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Abstract
We prove that some integrals of Bessel functions are transcendence over ring of Bessel functions with coefficients from the

field of rational fractions of one variable. (©2017 All rights reserved.
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1. Introduction
In 1990 Lawrence Markus formulated the following problem:

Problem 1.1. Consider the differential field F < Jo,J1,J2,- -+ >, where F is the differential field of all
elementary functions over C(x). Is [ J3(x)dx in this field F < Jo, J1, ]2, - -

In the paper [11] the partial answer was obtained to this question. More exactly, Sibuya proved that
J C(X) []O(X)/ ]1(X)]I lf n= 1(2)/
Jn(x)
¢ C(x)Jo(x), J1(x)], if n=0(2),

and also [ J3(x)dx & C(x)[Jo(x), J1(x)].
In this paper we develop a technique from the paper [11] and prove that

L [T (x)dx & C(x)[Jo(x), J1(x)], if m > 2.
2. [T (x)dx € C(x)[Jo(x), J1(x)], if m > 2.
3. [JA(x)dx & C(x)[Jo(x), J1(x)], if n > 0.
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In connection with the obtained statements, the following hypothesis naturally arises:
Hypothesis. If n > 0 and m > 2 then

Jm‘(x)dx ¢ C(x)Jo(x), Ta(x)].

Problems of this type are directly connected with the questions of differential algebra [3, 4, 7, 8]. At
first, it is a statement as Liouville’s theorem that integrals of some differential equations are expressed by
elementary functions. Classical result of this kind is the theorem of Holder [2] that the Gamma function
I'(x) of Euler is not a solution any algebraical differential equation over field C(x) of rational functions of
a complex variable x. In our paper we use Siegel’s theorem [12] about algebraical independence functions
X, Jo(x), J1(x) over the field C. Also these questions are connected with the problems of analytical theory
of numbers and problems of transcendence. For example, Shidlovskii proved usual theorems on the
transcendence and algebraical independence of values in algebraical points, a sufficiently wide class of
entire functions which are solutions linear differential equations with polynomial coefficients (see [1]).
Some consequences of this direction can be found in [5, 9, 10].

2. Main results

Let C be the field of complex numbers, x the complex variable and let C(x) be the field of rational
functions with variable x. For every nonnegative integer n, let us denote by J,,(x) the Bessel function of

the first kind of order n, i.e.,
+o00
o\ (-1t x\ 21
Jnx) = (2) ;) Un+ 1! (2) '

We consider the ring C(x)[Jo(x), J1(x)] of polynomials in Jo(x) and J; (x) with coefficients in C(x).
We remind some well-known facts about the Bessel functions [6, 13].

d
1. If 8 = x—, then functions ] (x), n > 0, are solutions of the equation

dx
5%y + (x> —n?)y =0.
In particular, §%Jo(x) = —x%Jo(x).
2. The following recurrence relations hold:
Jns1(x) = Jno1(x) =2Jn(x)’, n>1,
Xnr1(x) =nJn(x) =xJn(x)’, n >0,
Tt = 2 b) = 1), n> 1,

Ji(x) = —Jo(x)".
Here % denotes /. From the third relation it can be obtained that

C(x)Jo(x), J1(x)] = CO)Jn(x), Jns1(x)], n=0.
From the second relation
C)n (%), Jnt1(x)] = C(x)Jn(x), 8]n(x)], n > 0.

From these relations we obtain that the field C(x)(Jn(x), 8Jn(x)) is a differential algebra and it is
equal to C(x)(Jo(x), 8Jo(x)) = C(x)(Jo(x), J1(x)).
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In addition, we will use the following fact.
3. Functions x, Jo(x), J1(x) are algebraically independence over the field C [12].

Now we proceed to formulate and prove main results of this paper.

Theorem 2.1. For every m > 2, we have

[ robxmax ¢ 0ot v
Proof. Assume to the contrary that we have

[ rotxmax  €tuapiote) e
Since xJ;(x) = —8Jo(x), it follows that

[ 1otximax & €xiat), ot

Hence there is a polynomial F(x, &,1) € C(x)[&,n] such that

Jo()™ = -F(x, Jolx), 8Jo(x]) + (Jo(x)) 52 FOx Jo(x), 8Jo(x)

+ (5Io(X))’a?1F(X, Jo(x), 8J0(x)),

or
o)™ = X3 F{x, Jo(x),8Ja(x) + 8Ja(x)5 - F(x, Jo(x), 8Ja(x))
0
+ 6210(x)aﬂx, Jo(x), 8Jo(x))-
Since 82Jo(x) = —x?Jo(x) and function x, Jo(x), J1(x) are algebraically independence over field C, we have
the identity
m_, 0 o 20
xE, —anF(x,ci,n) +na£F(x, &m)—x EanF(x, &m). (2.1)

Write F as a sum

F(x, &) =Fo(x) + (Fro(xm+ Fr1(x)&) + -+ ) Fn™ & +--+,
i=0

m . .

where ) Fin™ &' is the homogeneous component of F of order m with variables &, n. Substitute this
i=0

presentation of F into (2.1) and consider its homogeneous component of order m:

m m m
X€™=x) Fmi()M™TE Y iFnin™ T ET = ) PP (m—in™ e 22)
i=0 i=0 i=0
Splitting (2.2) on monomials of &, 11, we obtain the system of identities:

X = 6me(x) - X2]:111,11171 (X)/

0= 6FTn,nlfl (X) + mme - 2X2Fm,m—2 (X)/

0 = 8Fm,m—2(x) + (M —1)Fm m—1—3Fm,m—3(x),

0="0Fn1(x)+2Fm — mszmo(x),

0 = 8Fmno(x) + Fa.
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Let Hi =Fmni, 1=0,---,m, H=(Hg, -+, Hm)" is the vector-column, "t” - transpose, and

01 0 ... 00 0 0 0 . 00
00 2 ... 00 m 0 0 e 00

Ap = 00 0 ... 00 A= 0 m—1 0 .... 00 ,
00 0 ... 0 m 0 0 0 . 00
0 0 0 ... 00 0 0 0 .. 10

are the matrices of order (m + 1) x (m + 1). Then we can write this system as

SH+ (Ag —x?A1)H = xe, (2.3)
where e = (0,0,---,0,1)t. Vector-column H(x) is a rational solution of this equation. The operator &
increases the degree of simplest fraction on unit

1 kxo k
hy = — , k>1.
(x—xp)k  (x—xp)*1  (x—xp)¥

Therefore, if we present H(x) as the sum of simplest fractions and substitute it in this equation, then we

obtain
Cx  Cx

C
= %+ gt B Bk Bax™,

where Cy, - - -, By are vector-columns with elements from C. It means that the decomposition H(x) as the
sum of simplest fractions has only fractions of the form 1/ xK.
Substituting H into (2.3) and equating coefficients under identical degrees x, we obtain the system of

equations
—kCy +AgCy =0,

—(k—=1)Cx—1+AoCx_1 =0,
—(k=2)Cx 2+ AoCx2—A1Cx =0,
—C1+A0C1—A1C5 =0,
AgBo—A;Ca =0,

B1 +AyB1 —A1Ci=e¢e,

2By + AgBr — A1By =0,

(2.4)

an + AOBTL - Aan—Z =0,
A1Bn_1=0,
A1Bn =0.

Since the eigenvalues of matrix A are equal to zero, it follows from first k equations that we find
Cy=Ckq=---=C =0.
From the remaining equations, we consider subsystem with odd indices

(E4+Ag)B1 =e¢,
(BE+Ag)B3 = A1By,
((2s +1)E+ Ag)Bos41 = A1Bos_1,
A1Bas 1 =0.
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For arbitrary matrix A = (ai;) of order p x q over the field R, we denote by o(A) the matrix of order
p % q which consists of 0 and +1, and o(A)y; = signai;.

Now calculate sequentially the vectors o(B1), o(B3),--.

Note that if u > 0 then

11 1 . ™
0 1 1 .. (—1ymt
1T e —1)m+2
o(uE+Ag =] ¢ O =1
0 0 0 o 1
0 0 0 o 1

Consequently

G(BZSJrl) — :l:(l, _11 ]-/ o )t-

But from the equation A1Bys41 = 0, it follows that Bps11 = (0,0, -+, x)*, a contradiction, and the proof is
complete. 0

Theorem 2.2. For every m > 2, we have

[ eomex ¢ eoatiote), nix.
Proof. Proceed by contradiction: suppose that

[ oo™ < eoatiote), ni.
Reasoning as in Theorem 2.1, we obtain the relation

Fix, Jo(x), 8J0(x)) + x™ 18] (x)

XM ()™ =xm ™ E{F(X’ Jo(x),8Jo(x))
0
+x™18%]o(x) aF(x, Jo(x),8Jo(x)).
Using algebraical independence of functions x, Jo(x), J1(x) and using relation 52Jo(x) = —x?Jo(x) we obtain

the identity

(—=1)™™ =x aXF(x,i,n)er naaF(x,E,n) X EanF(x,é,n)-

Considering homogeneous component of degree m on variables &, 1 we obtain the relation
SH+ (Ag—x2A1)H = x!~™y, (2.5)

where v = (1,0,---,0,)%. Vector function H(x) is a rational solution of this equation. Writing H(x) as
a sum of simplest fractions and substituting in the equation (2.5) and reasoning as in Theorem 2.1, we

obtain c c c
H(x) =~ + =L b =L 4 B+ Bix+ -+ Bux™,
X X X

where Cy, - - -, By - vector-columns are in C™*1.
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Substituting H in (2.5) and equating coefficients under same degrees x, we obtain the system of equa-
tions
—kCx +AgCy =0,
—(k—=1)Cx 1 +AoCy_1=0,
—(k—=2)Cr 2+ AoCr—2—A1Cx =0,
—mCm +AgCm —A1Cg2 =0,
—(m—-1)Ci1+ACin—1—A1C1 =V,
—C1+ApC1 —A1C3 =0,
AgBg—A1Cr, =0,
By +A¢pB;1 —A1C; =0,
2B, + AgB, —A1Bg =0,
nBn +AgBn —A1Bn 2 =0,
A1Bn_1=0,
A{Bn =0.
Since the eigenvalues of matrix A are equal to zero, we have
Ck=Cx1=--=Cp=0.
Let m be an even number. Then subsystem with odd indices has the form
(Ag—(m—=1)E)Bm_1=v,
(Ag—(m—3)E)Bm—3=A1Cn1,
(Ao —E)Cy = A1Gs,
(Ao +E)By = A1Cy,
(Ao + (25 +1)E)Bas+1 = A1Bas—1,
A1Basy1 =0.
Therefore,

G(Cm—l) = (_11 O/ 0/ e )tl
G(Cm—B) = i(]-I _]—/ O/ e )t/

O—(BZS+1) = :l:(l, _1/ 1/ e )t‘
But from the equation A1Bys.1 =0, it follows that Bys1 = (0,0, -+, %), a contradiction.
Let m be an odd number. Then subsystem with even indices has the form
(Ag—(Mm—1)E)Bj_1 =,
(Ag—(m—=3)E)Bm—3=A1Crn1,
(Ag—2E)Cy = A1Cy,

2.6)
AoBo = A1Cy,

(Ag+2sE)Bys = A1Bos_2,
A;Bae = 0.
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It can be supposed that By # 0. From the last equation, we find By = «(0,--- ,1)%, o #Z 0.
Beginning from the first equation of system (2.6) we consistently find

O—(Cmfl) = j:(]-/ O/ 0/ T )t/

G(Cm—B) = :t(]-l _1/ O/ Tt )t/

and so on
o(Cy) = £(1,-1,1,---,0,0,---)*.

where the first (m —1)/2 elements of vector C, are zero.
From the equation AgBy = A1Cy, we have o(Bg) = (x,0,1,--- )"
Moving from the last to the first equation of system (2.6) we consistently find
82(571) = a(Ol Tty O/ m/zl 25/ *)t,
BZ(S*Z) = (X(OI Tty 0/ m(m - 3)/81 (m(S - 1) + ZS(m - 1))/31 *, */*)tl

and so on. Since o(Bg) = (x,0,1,---)', we have s > (m —1)/2. Hence when we move from the vector B,y
to the vector By(x_1) we obtain two nonzero elements on the places where there were two last zeros of
the vector Byy. Therefore, there is such a number k that

BZk = O((O/ X/U/ e )t'

But from the equation
(Ao + 2kE)Bak = A1Bok—2,

we obtain
(A() + ZkE)sz = O((sz, *, v )t’
A1Box_o = (0, %, - - - )t/
a contradiction. Thus, the theorem is proved. =

Next we need eigenvalues of matrix A + n2A;. The following lemma holds.

Lemma 2.3. The eigenvalues of the matrix Ao+ n2A; are equal to (m—2k)n, k =0,1,-- -, m, and the coordinates
eigenvector vy, corresponding to the eigenvalue (m — 2k)n, are equal to the coefficients of the polynomial f.(x) =
(1—n22)%(1 +nx)™ 2%, arranged in the order of ascending powers of variable x.

Proof. Let f(x) = ap+ a1x + -+ amx™ € C[x] and f'(x) its derivative on variable x. Consider the vector
V= (a(]/ ai, -+, am)T- We have

(AQ+T12A1)V = (al/2a2/' c ImamIO)T +n2(0/ma01 (m_l)all' o /am—l)T'
Since
a; +2ax + - - - + mamx™ ' = f(x)’,
2 _ 2 my _ 2 m+2 @ /
n“(mapx+ (m—1)a;x“+ -+ am_1x™) = —nx )

it follows that it is enough to prove the equality

fx)

fk(X)/ . n2xm+2 ( o

) ! = (m— 2k)nf(x).

Let f = i (x). Then

f
f, = *2kn27(m + (m— Zk)
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From this, we obtain

me/ m—1
£l nZXerZX fh—mx f

o —(m—2k)nf
2kn? —2k
S L. (m. )nf—nzxzf'+mn2xf— (m —2k)nf
1—n?x? 1+nx
(- 2kn?x (m—2kn  2kn*x3 -
- 1—n22 T+nx  1—n2x2
— 2k)n3x?
_ (m=2iInx +mn?x + (m— 2k)n) .
1+nx
Simple computation shows that the last expression is equal to zero, hence the proof is complete. O

Theorem 2.4. For every 1 > 2, we have

Jh(x)zdx ¢ C(x)Jo(x), Ta(x)].

Proof. Suppose to the contrary that we have

JJl(X)ZdX € C(x)[Jo(x), J1(x)] = C(x)[J1(x), 8]1 (x)].
Then there is a polynomial F(x, &,n) € C(x)[&,n] such that

d d d
xE2 = xo FOo &m) +noFlx &m) + (n% —x2)&E—F(x, &,M).
X 0& on

Consider homogeneous of degree two of this relation. We have
SH+ (Ag + (12 —=x?)A1)H = xe,

where e = (0,0,1)*. The vector function H(x) is a rational solution of this equation. Writing H(x) as a
sum of simplest fractions and substituting into this equation we obtain

Cx  Cy_1 Cq

= %t o ot FBot Bix e 4 Bnx,

x
where Cy, -+, By are vector columns with elements from C.
We obtain a system of equations for Cy, - - -, B;, which is analogous to system (2.4). Since the eigen-

values of matrix Ag + 12A; are equal to —21, 0, 21, there is inequality k < 21 in the system (2.4).
Consider the subsystem with odd indices. From the first equations we obtain

Ci=C=---=0.
Then the remaining equations are

(E+Ag+1?°A1)By = ¢,
(3E +Ag + 1’A1)Bs = A1By,
((2s+1)E+ Ao+ 1?A1)Bos 1 = A1Bas_1,
A1Bas+1 =0.
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A direct computation shows that

Therefore,

and so on

* —1 1
T, =0(pE+Ac+VPA) "= « 1 -1 ], p=13,--.
* * *

G(Bl) = :I:(]-I _1/*)t/ G(AlBl) = j:(ol ]-/ _1)t/
0(83) = :l:(l, _1/*)tr G(AlB:’)) = :l:(ol 1/ _1)t/

0(Basi1) = £(1,—1,%)".

But from the equation A1Bys1 = 0 follows that By 1 = (0,0, )", a contradiction. The proof is complete.
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