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Abstract

In this paper, we combine the subgradient extragradient method with the Halpern method for finding a solution of a
variational inequality involving a monotone Lipschitz mapping in Banach spaces. By using the generalized projection operator
and the Lyapunov functional introduced by Alber, we prove a strong convergence theorem. We also consider the problem of
finding a common element of the set of solutions of a variational inequality problem and the set of fixed points of a relatively
nonexpansive mapping. Our results improve some well-known results in Banach spaces or Hilbert spaces. (©2017 all rights
reserved.
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1. Introduction and preliminaries

Let E be a real Banach space with norm | - ||, and E* be the dual of E. (x, f) denotes the duality pairing
of E and E*. Suppose that C is a nonempty, closed and convex subset of E. In this paper, we study the
problem of finding a point u € C such that

(v—u,Au) >0, YWedC, (1.1)

where A : E — E* is a single-valued mapping. This problem is called the variational inequality problem.
The set of solutions of the variational inequality problem is denoted by VI(C, A). Variational inequal-
ity was firstly introduced by Lions and Stampacchia [15] in 1967. This problem has been intensively
considered due to its various applications in operations research, economic equilibrium and engineering
design. Various iterative method for solving variational inequality (1.1) have been proposed and analyzed
by many authors in Hilbert spaces or Banach spaces when A has monotonicity and Lipschitz continuity
or inverse-strong-monotonicity, (see, for example, [4-8, 10-14, 16, 19-21] and the reference therein). An
operator A of C into E* is said to be
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(i) monotone if (x —y,Ax —Ay) > 0 for all x,y € C;
(ii) o-inverse-strongly-monotone if there exists a positive real number o such that

(x —y,Ax — Ay) > af|Ax — Ay|>, V¥x,y e C;
(iif) L-Lipschitz continuous if there exists a constant L > 0 such that
JAx— Ayl < Lix—yll, ¥xyeC.

It is obvious that an a-inverse-strongly-monotone mapping is monotone and X -Lipschitz continuous.
But, the converse is not true.

In order to approximate a solution of the variational inequality (1.1), the inverse-strong-monotonicity
of A was often assumed (see, for example, [8, 10-12, 16, 21]).

In the next, we always let IH be a Hilbert space and IN be the set of all positive integers.

In order to relax the inverse-strong-monotonicity of A, in a finite dimensional Euclidean space R™,
Korpelevi¢ [13] introduced the following extragradient method:

x1 =X € C, xni1 = Pc(xn —AA(Pc(xn —AAX,))), Vn € N, (1.2)

where A was only supposed to be monotone and Lipschitz continuous. The extragradient method has
received great attention by many authors who developed and improved it in various ways, (see, for
example, [4-7, 14, 19]).

In the extragradient method, two projections onto a closed and convex subset C of H need to be
calculated in each iterate. As mentioned in [7], this may affect the efficiency of the method. Therefore,
Censor et al. in [7] modified the the extragradient method and proposed the following iterative algorithm:

xo € H,

Yn = Pc(xn — TA(Xn)),

To=weH: (xn —TA(Xn) —Yn,W—yn) <0},
Xnt+1 = P, (xn — TA(yn))-

(1.3)

Method (1.3) replaces the second projection onto the closed and convex subset C in (1.2) with the one
onto the subgradient half-space T,,. So the method (1.3) is called the subgradient extragradient method.
We note that, the set T, is a half-space, and hence Algorithm (1.3) is easier to execute than Algorithm
(1.2). Under some mild assumptions, Censor et al. in [7] proved the method (1.3) converges weakly to a
solution of variational inequality (1.1) in a Hilbert space.

In order to obtain the strong convergence, Kraikaew and Saejung in [14] combined the subgradient ex-
tragradient method (1.3) with the Halpern method introduced in [9] and proposed the following iterative
algorithm:

xo € H,

Yn = PC(XTL _TA(XTL))/
Th=weH: (xn —TA(Xn) —Yn,W—yn) < 0},

Xn4+1 = &nXo + (1-— ‘Xn)PTn (Xn _TA(yn))/

(1.4)

where {on } is a sequence in [0, 1] satisfying limp o xn =0 and ) 7, an = 0o. They proved the method
(1.4) converges strongly to a solution of variational inequality (1.1) in a Hilbert space.

We note that, these above results about extragradient method or subgradient extragradient method
are all confined in Hilbert spaces. However, many important problems related to practical problems are
generally defined in Banach spaces. Hence, it is interesting to propose an iterative algorithm for finding
a solution of variational inequality (1.1) in Banach spaces. For example, in 2008, liduka and Takahashi in
[12] proved the following theorem.
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Theorem 1.1. Let E be a 2-uniformly convex, uniformly smooth Banach space whose duality mapping | is weakly
sequentially continuous, and C be a nonempty, closed and convex subset of E. Assume that A is an operator of C
into E* that satisfies:

(Al) A is x-inverse-strongly-monotone;
(A2) VI(C,A) #0;
(A3) ||Ay|| < ||[Ay — Aul| forally € Cand u € VI(C,A).

Suppose that x; = x € C and {xn} is given by
Xn+1 = nClil(Ixn - AnAXn)/ (15)

for every n = 1,2, ..., where {An} is a sequence of positive numbers. If {\n} is chosen so that A, € [a,b] for some
a,bwith0 < a <b < c«, then the sequence {xn} converges weakly to some element z € VI(C, A), where cy is
the 2-uniformly convexity constant of E. Further z = limn o TTy1(c,A) (Xn ).

We note the following problems:

(P1) The condition (A3) in Theorem 1.1 is not easy to be satisfied.

(P2) Algorithm (1.5) is only restricted to the class of inverse strongly monotone mappings.

(P3) Algorithm (1.5) requires that the Banach space E has the weakly sequentially continuous duality
mapping, which is a quite strong hypothesis.

(P4) The sequence {xn} generated by (1.5) converges weakly but not strongly.

In order to solve the problems (P1)-(P4), Nakajo in [20] proposed the following CQ method:

x1=x€E,
Yn = nClil(IXn —AnA(xn)),
Zn = Tyn/

Ch={ueC:d(wzn) < O(W,xn) — P(Yn, xn) —2An(Yn — W, Axn — Ayn)}, (16

Qn={ueC:{xn—u,Jx—Jxn) =0},

Xn+1 = ﬂCn N QnX’

where E is a 2-uniformly convex and uniformly smooth Banach space and A is only supposed to be
monotone and Lipschitz continuous. He proved the sequence {x,} generated by (1.6) strongly converges
to Mpx, where D = VI(C,A)(\F(T) and T is a relatively nonexpansive mapping.

In the Algorithm (1.6), the condition (A3) assumed in Theorem 1.1 is removed and the inverse-strong-
monotonicity of A is successfully weakened to monotonicity and Lipschitz continuity. Furthermore, the
duality mapping ] doesn’t need to be weakly sequentially continuous and the sequence {xn} is strong
convergence. Therefore, the work done by Nakajo [20] is very meaningful. However, we should also note
that Algorithm (1.6) seems to be difficult to use in practice because the computation of the next iterate
becomes a subproblem of finding a general minimal distance onto the intersection of two additional
closed and convex subsets of a Banach space E. As mentioned in [7], it is not easy to solve a minimal
distance onto a general closed and convex set even if in a Hilbert space. This might seriously affect the
efficiency of Algorithm (1.6). Therefore, the purpose of this paper is to extend the method (1.4) to Banach
spaces. Consequently, we can solve the problems (P1)-(P4) and do not involve this subproblem produced
in Algorithm (1.6).

2. Preliminaries

Throughout this paper, we always let E be a Banach space, and E* be the dual space of E. (-, -) denotes
the duality pairing of E and E*. When {x,,} is a sequence in E, we denote the strong convergence of {xn}
to x € E by x, — x and the weak convergence by x,, — x.
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Let U ={x € E: ||x|| = 1}. A Banach space E is said to be strictly convex if for any x,y € U and x # y
implies || *3¥ || < 1. It is also said to be uniformly convex if for each € € (0,2], there exists & > 0 such that
for any x,y € U, ||x —y|| > € implies || *3¥|| < 1— 5. It is known that a uniformly convex Banach space is
reflexive and strictly convex. And we define a function 5 : [0,2] — [0,1] called the modulus of convexity
of E as follows:

) X
d(e) =inf{l — [——=[:xy € U, [x—yl[ > e}.

Then E is uniformly convex if and only if 5(e) > 0 for all € € (0,2]. Let p be a fixed real number with p > 2.
A Banach space E is said to be p-uniformly convex if there exists a constant ¢ > 0 such that 5(e) > ceP for
all € € [0,2]. It is obvious that a p-uniformly convex Banach space is uniformly convex. For example, see
[3] and [12] for more details. A Banach space E is said to be smooth if the limit lim_, w exists
for all x,y € U. It is also said to be uniformly smooth if the limit is attained uniformly for x,y € U. It is
well-known that the Hilbert and the Lebesgue L9 (1 < q < 2) spaces are 2-uniformly convex, uniformly
smooth.

Let J: E — 2F" be the normalized duality mapping defined by
Jx:={ve B : (x,v) = |v|]* = x|}, Wx€E
The following properties of the duality mapping ] can be found in [2] :

(i) If E is smooth, then ] is single-valued.
(ii) If E is strictly convex, then | is one-to-one and strictly monotone.
(iii) If E is uniformly smooth, then | is uniformly norm-to-norm continuous on each bounded subset of
E.
(iv) If E is a smooth, strictly convex, and reflexive Banach space, then ] is single-valued, one-to-one, and
onto.

Let E be a smooth Banach space. We know the following Lyapunov functional introduced by Alber
[2]:
¢Oxy) = x[* = 2(x, Jy) + [ylI*, ¥xy € E.
Clearly, we have from the definition of ¢ that

(B1) (I[x[l = llylD* < by, %) < (Ix] + [[yl)*
(B2) ¢(x,y) = d(x,z) + dlz,y) +2(x —z,Jz— Jy);
(B3) d(x,y) = (% Jx—=TJy) + {y —x,Jy) < [X[[[Tx =Tyl + [y —x[llly]-

Remark 2.1. We have from Remark 2.1 in [18] that, if E is a strictly convex and smooth Banach space, then
for x,y € E, d(y,x) =0 if and only if x =y.

Lemma 2.2 ([18]). Let E be a uniformly convex and smooth Banach space and let {yn},{zn} be two sequences of E.
If &(yn,zn) — 0, and either {yn}, or {zn} is bounded, then yn —zn — 0.

Let E be a reflexive, strictly convex and smooth Banach space. C denotes a nonempty, closed and
convex subset of E. By Alber [2], for each x € E, there exists a unique element xg € C (denoted by TT¢(x))
such that

$(x0,x) = min ¢ (y, x).
yeC

The mapping TT¢c : E — C, defined by IT¢(x) = xg, is called the generalized projection operator from E
onto C. Moreover, g is called the generalized projection of x. See [1] for some properties of TTc. In a
Hilbert space, TT¢c = P¢ (the metric projection operator).

Lemma 2.3 ([12, 18]). Let C be a nonempty closed and convex subset of a smooth Banach space E and x € E. Then,
xo = lMcx if and only if
(xo—y,Jx—Jxo0) 20, WyeC.
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Lemma 2.4 ([12, 18]). Let E be a reflexive, strictly convex, and smooth Banach space, let C be a nonempty closed
and convex subset of E and let x € E. Then

by, Mex) + ¢(TTex, x) < d(y,x), vy e C.

Let C be a nonempty closed and convex subset of a smooth, strictly convex and reflexive Banach space
E and T be a mapping from C into itself. A point x € C is said to be a fixed point of T if Tx = x. We
denote the set of fixed points of T by F(T). A point p € C is said to be an asymptotic fixed point of T
if there exists {xn} in C which converges weakly to p and lim,_, ||[xn — Txn| = 0. We denote the set of

all asymptotic fixed points of T by F(T). Following Matsushita and Takahashi [18], a mapping T of C into
itself is said to be relatively nonexpansive (see also [20]) if the following conditions are satisfied:

(i) F(T) is nonempty;
(i) d(u, Tx) < d(u,x),Yu e F(T),x € C;
(i) F(T) = F(T).

Lemma 2.5 ([18]). Let E be a strictly convex and smooth Banach space, let C be a closed convex subset of €, and
let T be a relatively nonexpansive mapping from C into itself. Then F(T) is closed and convex.

Let E be a reflexive, strictly convex, smooth Banach space, and ] the duality mapping from E into E*.
Then ]! is also single-valued, one-to-one, surjective, and it is the duality mapping from E* into E. We
make use of the following mapping V studied in Alber [2]:

V(x,x*) =[x =20, x*) + [x*|?, (2.1)

for all x € E and x* € E*. In other words, V(x,x*) = ¢(x, ] 1(x*)) for all x € E and x* € E*. For each
x € E, the mapping g defined by g(x*) = V(x,x*) for all x* € E* is a continuous, convex function from E*
into R.

Lemma 2.6 ([2]). Let E be a reflexive, strictly convex, smooth Banach space and let V be as in (2.1). Then
V(X/ X*) + 2<Iil (X*) - X/U*> < V(XI X* +U*)/
forall x € E and x*,y* € E*.

An operator A of C into E* is said to be hemicontinuous if for all x,y € C, the mapping f of [0, 1] into
E* defined by f(t) = A(tx + (1 —t)y) is continuous with respect to the weak™ topology of E*.

Lemma 2.7 ([12]). Let C be a nonempty, closed and convex subset of a Banach space E and A a monotone,
hemicontinuous operator of C into E*. Then

VI(C,LA)={ueC:(v—u,Av) >0 forallv e C}.
It is obvious from Lemma 2.7 that the set VI(C, A) is a closed and convex subset of C.

Lemma 2.8 ([20]). Let E be a 2-uniformly convex and smooth Banach space. Then, for every x,y € E, d(x,y) >
c1||x —y||?, where c¢q > 0 is the 2-uniformly convexity constant of E.

Lemma 2.9 ([17]). Let {an} be a sequence of real numbers such that there exists a subsequence {n;} of {n} such that
An; < An,41 for all i € IN. Then there exists a nondecreasing sequence {my} of N such that limy_, myx = oo
and the following properties are satisfied by all (sufficiently large) numbers k € IN:

Qmy < Q41 and ag < Apy 41

In fact, myc = max{j < k:aj < aj41}
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Lemma 2.10 ([23]). Let {an} be a sequence of nonnegative real numbers satisfying the following relation:

ant1 < (1 - an)an + xXndn, M =My,

[o¢]

where {otn} C [0,1] and {yn} is a sequence of real numbers satisfying Y 7 1 an = o0, limp 0 xn =0, and

limsup, ,  vn <0. Then lim, o an = 0.

Lemma 2.11 ([22]). Let E be a uniformly convex Banach space and let v > Q. Then there exists a continuous strictly
increasing convex function g : [0,2r] — R such that g(0) = 0 and

[tx + (1= t)yl* < tlix]> + (1= 1)y = t(1 = t)g([x —yl),

forall x,y € By and t € [0, 1], where B, ={z € B: ||z|| < 1}

3. The Halpern subgradient extragradient algorithm

Inspired by Kraikaew and Saejung’ results [14], we propose the Algorithm (3.1) to extend the Algo-
rithm (1.4) from Hilbert spaces to Banach spaces and prove a strong convergence theorem (i.e., Theorem
3.5), which is quite different from the scheme proposed by Nakajo [20]. In fact, we do not need to calcu-
late the generalized projections onto the constructible sets C,, and Qn as in [20]. It seems to us that we
simplify his result with the same conclusion.

In this section, we always assume the following conditions.

(C1) E is a 2-uniformly convex and uniformly smooth Banach space with the 2-uniformly convexity
constant ¢y and C is a nonempty closed convex subset of E.

(C2) The mapping A : E — E* is monotone and Lipschitz continuous on C with Lipschitz constant L > 0.

(C3) VI(C,A) # 0.

Algorithm 3.1. For any xo € E, we define a sequence {xn,} iteratively by
Yn = ﬂClil(]Xn —AnA(xn)),
Tha=WweEk: W—yn, Jxn —AnA(xn) —Juyn,) <0},
Wn = ﬂTn]_l(]xn - AnA(Un))/

Xn+1 = Jil(‘xnIXO +(1—an)Jwn),

(3.1)

where {0 } is a sequence in [0, 1] satisfying imn 0o on = 0and >_°_; oy = 00 and {Ay} is a sequence in (0, o).
Remark 3.2. It is obvious that T, is a half-space and C C T,, for every n > 1.

Lemma 3.3. Let {xn}, {yn}, and {wn} be the three sequences generated by (3.1). Then, under Conditions (C1)-(C3),
we have AL

dlu,wn) < du,xn) —(1- %1)[d>(wn,yn) + ¢(yn, xn)l, Yu e VI(C, A). 3.2)
In particular, if {An} satisfies 0 < inf>1 A < SUPp, >4 A < %, then, d(u, wn) < d(u,xn).
Proof. Since wy, = ﬂTn]_l(]xn —AnA(yn)), it follows from Lemma 2.4, (B2), and VI(C,A) C C C T, that,
for any u € VI(C, A),

d(u, win) < d(u, ]_1(]Xn —AA(yn))) — b(wn, ]_1(]Xn —AnA(yn)))
= d(u,xn) + dxn, J 7 Jxn = AnA(yn))) + 20— xXn, AnA(yn))
— d(wn, xn) — d(xn, ]_1(an —AnA(Yn))) —2(wn —xn, AnA(yn))
= (U, xn) — P(Wn, Xn) + 2An (U —wp, A(yn)).

(3.3)
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Since u € VI(C,A) and A is monotone on C, we have

<yn —u, A(yn)> =0,
and hence,
(Wn —u,A(yn)) = Wn —yn, Alyn)). (3.4)
Combining (3.3) with (3.4), we have

< d(w, xn) — d(Wn, xn) +2}\n<yn — Wn, A(Un)>
= (b(urxn) - (b(Wn/Un) - (b(yn/ Xn) — 2<Wn —Yn, JUn - ]Xn> + 27\n<Un — Wn, A(Un)> (35)
= (b(urxn) - CP(WmUn) - (b(yn; Xn) + 2<Wn —Yn, an - ]yn - )\nA(yn»-

(I)(u/ WT‘L)

By the definition of T, we have

<Wn —Yn, JXn — AnA(Xn) — Jynr> <0.

Thus, it follows from the Lipschitz continuity of A, Lemma 2.8, and Cauchy-Schwarz inequality that

2(Wn —Yn, Jxn = Jyn —AnA(Yyn)) = 2(Wn —Yn, Jxn — Jyn —AnA(xn))

+ 22 (Wn —Yn, A(xn) — Alyn))

2An (Wn —Yn, Alxn) — Alyn))

2 L[wn = yn|[[yn —xn| (3.6)
\/‘b(wmyn) \/q)(ymxn)

v/ C1 v/ C1
AnL AnL
< Lq)(wnzyn)‘f’id)(ynzxn)-
C1 €1

<
<

< 2A4L

Combining (3.6) with (3.5), we have

AnL AnL
d(u,wn) < d(u,xn) — q)(Wn/yn) - dD(men) + Tld)(wn/yn) + ?dD(men)
nL
= §lutx0) = (1= 2251 0w yn) + Dy X)),
which implies that (3.2) holds. O

Lemma 3.4. Let {xn} be a bounded sequence in € and yn, = Me] '(Jxn —AnA(xn)). Assume that x, — % and
limn oo [[Xn —Yn|| = 0. If {An} satisfies 0 < infp>1 An < SUp, 51 An < T, then, under conditions (C1)-(C3),
% e VI(C,A).

Proof. Let x € C. Since yn = IMcJ 1 (Jxn —AnA(xn)), by Lemma 2.3, we have
<yn —X, Jxn — AnA(xn) — ]yn> >0, Vn> 1.
Next, we consider

<xn —X, AnA(Xn» = <Xn —Yn, AnA(Xn» + <yn —X, }\TLA(XTL»
= <Xn —Yn, )\nA(Xn» - <yn —X, an - AnA(Xn) - Iyn> + <yn - X, an - Jyﬂ>
<Xn —Yn, }\nA(xn» + <yn —X, an - ]yn>

Anl[Axn [0 —yYnll + [[Txn = Jynllllyn — x|

(3.7)
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Since A(xy,) is bounded and limy _, ||[Xn —yYn|| = 0, we have from (3.7) that limsup, ,__(xn —%, A(xn)) <
0. It follows from the monotonicity of A that

(& —x,A(x)) = limsup(xn —x, A(x)) < limsup(xn —x,A(xn)) <0, ¥x € C. (3.8)

n—o00 n—oo
Since xn, — % and limy,_, ||Xxn —yYn|| = 0, we have y, — R. Since for alln > 0, y, € C and C is closed
and convex, we have % € C. This implies that X € VI(C, A) by (3.8) and Lemma 2.7. O

Theorem 3.5. Let {xn} be a sequence generated by Algorithm 3.1. If {An} satisfies 0 < infn>1 An <sup, 51 An <
T, then, under conditions (C1)-(C3), xn — TTy1(c,A)X0-

Proof. Put z = Tly1(c,A)xo. Since 0 < infr>1An < SUP,, > An < %, by Lemma 3.3, we have ¢(z, wy) <
®(z,xn) and hence,
¢ (z,xn41) < ||Z|| —2(z, O‘nIXO+(1_“n)]Wn>+“n||x0||2 (1— o) ||WnH2

= O(n(b(Z/XO) (1—O(n)C[)(Z,Wn)

< O(nd)(Z,XO) (1_(Xn)¢)(zlxn)

< max{dp(z,xo), d(z,%n )}
By induction, we have

d(z,xn) < P(z,x0) foralln > 1.

Hence, the sequence {xn} is bounded. It follows from (3.1) and Lemma 2.6 that

Pz, xns1) = d(z, ] 1(0(TJXO + (1 —an)Jwn))
=V(z, anJx0 + (1 — otn)Jwn)
< V(z, oanJxo + (1 — on)Jwn — an(Jx0 — J2)) + 200 (Xn+1 — 2, Jx0 — J2)
=V(z,anJz+ (1 —an)Jwn) + 200 (Xn+1 — 2, Jxo — J2) (3.9)
< onV(z,Jz) + (1 —an)V(z, JWwn) + 200 (Xn+1 — 2, Jx0 — J2)

o
= (1—an)d(z, wn) +20tn (Xn+1—2,Jx0 — J2)
(1

—on)P(z,Xn) + 200 (Xn41 — 2, Jx0 — J2).

N

Let us consider the following two cases.
Case 1: There exists an ng € IN such that ¢(z,xn11) < d(z,xn) for all n > ng. Then limn o d(z,xn)
exists. It follows from (3.9) that
lim ($(z, wn) — d(z,xn)) = 0.

n—oo
By Lemma 3.3, we conclude that
lim ¢(yn,xn) =0.

n—,oo

We have from Lemma 2.2 that
lim |[yn —xn| =0.
n—oo

It follows from Lemma 2.3 that w.,{xn} C VI(C, A), where w.{xn} denotes the set of all weak cluster
points of the sequence {xn}. Passing to a suitable subsequence {x,, } C {xn}, we assume that

limsup(xn41—2z, Jxo —Jz) = lim (xn, —2z,Jx0 —Jz)
n—o0 k—r00

and xn, — % for some & € VI(C, A). Consequently, from Lemma 2.3, we have

limsup(xn41—2z, Jxo —Jz) = lim (xn, —2,Jx0—Jz) = (X —z,Jxo —Jz) < 0.
n—o00 k—r00

It follows from (3.9) and Lemma 2.10 that lim,_,« $(z,xn) = 0, which implies from Lemma 2.2 that
xn — z =Tly1(c,A)X0-
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Case 2: There exists a subsequence {x,} of {xn} such that
¢(Z,ij+1) > ¢(z,xm;) foralljeN.

From Lemma 2.9, there exists a nondecreasing sequence {n;} of IN such that lim;_,,ni = oo and the
following inequalities hold for all i € IN:

$(z,xn) < ¢z, xn41) and ¢(z,%i) < Gz, xn41)- (3.10)
Note that
$(zxn,) < P(2,Xn41) < &n d(z,%0) + (1 — xn )P (2, Wn) < an d(z,x0) + (1 — & )P (2, Xn,).
It follows from limy oo 0 = 0 that
lim [p(z, wn;) — d(z,xn,)] = 0.
im0

By discarding the repeated terms of {n;}, but still denoted by {n;}, we can view {x,,} as a subsequence of
{xn}. Hence, by Lemmas 3.3, 2.2, and 3.4, we have

Iim [[wn, —yn,|| = Im ||[yn, —xn,|| =0 and ww{xn,} C VI(C,A).
1—00 1—00

Since ] is uniformly norm-to-norm continuous on bounded sets, we have

.hm ||]Wni - ]yniH = .hm Hlyni - IXTHH =0. (311)
i—o00 i—00
Note that
HIXﬂiJrl - ]XTHH = H(XTLJXO + (1 - (XTH)JWTH - ]Xni H

< CxﬂiHJXO - JXTH H + (1 - (Xni)H]WTH - ]Xﬂi”

< o [Jxo = Jxn [+ (1 = an ) [Jwn = Jynll + (1 = o) [[Jyn, —Jxnil
It follows from lim;_,o o, = 0 and (3.11) that
lim [|[Jxn 41— Jxn || = 0.
1—00
As proved in the first case, we can conclude that

lim sup(xn,+1 — 2, Jxo — Jz) = limsup(xn, —z, Jxo — Jz) < 0. (3.12)
i—o00 i—o0

It follows from (3.9) and (3.10) that

(1—on,)d(z,xn,) + 200, (Xn,+1 — 2, Jx0 — J2)
(1—an)b(z,Xn41) + 200 (Xni+1 — 2, Jx0 — J2).
Since &y, > 0, we have that

d(z,x1) < (2, Xn+1) < 2(Xn,+1— 2, Jx0 — J2).
Hence, by (3.12), we have

limsup ¢(z,xi) < 2limsup(xn,+1 —2,Jxo—Jz) <0, Vie IN.

1—00 1—00

This implies that x; — z =Tly/1(c A)X0, asi— oo, by Lemma 2.2. O]
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Remark 3.6. Theorem 3.5 improves Theorem 1.1 of this paper (i.e., Theorem 3.1 of [12]) in the following
senses.

(1) The condition (A3) is removed.

(2) The inverse-strong-monotonicity of A is relaxed to monotonicity and Lipschitz continuity.
(3) The condition that the duality mapping ] is weakly sequentially continuous is removed.
(4) The strong convergence of {xn,} is obtained.

Remark 3.7. Theorem 3.5 is different from Theorem 3.1 of [20] in the following several aspects.

(1) In Theorem 3.5, {An} satisfies 0 < infrenAn < sup, o An < C—Ll, which is weaker than that {A,.}
satisfies 0 < infpen An < sup,,cpnAn < 51 in Theorem 3.1 of [20].

(2) In Theorem 3.5, we do not need to calculate the intersection of C,, and Q, as in Theorem 3.1 of [20].

(3) In Theorem 3.5, we replace the second general projection onto the closed and convex set Cy, (] Qn
in Theorem 3.1 of [20] with the one onto the half-space T.

Remark 3.8. Remarks 3.6 and 3.7 show that Theorem 3.5 solves the problems (P1)-(P4) mentioned in Section
1 and does not involve a subproblem of finding a point in the intersection of two additional general closed
convex subsets of C as in Theorem 3.1 of [20].

Remark 3.9. If E = H (the Hilbert space), then ] = I,c; =1, and ¢ = Pc. Taking E = Hand A, =71
satisfying TL < 1, then Algorithm (3.1) reduces to Algorithm (1.4) and Theorem 3.5 reduces to Theorem
3.1 of [14]. Therefore, Theorem 3.5 absolutely generalizes Theorem 3.1 of [14] from Hilbert spaces to
Banach spaces. Furthermore, we change the parameter from a fixed constant t to a changeable sequence

{An.

4. The Modified subgradient extragradient algorithm

Inspired by the second main result of Kraikaew et al. [14], we present a modified subgradient extra-
gradient algorithm in Banach spaces for finding a solution of the variational inequality (1.1) which is also
a fixed point of a given relatively nonexpansive mapping. Our algorithm is as follows.

For mappings A,S : E — E and a closed and convex subset C of E, define three iterative sequences

{xn}, {yn}, and {zn} by
Xo € E,
Yn =T (Jxn — AnA(xn)),
Th={web: (W—yn,Jxn —AnA(xn) —Jyn,) <0},
Wn = ﬂTn]_l(]xn —AnA(yn)),
zn =] o ]xo + (1= on)Jwn),
Xni1 =] (BnJxn + (1= Bn)JSzn),

(4.1)

where {$n} C [a,b] C [0,1] for some a,b € (0,1) and {xy, } is a sequence in [0, 1] satisfying limy o 0t =0
and ) 0 otn = 00.

Theorem 4.1. Let E be a 2-uniformly convex and uniformly smooth Banach space with the 2-uniformly convexity
constant ¢y and C be a nonempty closed convex subset of E. Let S : E — E be a relatively nonexpansive mapping
and A : E — E a monotone and L-Lipschitz mapping on C. Let {An} be a real number sequence satisfying
0 < infn>1An < sup, 1A < . Suppose that VI(C,A) (F(S) is nonempty. Let {xn} C E be a sequence
generated by (4.1). Then xn — Tlyi(c,A)F(s)X0-

We aligned the proof into several lemmas.

Lemma 4.2. The sequence {xn} is bounded.
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Proof. Let u € VI(C,A)(F(S). Then we have from Lemma 3.3 that

O, xnt1) < Juf? =201, BuJ (xn) + (1= Br)JS(zn)) + Bulxnl* + (1 — Bn)||Szn |

<PBrd(w,xn) + (1 —Br)d(u,zn)
< Brd(u,xn) + (1= Br)land(u,x0) + (1 — otn )b (u, Wi )]
< Brd(w,xn) + (1= Br)ond(w,x0) + (1 —Bn)(1—on)d(u, xn)

=1 —(1—Bn)otnld(u,xn) + (1 —Bn)and(u,xo)
< max{d) (u/ XTL)/ d)(u, XO)}'

By induction, {xn} is bounded. O
Lemma 4.3. The following inequality holds for all uw € VI(C,A)(F(S) and n € N,

(b(uzxn—H) <[1-— (1— Bn)“n]q)(uzxn) +2(1— Bn)“n@n —u, Jxg — IU-> - Bn(l - Bn)g(HIXn - JSZnH)-

Proof. Letu € VI(C,A) (N F(S). It follows from Lemmas 2.6, 2.11, and 3.3 that

b, xn11) = d)(urlil(ﬁnlxn + (1= Bn)JSzn))
< Bnd(,xn) + (1= Bn)d(u,Szn) — Bn(l—Bn)g([[Jxn —JSzn|)
< Bnd(w,xn) + (1 —Bn)d(w,zn) — Bn(l—Bn)g([[Jxn —JSznl|)
= Bnd(u,xn) + (1= Br)d(u, ] (an]xo + (1 — otn)Jwn)) = Bn(1 = Bn)g([[Jxn —JSzal))
= Bnd(uw,xn) = Bn(l—Pn)g(l[Jxn —JSzn|) + (1 = Brn)V(w, anJxo + (1 — atn)Jwn)
< Bnd(w,xn) = Bn(1—PBn)g([[Jxn —JSznll)
+ (1= Bn) V(W onJxo + (1 — on) Jwn — an (Jxo — Ju)) +20tm (zn — 1, Jxo — Ju)l
= Bnd(,xn) = Bn(l—Bn)g([[Jxn —JSznl|)
+ (1= Bn)V(w, anJu+ (1= an)Jwn) + 20m (zn —u, Jxo — Ju)]
<Bnd(w,xn) = Bn(1—Bn)g([[Jxn —JSznl|)
+ (1= Bn)lenV(w, Ju) + (1 — an)V(W, Jwn) + 20 (zn — 1, Jxo — Ju)]
= Bnd(uw,xn) = Bn(l—PBn)g([[Jxn —JSzn|) + (1 — Bn)(1 — otn) P (w, wn)
+2(1—Bn)on{zn —u, Jxo — Ju)
< Bnd(w,xn) = Bn(l—Bn)g([Jxn —JSznll) + (1= Bn) (1 — on)d(u, xn)
+2(1—Bn)on{zn —u, Jxo — Ju)
=[1—(1—=Bn)xnld(i, xn) +2(1 = Pr)xn(zn —u, Jxo — Ju) = Prn (1 — Br)g([[Jxn —JSzn ).

Lemma 4.4. Let u € VI(C,A) " F(S). If there exists a subsequence {xn, } of {xn} such that

llm lnf(d)(u/ Xnk—i—l) - cb(u/ XT‘Lk)) 2 OI

k—o0
then ww{xn,} C VI(C,A)F(S)
Proof. Since liminfy oo (d(u, Xn, 1) — $(u,xn, )) = 0, by the construction of {x,41}, the properties of

$(-,+), and (3.2) for 0 < infn>1An < sup, 51 An < 7, we have

0 < iminf( (1, xny 1) — Bt Xn, )
k—o0

g llkﬁ_l)lol;lf(l - Bnk)(o‘nkd)(u/XO) + (1 - (Xnk)d)(u,wnk) - d)(urxnk))
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= liminf(1 — Bn, ) (b(w, wn, ) — d(u, xn,))

k—o0
< (11— a)liminf(d(u, wn,) = (U, xn,))

< (1—a)limsup(dp(u, wn,) —d(u,xn, ) <O0.

k—o0

Hence,
lim (b (w, wn, ) — d(w,xn, ) =0.

k—o0

It follows from Lemmas 3.3, 3.4 and 2.2 that

lim ||xn, —yn, || =0, im |wn, —yYn, || =0 and w{xn } C VI(C, A). 4.2)
k—o00 k—o0
Next we show that w,{xn,} C F(S). By Lemma 4.3, we have

0 < liminf(dp(u, xn, 1) — (W, xn, )
k—o00

< iminf(—otn, (1= Bry )b, xn, ) + 20, (1= Bry) (zny — 1, Jxo = Jw)

- Bnk(l - Bﬂk)g(HJXnk - ISZleH))
= _hmsup Bnk(l - Bnk)g(H]Xnk - ISanH)

k—o0

< —a(l—b)limsup g(||Jxn, —JSzn,||) <O.

k—o0

I Ience,
lim H]X‘ﬂk - JSZleH =0.
k—o00

Since J~! is uniformly norm-to-norm continuous on bounded sets, we have

lim ||xn, —Szn, || =0. (4.3)
k—o00
Applying (4.1), we have that
IZle - ]XT‘Lk = O(nkUXO - ]Xnk) + (1 - (Xﬂ.k)(lwnk - ank)' (44)
It follows from (4.2) that
kh_r)r;o [Wn, —Xn,|| =0. (4.5)

Since ] is also uniformly norm-to-norm continuous on bounded sets, we have that

lim ||]Wnk o ]Xnk” =0. (46)

k—o00

Since limy oo atn, = 0, it follows from (4.4) and (4.6) that limy_, « ||Jzn, — JXn, || = 0. Since ]! is uniformly
norm-to-norm continuous on bounded sets, we have that

lim ||zn, —%xn, || =0. 4.7)
k—o00
Since |zn, — S(zn, )| < Izn, —Xn || + [[Xn, — S(zn,)||, it follows from (4.3) and (4.7) that

lim ||zn, —S(zn, )| =0. (4.8)
k—o0

By (4.8), (4.7) and the definition of the relatively nonexpansive mapping S, we infer that w,{xn, } =
Wwizn, } C F(S). This and (4.2) imply that w{xn, } € VI(C,A)(F(S). O]
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The next is the proof of Theorem 4.1.

Proof of Theorem 4.1. Let z =TTy 1(c,A)nF(s)Xo- Since Bn < 1 for all n € IN, it follows from Lemma 2.3 that

P(z, Xn+l) <[1-(1- Bn)‘xnm)(zrxn) + 20t (1 — Bn)(zn —2z,Jx0 — IZ> (4.9)

Case 1. There exists an ng € IN such that ¢(z,xn 1) < d(z,xn) for all n > ng. Then limy o $(2,%n)
exists. In particular, limn_,o0(P(2z, Xn+1) — d(z,xn)) = 0. It follows from Lemma 2.4 and (4.5) that
Wywixn} € VI(C,A) N F(S) and limp ;o0 |[Xn —Wn || = 0. Since ] is uniformly norm-to-norm continuous on
bounded sets, we have that

Tim [T — Jwal| = 0. (4.10)

Since Jzn, — Jxn = an(Jxo — Jxn) + (1 — atn ) (JWn — Jxn ), it follows from limy,, o x, = 0 and (4.10) that
lim;, o0 ||Jzn — JXn|| = 0. Since ]! is also uniformly norm-to-norm continuous on bounded sets, we have
that
lim |zn —xn| =0.
n—oo

Hence, wy{xn} = wwizn}. Since {xn} is bounded, there exists a subsequence {xn,} of {xn} such that

Xn, — X and

lim (xn, —z,Jxo —Jz) = limsup(xn —z, Jxo — Jz) = limsup(zn —z, Jxo — J2).
k—o00 n—oo n—o0

Because wy{xn} C VI(C,A) [ F(S), it follows from Lemma 2.3 that

lim (xn, —z,Jx0—Jz) = (& —z,Jxo —Jz) <0,
k—o0

which implies that limsup, _, _(zn —z,Jxo —Jz) < 0. By applying Lemma 2.10 to (4.9), we have

lim ¢(z,xn) =0,

n—oo

thatis, xn — z, as n — oo.
Case 2. There exists a subsequence {xm,} of {xn} such that

d)(Z/ij) < d)(zrxijrl)l VJ € IN.

From Lemma 2.9, there exists a nondecreasing sequence {n;i} of IN such that lim;_,,,ny = co and the
following inequalities hold for all i € IN:

d)(ZIX’T‘Li) < d)(Z/XTLi—i—l) and d)(Z,Xi) < d)(Z/XTLi-I—l)' (411)

By discarding the repeated terms of {n;}, but still denoted by {ni}, we can view {x,,} as a subsequence
of {xn}. In this case, we have liminf;_,(p(z,xn,+1) — $(z,xn,)) = 0. By Lemma 4.4, we have w,,{xn} C
VI(C,A)F(S) and, by the same argument as in the first case, Wy {zn,} = Wwi{xn,}. It follows from the
boundedness of {xn,} that there exists a subsequence {Xml} of {xn,} such that Xn, — % and

lim sup(xn, —z, Jxo — Jz) = limsup(zn, —z, Jxo — J2)

= lim (xn, —2z,Jx0—Jz) = & —2z,Jxo—Jz) < 0.
l—o0 !

It follows from (4.9) and (4.11) that

TC]'(I) (Zl XTliJrl )
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In particular, since (1 — B, )xn, > 0 for all i € IN, we have

d(z,%1) < Pz, xn+1) < 2(zn; — 2, Jx0 — J2).
Consequently;, it follows from (4.12) that

limsup ¢(z,xi) < limsup 2(zn, —z, Jxo —Jz) < 0.
i—o00 i—o0

Therefore x; — z. O

Remark 4.5. If E = H, then a relatively nonexpansive mapping S reduces to a quasi-nonexpansive mapping
S which satisfies I — S is demiclosed at zero. Hence, taking E = IH and A, = 7 satisfying TL < 1, then
Theorem 4.1 reduces to Theorem 4.1 of [14]. Therefore, Theorem 4.1 absolutely generalizes Theorem 4.1 of
[14] from Hilbert spaces to Banach spaces. Furthermore, we change the parameter from a fixed constant
T to a changeable sequence {A, }.

We next introduce another algorithm, which is a slight modification of Algorithm (4.1) and includes
Algorithm (4.1) when § is the identity mapping. Since the proof of this result is very similar to that of
Theorem 4.1, we leave the proof for the reader to verify.

Theorem 4.6. Let {xn,} C E be a sequence generated by

Xg € E,
Yn =TTc] ™ (Jxn —AnA(xn)),
T =WEE: (W—yn,Jxn —AA(xn) = Jyn,) <0},
Wn = ﬂTnlil(IXn —AnA(yn)),
Zn = ]_1(0‘11]7‘0 + (1 —otn)Jwn),
Xn+1 = ]71(671]271 + (1= Bn)JSzn).

Then under the same conditions as Theorem 4.1, xn — Tly1(c A) N F(S)X0-

5. Conclusions

The subgradient extragradient method was firstly introduced by Censor et al. [7] which provides a
weak convergence theorem for variational inequalities of monotone and Lipschitz continuous operators in
Hilbert spaces. Subsequently, Kraikaew and Saejung [14] modified this method to obtain strong conver-
gence by means of Halpern method [9] in Hilbert spaces. In this paper, we generalized the results of [14]
from Hilbert spaces to Banach spaces. Consequently, we improve and extend the corresponding results
in [2, 5-7]. Furthermore, our results are different from the ones studied in [7] as described in Remarks 3.7
and 3.8.
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