points of the pseudo-
contractive mappings. We prove that the presented algorithm converges strongly to the fixed point of the pseudocontractive
mapping in Hilbert spaces. (©2017 All rights reserved.
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1. Introduction

In this paper, we assume that H is a real Hilbert space with inner (-,-) and norm || - || and C C His a
nonempty closed convex set.
Recall that a mapping T : C — C is said to be pseudocontractive, if

(Tu—Tul,u—u) < Ju—uf|?2, vuulecC. (1.1)

It is clear that (1.1) is equivalent to
[Tu—Tul? < Ju—uf|?+ [ I-Tu—I-Tuf|?, vuu'eC. (1.2)
We use Fix(T) to denote the set of fixed points of T. Recall also that a mapping T : C — C is said to be

L-Lipschitzian, if
[Tu—Tul| <Lu—uf|, vuufec,
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where L > 0 is a constant. If L =1, T is called nonexpansive.

The interest of pseudocontractions lies in their connection with monotone operators, namely, T is a
pseudocontraction, if and only if the complement I — T is a monotone operator. In the literature, there
are a large number references associated with the fixed point algorithms for nonexpansive mappings and
pseudocontractive mappings. See, for instance, [1-7, 11] and [9, 10, 12-31]. The first interesting result for
finding the fixed points of the pseudocontractive mappings was presented by Ishikawa in 1974 as follows.

Theorem 1.1 (Ishikawa Algorithm, [7]). Let H be a Hilbert space. Let C C H be a convex compact set. Let
T: C — C be an L-Lipschitzian pseudocontractive mapping with Fix(T) # 0. For any xo € C, define the sequence
{xn} iteratively by
Yn = (1 —otn)xn + anTxn, (1.3)
Xn+1 = (1= Bn)xn + BnTyn,
for all n € N, where {fn} C [0,1], {an} C [0, 1] satisfy the conditions: limn 0o tn = 0and Y 31 Protn = 0.
Then the sequence {xn} generated by (1.3) converges strongly to a fixed point of T.

Remark 1.2. The iteration (1.3) is now referred as the Ishikawa iterative sequence. We observe that C is
compact subset. We know that strong convergence has not been achieved without compactness assump-
tion (a counter example can be found in [3]).

In order to obtain strong convergence for pseudocontractive mappings without the compactness as-
sumption, Zhou [30] coupled the Ishikawa algorithm with the hybrid technique and proved the following
theorem for Lipschitz pseudocontractive mappings.

Theorem 1.3 (Hybrid Ishikawa Algorithm, [30]). Let C be a closed convex subset of a real Hilbert space H and
let T: C — C be a Lipschitz pseudocontraction such that Fix(T) # 0. Suppose that {on} and {n} are two real
sequences in (0,1) satisfying the conditions:

(i) on < Pn, foralln € N,
(ii) 0 < iminfn o0 Bn < limsup,, ,. Pn < B < ﬁ
Let the sequence {xn } be generated by
Yn = (1 - Bn)xn + BnTxn;
Zn = (1 — On )Xn + (XnTUnz
Chn={z€C:llzn—2z|> <xn—z|[]> = Brotn(1—2Bn — BAL?)|Ixn — Txn %}, (1.4)
Qn={ze C:(xn—2% —xn) =0},
Xn+1 = PTojc, NQ.(x0), n€N.

Then the sequence {xn} generated by (1.4) converges strongly to projrix(1)(Xo)-

Further, Yao et al. [16] introduced the hybrid Mann algorithm and obtained the strong convergence
theorem.

Theorem 1.4 (Hybrid Mann Algorithm, [16]). Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T : C — C be an L-Lipschitz pseudocontractive mapping such that Fix(T) # (. Let {otn} be a sequence in
(0,1). Let xg € H. For C; = C and x; = projc,(xo), define a sequence {xn} of C as follows:

Yn = (1 - cxn)xn + onTxn,
Cn+1 ={zeCuy: H(XTL(I _T)UnHz < 20(n<xn -z, (I— T)yn>}/ (15)
Xn4+1 = PTOj Cni1 (xg), n€N.

Assume the sequence {«n} C [a,b] for some a,b € (0, %H). Then the sequence {xn} generated by (1.5) converges
strongly to projrix (1) (Xo)-
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Motivated and inspired by the above results, in this paper we introduce a projected algorithm with
Meir-Keeler contraction for finding the fixed points of the pseudocontractive mappings. We prove that the
presented algorithm converges strongly to the fixed point of the pseudocontractive mapping in Hilbert
spaces.

2. Preliminaries

Recall that the metric projection projc : H — C satisfies
lu—projc(w)]| = inf{lu—u'| : ul € C}.

The metric projection proj is a typical firmly nonexpansive mapping. The characteristic inequality of the
projection is
(u—projc(u),ul —projc(u)) <0,

forallue H, uf € C.

Recall that a mapping T is said to be demiclosed, if for any sequence {x} which weakly converges to
%, and if the sequence {T(xy, )} strongly converges to x!, then T(%) = xT.

It is well-known that in a real Hilbert space H, the following equality holds:

&+ (1— Euf |2 = EJJul? + (1 — &)l P — £(1— &) Ju—ul|?, 2.1)
for all u,uf € Hand & € [0,1].

Lemma 2.1 ([30]). Let H be a real Hilbert space, C a closed convex subset of H. Let T : C — C be a continuous
pseudocontractive mapping. Then

(1) Fix(T) is a closed convex subset of C;

(ii) (I —T) is demiclosed at zero.
For convenient, in the sequel we shall use the following expressions:
o X, — xT denotes the weak convergence of xn, to xf ;
e xn — x| denotes the strong convergence of x,, to x.

Let the sequence {C,,} be a nonempty closed convex subset of a Hilbert space H. We define s — Li,,Cy,
and w — Ls,,C,, as follows.

e x € s — LiyCyy, if and only if there exists {xn} C Cy, such that x,, — x.

e x € w—Ls,,Cy, if and only if there exists a subsequence {Cy,} of {Cy} and a sequence {yi} C Cn,
such that y; — y.

If Cy satisfies
Co=s—LiCh =w—Ls,Cp,

it is said that {Cy,} converges to Cy in the sense of Mosco [10] and we write Cp = M —limp 0, Cy. It is
easy to show that if {Cy} is nonincreasing with respect to inclusion, then {Cy,} converges to (5_; Cn in
the sense of Mosco. Tsukada [14] proved the following theorem for the metric projection.

Lemma 2.2 ([14]). Let H be a Hilbert space. Let {C,,} be a sequence of nonempty closed convex subsets of H. If
Co = M —limy,_,o Cyy exists and is nonempty, then for each x € H, {projc, (x)} converges strongly to projc,(x),
where projc, and projc, are the metric projections of H onto Cy, and Cy, respectively.
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Let (X, d) be a complete metric space. A mapping f : X — X is called a Meir-Keeler contraction [8], if
for every € > 0, there exists 6 > 0 such that

d(x,y) < e+ 0 implies d(f(x),f(y)) <e,
for all x,y € X. It is well-known that the Meir-Keeler contraction is a generalization of the contraction.
Lemma 2.3 ([8]). A Meir-Keeler contraction defined on a complete metric space has a unique fixed point.

Lemma 2.4 ([13]). Let f be a Meir-Keeler contraction on a convex subset C of a Banach space €. Then, for every
€ > 0, there exists v € (0,1) such that

Ix—yll > e implies [|f(x) = f(y)l| < rllx—yl,
forall x,y € C.

Lemma 2.5 ([13]). Let C be a convex subset of a Banach space E. Let T be a nonexpansive mapping on C, and let f
be a Meir-Keeler contraction on C. Then the following hold:

(1) Tf is a Meir-Keeler contraction on C;

(ii) for each x € (0,1), (1 — &)T + «f is a Meir-Keeler contraction on C.

3. Main results

In this section, we firstly introduce a projected fixed point algorithm with Meir-Keeler contraction for
pseudocontractive mappings in Hilbert spaces. Consequently, we show the strong convergence of our
presented algorithm.

In the sequel, we assume that H is a real Hilbert space and C C H is a nonempty closed convex set.
Let T: C — C be an L(> 1)-Lipschitzian pseudocontractive mapping with Fix(T) # (. Let f : C — C be a
Meir-Keeler contractive mapping. Let {«,} and {+,} be two sequences in [0, 1].

Algorithm 3.1. For x¢ € Cp = C arbitrarily, define a sequence {x,, } iteratively by
Yn = (1= Bn)xn + BnTxn,
Crr1=1{z€Cn: (1 —an)xn+onTyn —z| < [Jxn —z|l}, (3.1)
Xn41 = Projc, ,,f(xn), Vn =0,
where proj is the metric projection.
Theorem 3.2. If0 < a < oty < B <b < \/Ti then the sequence {xn} defined by (3.1) converges strongly
to xT = projrix () f(x1).
Remark 3.3. By Lemma 2.1, Fix(T) is a closed convex subset of C. Thus projix (1) is well-defined. Since
f is a Meir-Keeler contraction of C, we get projrix(1)f is a Meir-Keeler contract1on of C by Lemma 2.5.
According to Lemma 2.3, there exists a unique fixed pomt x € C such that x = Projrix(T)f (x1).
Proof. We first show by induction that Fix(T) C Cy, for alln > 0.
(i) Fix(T) ¢ Cq is obvious.
(ii) Suppose that Fix(T) C Cy for some k € IN. Then for x* € Fix(T) C Cy, we have from (1.2) that
T —x*[17 < [xn =% |2 4 [[Txn —xnl[?, (3.2)
and
Tyn =x*[> = [IT((1 = Br) T+ BnT)xn — x|

3.3
<1 = Br) (xn —x*) + B (Txn —X*)||* + |(1 = B )X + B Txn — Tyn | ¢3
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From (2.1) we have that
11 = B )xm + B Txn — Tyn* = (1= Bn) (xn — Tyn) + Bn (Txn — Tyn )|
=(1—Bn) HXn—TUnHZ"‘BnHTXn_TUnHZ (3.4)
— Bl = Bn)lxn = Txn |
Since T is L-Lipschitzian and x, —yn = Bn(xn — Txn), by (3.4) we get that

||(1 - Bn)xn +BnTxn — TUnHZ (1— Bn ”Xn - TUnH2 + [33 I—ZHXn - TXnH2

—Bn(1—Bn) ||Xn - TXnH2 (3.5)
= (1_Bn)||xn_TUn||2 [33 L2+[32 Bn)HXn_TXnHZ-

By (2.1) and (3.2) we have that

(1= Br) (xn —x*) + B (Txn —x*)||> = [|(1 = Br) (xn — X*) + B (Txn —x*)||?
= (1= Bn)[xn = x*[> + B[ Txn —x*|?
_Bn(l_f’n)Hxn_TXn”z

< (1= Bullin =P+ Bullhen =X P+ fon —Tal?)
— B (1= Bn)lxn = Txn
= [Jxn = x| 4 BRIPxn — Txn 1%
By (3.3), (3.5) and (3.6) we obtain that
ITym — x| < [l =12+ (1= Br)llxn = Tyn > = Bn(1 = 2Bn — BLL?) X — Txnl[. (3.7)
Since B <b < ﬁ, we derive that
1—2B,—B3L2>0, ¥n>0.
This together with (3.7) implies that
ITyn — "1 < [Pxen = %" + (1= Br) X — Tyn | (3.8)

By (2.1) and (3.8) and noting that «,, < 3., we have that

(1 = ot )Xn + on Tyn — x*||2 = (1 — otn)||xn — X¥||2 4 &n || Tyn — x*||?

— ot (1 — o )|[xn — T‘JnHz

< Jxn = x*)* = atn (B — o) [ Tym — x|
< Jxn —x*|1%,

and hence x* € Cy 1. This indicates that
Fix(T) C Cq,

foralln > 0.
Next, we show that C,, is closed and convex for all n > 0.

(i) It is obvious from the assumption that Co = C is closed convex.
(ii) Suppose that Cy is closed and convex for some k € N. For z € Cy, we know that ||(1 — ouc)xk + ot Ty —
z|| < ||xk — z|| is equivalent to

o[ Tyk — xac||* + 2(Tyx — xie, X — 2) < 0.



Y. H. Yao, N. Shahzad, Y.-C. Liou, L.-J. Zhu, J. Nonlinear Sci. Appl., 10 (2017), 483491 488

So, Ck41 is closed and convex. By induction, we deduce that C,, is closed and convex for all n > 0. This
implies that {x,} is well-defined.
Next, we prove that
lim ||xn —u| =0,
n—oo
for some u € N_;Cy and
(flu) —uw,u—y) >0,

for all y € Fix(T).

Since N;_; Cn is closed convex, we also have that projnx_ ¢, is well-defined and so projn= ¢ f
is a Meir-Keeler contraction on C. By Lemma 2.3, there exists a unique fixed point u € (_; Cn of
projn=_, ¢, f- Since Cy, is a nonincreasing sequence of nonempty closed convex subset of H with respect
to inclusion, it follows that

0 #Fix(T) C (| Chn =M~— lim Cy.
ne1l n—oo

Setting u,, := projc, f(u) and applying Lemma 2.2, we can conclude that

nlgréo Un = projnx_ ¢, flu) =u

Now we show that limp 0 [|Xxn —u|| = 0.
Assume d = limy ||[xn —u|| > 0, then for all € € (0,d), we can choose a 6; > 0 such that

@Hxn—u\\ > €+ d1. (3.9)
Since f is a Meir-Keeler contraction, for above € there exists another d, > 0 such that
Ix —yl| < e+ 6y implies |[f(x) —f(y)|| <, (3.10)

for all x,y € C.
In fact, we can choose a common & > 0 such that (3.9) and (3.10) hold. If &1 > &,, then

lim|xn —u| > e+ 81 > e+ 5.
n

If &1 < 6y, then from (3.10) we deduce that
[x —yll < e+d implies [[f(x)—f(y)]| <e,

for all x,y € C.
Thus, we have that L
liTan||xn—u|| > e+, (3.11)

nd Ix —yl| < e+ 06 implies |[f(x)—f(y)|| <e, forallx,ye C. (3.12)
Since u,, — u, there exists nyg € IN such that

[un —ul| <6, Vn =ny. (3.13)
We now consider two possible cases.

Case 1. There exists nq{ > ng such that
|Xn, —ul| < e+0.

By (3.12) and (3.13), we get that
[Py 11 =l < fengr = wng a4 fln 11 =
— Iprojc, ., flxm) —Projc, ., FW) | + [m, 11— ]

< Hf(an) - f(u)H + "un1+1 _u”
< e+0d.
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By induction, we can obtain that
enysm —ull < €48,

for all m > 1, which implies that

Hm|jxn —ul| < e+3,
n

which contradicts with (3.11). Therefore, we conclude that ||x, —u|| = 0 as n — oo.

Case 2. ||xn —u| > e+ for all n > ny.

We shall prove that Case 2 is impossible. Suppose Case 2 holds true. By Lemma 2.4, there exists

T € (0,1) such that
If(xn) — f(W)|| < 7|lxn—uf, ¥n =ny.

Thus, we have that
Xnt1—uns1ll = [[projc, ., f(xn) —projc,,, f(u)||
< I (xn) — (W]
< lxn —uf),
for every n > ny.

It follows that 7 L
lirl;nHXn—o—l —uf| = hTILn||Xn+1 — Un 1]

< rlim||xy, —u|
n
< lim|/xn —u||,
n
which gives a contradiction.

Hence, we obtain that
lim [[xn, —u| =0,
n—oo

and therefore, {x,} is bounded.
Finally, we prove that u € Fix(T). Observe that

[xnt1—=xn | < [[xn —ull + [u—wnp1ll + [unt1 — xn1|
= [xn —ull + [[u—unia| + [Iprojc,, , f(xn) —projc, ,, fu]|
< xn =l + Ju—wpn g || + [f(xn) = F(W)].
Therefore,
lim [|xn 1 —xnl =0.
n—oo

From x, 11 € C,1, we have that
||(1 - o‘n)xn + (XTLTy‘rL - Xn+1” < HXTL _Xn+1H~

This together with (3.14) implies that
lim ||[Tyn —xn| =0.

n—oo
Note that
[xn = Txnl| < [[}n = Tynll + | Tyn — Txn ||
< [xn = Tyn |l + Liixn —yn|
< [[xn = Ty || + L1 = Bn) [[xn — Txnll-
It follows 1 1
[xn = Txn || < m”xn —Tynll < mHXn —Tynl| = 0.

By Lemma 2.1 and (3.15), we have that u € Fix(T).

(3.14)

(3.15)
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Since xn41 = projc, ., f(xn), we have that

(f(xn) —Xni+1,Xns1—Y) =0, Yy € Cnyy.
Since Fix(T) C Cyp 41, we get

(f(xn) —Xn+1,Xn+1 —Y) =0, Yy € Fix(T).
We have from x,, — u € Fix(T) that

(flu) —w,u—y) >0, Vy € Fix(T).

Thus, u = projriy(m)f(u) = xT. This completes the proof. O
Remark 3.4. 1t is obvious that (3.1) is simpler than (1.4) and (1.5).

From Theorem 3.2, we can deduce several corollaries.

Corollary 3.5. Let H be a real Hilbert space and C C H a nonempty closed convex set. Let T : C — C be an
L(> 1)-Lipschitzian pseudocontractive mapping with Fix(T) # (. Let f : C — C be a p-contraction. Let {on} and
{Bn} be two sequences in [0,1]. If 0 < a < an < Pn <b < ﬁ, then the sequence {xn} defined by (3.1)

converges strongly to x1 = proji, () f(x1).

Corollary 3.6. Let H be a real Hilbert space and C C H a nonempty closed convex set. Let T : C — C be a
nonexpansive mapping with Fix(T) # (. Let f : C — C be a Meir-Keeler contractive mapping. Let {otn} and {fn}
be two sequences in [0,1]. If 0 < a < an < Pn <b < ﬁ then the sequence {xn} defined by (3.1) converges
strongly to xT = projFiX(T)f(xT).

Corollary 3.7. Let H be a real Hilbert space and C C H a nonempty closed convex set. Let T : C — C be a
nonexpansive mapping with Fix(T) # (. Let f : C — C be a p-contraction. Let {on} and {fn} be two sequences

n[0,1. If0 < a < atn < Pn < b < —L, then the sequence {x,} defined by (3.1) converges strongly to

1+v2’
Xt = projrix(m)f(xT).

Algorithm 3.8. For xg € Cy = C arbitrarily, define a sequence {x } iteratively by

Yn = (1— [3n)xn +BnTxn,
Cat1={z€Cn:||(1—on)xn+onTyn —z| < ||xn —z|[}, (3.16)

Xﬂ.+l - pTOj Cn+1 (XO), \V/TL 2 O/
where proj is the metric projection.

Corollary 3.9. Let H be a real Hilbert space and C C H a nonempty closed convex set. Let T : C — C be
an L(> 1)-Lipschitzian pseudocontractive mapping with Fix(T) # (0. Let {otn} and {Bn} be two sequences in
0,1 If0 < a < an < Pn < b < ——L_—, then the sequence {xy} defined by (3.16) converges strongly to

V1+L2+1
X = projrix(m) (x0)-

Corollary 3.10. Let H be a real Hilbert space and C C H a nonempty closed convex set. Let T : C — C be a
nonexpansive mapping with Fix(T) # 0. Let {otn } and {Bn} be two sequences in [0,1]. f0 < a < an < Pn <b <
H%ﬁ’ then the sequence {xr} defined by (3.16) converges strongly to x' = projrix (1) (o).
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