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Abstract

In this paper, a modified iterative algorithm for finding a common element of the solutions of a equilibrium problem, the
set of fixed points of nonexpansive mappings and the set of solutions of variational inequality problem is constructed in Hilbert
spaces, and the strong convergence of the generated iterative sequence to the common element is proved under some mild
conditions. The main result proposed in this paper extends and improves some recent results in the literature. (©2017 all rights
reserved.

Keywords: Common element, iterative algorithm, Hilbert space, strong convergence.
2010 MSC: 47H10, 55M20.

1. Introduction

Let H be a Hilbert space, and C be a nonempty closed convex subset of H. Let f be a bifunction from
C x C to R, where A is the set of real numbers.

The equilibrium problem F: C x C — M is to find an element x € C such that F(x,y) > 0 forally € C,
and the set of such solutions is denoted by EP(F).

Recall that a mapping f : C — C is called contractive if there exists a constant « € (0,1) such that
IIf(x) —f(y)|| < «|jx —y|| forall x,y € C.

A mapping S : C — C is called nonexpansive if for all x,y € C, ||Sx — Sy|| < ||x —y||, and the set of
fixed points of S is denoted by Fix(S). It is well-known that if C is bounded closed convex and S: C — C
is nonexpansive, then Fix(S) # ¢.

In 2007, Takahashi and Takahashi [14] introduced an iterative scheme using the viscosity approxima-
tion method in a Hilbert space as follows:

1
F(Unlu) + T<U—yn;yn _Xn> 2 0/ vu S C/

n

Xn+1 = onf(xn) +(1— (xn)synz
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and the strong convergence to a common element q € Fix(S) N EP(F) was obtained under certain appro-
priate conditions imposed on { } and {r}, where q = Prix(s)nep(F)f(q).
Let A be a strongly positive bounded linear operator on H, i.e., there exists a constant y > 0 such that

(Ax,x) = v|[x||* forall x e H.

A typical problem is that of minimizing a quadratic function over the set of the fixed points of a
nonexpansive mapping on a real Hilbert space H:

1
i 7A/ - /b/
min 3 (A% x) — (xb)

where b is a given point in H.
In 2006, Marino and Xu [8] proposed the following iterative algorithm:

Xni1 = (I — anA)Sxn + anyf(xn), n=0. (1.1)

Under some appropriate conditions on parameter {a,,}, the sequence {x,} generated by (1.1) was proved
to converge strongly to the unique solution of the following variational inequality

((A—vf)q,x—q) =0, x € Fix(S),

which is the optimality condition for the minimization problem

1
in -(Ax,x)—h(x),
Ring, 3 A% x) )
where h is a potential function for yf (i.e., h/(x) = yf(x) for x € H).
In 2007, Plubtieng and Punpaeng [10] introduced and considered the following two iterative schemes
for finding a common element of the set of solutions of equilibrium problem and the set of fixed points
of a nonexpansive mapping in a Hilbert space:

1
F — - - 2 7 H/
(Yn,u) + - (W—Yn,Yn —Xxn) =20, Yue 12)
xn = onYf(xn) + (1 — nA)Syn, Vn>1,
and )
F — - - > 7 H/
(yn/ 'LL) + ™ <U, Yn,Yn Xn> 0, Yue (13)

Xnt+1 = anYf(xn) + (1 — O(nA)SUn/ n > 1.

The sequences {xn } generated by (1.2) and (1.3) were proved to converge strongly to the unique solution
of the following variational inequality under some appropriate conditions:

(A—vyf)q,x—q) >0, Vx € Fix(S)NEP(F),

which is the optimality condition for the minimization problem

1
min —({Ax,x) —h(x),
x€Fix(S)NEP(F) 2< )~ hix)
where h is a potential function for yf.
For finding a common element of the set of the fixed points of nonexpansive mappings and the set
of the solutions to variational inequalities for x-cocoercive map, Takahashi and Toyoda proposed the
following iterative process in [15]:

Xni1 = nXn + (1 — o )SPc(xn — AnAxn), (1.4)
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for every n = 0,1,2,---, where A is x-cocoercive, xg = x € C, {an} is a sequence in (0,1), and {A,} is a
sequence in (0,2«). If the set Fix(S) N VI(C, A) is nonempty, then the sequence {x,,} generated by (1.4)
was proved to converge weakly to some q € Fix(S) N VI(C, A).

In 2005, liduka and Takahashi [7] proposed another iterative scheme as follows:

Xn4l = XnX+ (1 - (xn)SPC(Xn - }\nAXn); (15)

for every n = 0,1,2,---, where A is a-cocoercive, xgp = x € C, {an} is a sequence in (0,1), and {A,} is
a sequence in (0,2«). And, the sequence {xn} generated by (1.5) was proved to converge strongly to
q € Fix(S) N VI(C,A).

In 2007, Yao and Yao [17] extended (1.5) to the following iterative scheme:

{Un = Pc(Xn —AnAxn), (1.6)

Xnt+1 = XU+ BnXn +YnSPc(Yn —AnAyn),

where {«n}, {Bn}, and {yn} are three sequences in [0,1] and {A,,} is a sequence in [0,2«]. And, the sequence
{xn} defined by (1.6) was proved to converge strongly to a common element of the set of fixed points of
a nonexpansive mapping and the set of solutions of the variational inequality for x-inverse-strongly
monotone mappings under some parameters controlling conditions.

In 2012, Piri [9] proposed an iteration method for finding an infinite family of nonexpansive mappings,
the set of solutions of systems of equilibrium problems and the set of solutions of systems of variational in-
equalities for two strongly monotone mappings in a real Hilbert space. In 2014, Bnouhachem [2] proposed
a modified projection method for computing a common solution of a system of variational inequalities, a
split equilibrium problem, and a hierarchical fixed-point problem in Hilbert space, and proved the strong
convergence of the iteration sequences. Since the iterative algorithms played an important role for solving
integral and differential equations, optimization problems, image reconstruction problems, game theory
and other fields such as [5, 16, 19, 20, 22], the convergence and construction of the iteration algorithm for
computing fixed points has attracted more and more attentions see, e.g., [3, 6, 12, 18, 21].

Motivated by the above related results in this field, a new general iterative process is constructed:

1
F o - - 2 7 H/

Xn+1 = (xnyf(xn) + Bnxn + ((1 - Bn)l - “nA))SPC(I - SnB)ynr vn > 1,

where A is a linear bounded operator and B is relaxed cocoercive. The strong convergence on the sequence
{xn} generated by (1.7) to a common element of the set of fixed points of a nonexpansive mapping, the set
of solution of the variational inequalities for a relaxed cocoercive mapping and the set of solutions of the
equilibrium problem will be proved, and the common element also solves another variational inequality:

(vfl(q) —Aq,q—p) <0, VpeZ,

where .7 = Fix(S§) N VI(S, C) N EP(F) and is also the optimality condition for the minimization problem

mi; %(Ax, x) —h(x), where h is a potential function for yf.
XES

2. Preliminaries

Let H be a Hilbert space, whose inner product and norm are denoted by (-) and || - ||, respectively.
Let C be a nonempty closed convex subset of H and let A : C — H be a nonlinear map. Let Pc be the
projection of H onto the convex subset C. The classical variational inequality which is denoted by VI(A, C)
is used to find u € C such that

(Au,v—u) >0,
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forallv € C. For a given z € H, u € C satisfies the inequality
(u—z,v—u) >0, Wec(,

if and only if u = P.z. It is known that projection operator Pc is nonexpansive. Furthermore, for x € H
and u € C,
u="P.(x) & (x—Pcx,Pcx—y) >0, VyeC.

It is also known that P satisfies
(x =y, Pex —Pey) > ||Pex — Pey||? forall x,y € H.
Recall that
(1) B is called v-strongly monotone, if for each x,y € C, we have
(Bx —By,x—y) > vl[x -yl
for a constant v > 0. This implies that
[Bx — Byl = vlx—yl|,
that is, B is v-expansive and when v = 1, it is expansive.

(2) B is called p-cocoercive [15], if for each x,y € C, we have (Bx — By,x —y) > u||Bx — By]J?, for a
constant p > 0. Clearly, every p-cocoercive map B is 1/u-Lipschitz continuous.

(3) B is called —u-cocoercive, if there exists a constant 1 > 0 such that

(Bx —By,x —y) > (—u)||Bx — By|*>, ¥x,y € C.

(4) B is said to be relaxed (u, v)-cocoercive, if there exist two constants , v > 0 such that
(Bx—By,x —y) > (—1)||Bx —By|* + v[|[x —y|>, ¥xy e C.

For p = 0, B is v-strongly monotone. This class of maps is more general than the class of strongly
monotone maps. We can have the following implication: v-strongly monotone = relaxed (u,v)-
cocoercivity.

(5) A set-valued mapping T : H — 2M is called monotone if for all x,y € H, f € Tx and g € Ty imply
(x—y,f—g) > 0. A monotone mapping T : H — 2" is maximal if the graph G(T) of T is not
properly contained in the graph of any other monotone mapping. It is known that a monotone
mapping T is maximal if and only if for (x,f) € Hx H,(x —y,f—g) > 0 for every (y,g) € G(T)
implies f € Tx. Let B be a monotone map of C into H and let N¢v be the normal coneto Catv € C,
ie, Ncv={weH:(v—uw) >0,Vu € C} and define

Bv+N.v, veC(C,
Tv =
o, v¢C.

Then T is the maximal monotone and 0 € Tv if and only if v € VI(B, C); the relative content can be
found in [11].

In this paper, for solving the equilibrium problems for a bifunction F: C x C — R, the following assump-
tions on F will be used:

(C1) F(x,x) =0forall x € C;
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(C2) Fis monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;
(C3) For each x,y,z € C, ltifg F(tz+ (1 —t)x,y) < F(x,y);

(C4) For each x € C,y — F(x,y) is convex and lower semicontinuous.

If an equilibrium bifunction F : C x C — R satisfies conditions (C1)-(C4), then we have the following two
important results.

Lemma 2.1 ([1]). Let C be a nonempty closed convex subset of H and let F be an equilibrium bifunction of C x C
into R satisfying conditions (C1)-(C4). Let r > 0 and x € C. Then, there exists y € C such that

1
Fly,z) + ;(z—y,y —x) >0, forall ze C.

Lemma 2.2 ([4]). Assume that F satisfies the same assumptions as Lemma 2.1. For v > 0 and x € C, define a
mapping T, : H — C as follows:

1
(z—y,y—x) >20,Vz e C},

T

T.(x) ={ye C:Fly,z) +

forally € H. Then, the following items hold:
(1) T is single-valued;
(2) T is firmly nonexpansive, i.e., for any x,y € H, || T,x — Tyl? < (Tix— Ty, x —y);
(3) Fix(T;) = EP(F);
(4) EP(F) is closed and convex.

We also need the following lemmas for proving our main results.

Lemma 2.3 ([13]). Let {xn} and {yn} be bounded sequences in a Banach space X and let {3+,} be a sequence in
[0,1] with 0 < lirrl}nf Bn < limsup Pn < 1. Suppose xn+1 = (1 — Pn)yn + Bnxn for all integers 1 > 0, and

n—,oo
limsup(||[yn+1 —Ynl — |Xn+1 —xnl|) < 0. Then, lim |[yn —xnl|| =0.
n—oo n—oo

Lemma 2.4 ([8]). Assume {an} is a sequence of nonnegative real numbers such that
an41 < (1 —Yn)an +0n,

where {'yn} is a sequence in (0,1) and {5y} is a sequence such that
1) 2 yn=00;
n=1

2 limsup% <0or Y [6n] < 0.

n—oo n=1

Then lim a,, =0.
n—oo

3. Main results

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let F: C x C — R be a bifunction
which satisfies (C1)-(C4), S be a nonexpansive mapping of C into H and B be a A-Lipschitzian, relaxed (u,v)-
cocoercive map of C into H such that % = Fix(S)(EP(F) (" VI(B,C) # ¢. Let A be a strongly positive linear
bounded operator with coefficient y > 0, and assume that 0 < y < Z Let f be a contraction of H into itself
with a coefficient « € (0,1), {xn} and {yn} be sequences generated by (1.7) with x; € H, where {otn} C [0,1] and

{rn} {sn} C [0, 00) satisfy
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(i) lim an =0and ) on = o0;
n—00 =1
(ii) 0 <liminff, <limsupPn <1;
n—o0 n— o0

n
2
(iv) {sn} C [a,b] for some a,b with0 < a < b < V;\iz“)‘)
Then, the sequences {xn} and {yn} converge strongly to q € %, where q = Pz (yf+ (I1—A))(q) is a unique
solution of the following variational inequality

(vfl(g) —Aq,p—q) <0, Vpe .7,

which is the optimality condition for the minimization problem
in 5 (A%, %) —ix)
min = (Ax,x) —h(x),
x€F 2
where h is a potential function for yf.

Proof. For the control conditions (i) and (ii), we may assume, without loss of generality, that o, < (1 —
Bn)||A[ L. Since A is linear bounded self-adjoint operator on H, then

Al = sup{l{Au, u)| :u e H, ||ul| =1},
Observe that
(T=Br)l—anA)u,u) =1 Bn —an(Aw,u) > 1—Bn —on||Af >0,
that is to say (1 — Bn)I— xnA is positive. It follows that
(1 —Pn)l—anAl =sup{(((1 —Bn)I—axnA)u,u) :u e H, ||ul| =1}
=sup{l —Bn —an(Au,u):u e H,|u|| =1}
<1—PBn—oan?.
Step 1. We show that I — s, B is nonexpansive. Indeed, from the relaxed (p, v)-cocoercive and A-Lipsch-
itzian definition on B and condition (iv), we have
I(1 = snB)x — (1 — snB)y|P = [|(x —y) — s (Bx — By)
= ||x —y||* = 2sn (x —y, Bx — By) + s% [Bx — B|?
< | = yl* = 2sn[—w[Bx — Byl* + v[Ix —y[|*] + 5% | Bx — By||?
< x = yl? + 2snA?ullx — yl* = 2snvllx — yl* + A*s% | [x — ]
= (1425, A% — 25, v+ A%s2) |[x —y|?
< |x—ylP,
which implies that the mapping I — s, B is nonexpansive.

Step 2. We show {xn } is bounded. Picking p € .#, by the definition of T,, and noting that y, = Ty xn,
we have that
[yn =Pl = 1T jxn—Trp < [Xn =Pl
Set pn = Pc(I—snB)yn, since p € VI(B, C), we have p = Pc (I — sy B)p. Therefore, we obtain

[on =Pl = [[Pc(I—snB)yn —Pc(I—snB)p||
<(T—=snB)yn — (I—saB)p|| 3.1)
< [[yn —pll < [xn —pll-
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Using (3.1), we have

[Xns1 =Pl = llan(Yf(xn) = Ap) + Br(xn —p) + (1 = Brn)I— xnA)(SPc(I—snB)yn —p)|
(1—=Bn—on¥)[[(I=5nB)yn —pll + Bnllxn =Pl + &n|lyf(xn) — Ap||

(T—=Bn —onV)Yyn =Pl + Bullxn =Pl + ony[[f(xn) — f(P)[| + cnl[¥f(p) —Apll  (3.2)
(1 —on¥)[[xn =Pl + anve|xn —pll + an[vf(p) — Ap|

< (1= (¥ —va)on)xn — Pl + an|vf(p) — Ap|.

It follows from (3.2) and induction, we can get

NN N

N

[vf(p) — Ap||
—_ < _ gro w2 0 2 .
e =PIl < maxixg — p|, LR, n> 0
Therefore, {xn,} is bounded. We also obtain that {y,}, {f(xn)}, and {pn } are all bounded.
Step 3. We show that

lim |[xn41—xnl|| =0.
n—o0

Observing that yn = T, xn and yny1 = Ty, Xn41, we have

1
Flyn,u) + r—(u—yn,yn —xn) =0 forall ueC. (3.3)
n
and ,
Flyny1,u) + i<u—yn+1,yn+1 —Xn41) =0 forall ueC. (3.4)
n+

Putting u = yn 41 in (3.3) and u =y, in (3.4), we get

1
F(yn/ynJrl) + r(yn+1 —Yn,Yn _Xn> >0

n

and

1
F(Ynt+1,yn) + - (Yn —Yn+1,Ynt+1 —Xn+1) = 0.

n+1

It follows from (C2) that
Yn = Xn  Yn4l —Xn+1

(Yn+1—Yn, ) >0.

Tn Thnti

So we can get,
Tn

<yn+1 —Yn,Yn —Yn+1 +yn+1 —Xn — T (ynJrl - Xn+1)> 2 0.

n+1
Without loss of generality, we assume that there exists a real number m such that v, > m > 0 for all n, it

follows that
Th

lyms1 =Ynl® < fynsr = ynll(xner —xnll + 1= —lllyns1 = xna)

n+1
ie.,

T
[Yn+1 —Ynll < [Xn41 —xnll +11— 7“|Hyn+1 — Xn41|
Tn+1 (3 5)
M .
< ||XTL+1 _XnH + H|Tn+1 _rn‘/

where M is an appropriate constant such that M > sup ||[yn — xn||. Note that
n>1

[Pn+1—pPnll = [Pc(I—sn+1B)Yynt1 —Pc(I—snBlyn||
< (T=sn311B)yny1 — (I=snBlyn]|
= [[(T=sn41B)yns1 — (I=8n11BJyn + (sn — sny1)Byn/||
< ”ynJrl _UnH +lsn — sn+l|”BynH'

(3.6)
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Substituting (3.5) into (3.6) yields that

lon+1 = pnll < lIxn1 —xnll +Millrnes =l + lsn — snal), 3.7)
where M is an appropriate constant such that M; = max{sup |Byn||, M}.
n>1
We set X, 11 = Bnxn + (1 —Bn)zn for all n > 0. From the definition of z,,, we obtain

Xn+2 = Pni1Xn+1 _ Xn+41— Brxn

Zn41 —Zn = 1— Bn+1 1—Bn
_ o1 YT (Xng1) + (1= Bryp1) I — an11A)Spn41 B oanYf(xn) + (1 —=Bn)I —otnA)Spn
1-— BnJrl 1-— Bn
Kn+41 On
= ————(vf(xn41) —ASpn41) + (vf(xn) —ASpn) +Spn41 — Spn.
1-— Bn+l 1-— Bn

By using (3.7), it follows that

0.6 (0.6
lzns1 — znll = [xns1 —xn ]| < == (v Fxns) | + [ASpnsl) + ——— (Y F(xn) || + [|ASpa )
1— Bn+1 1-— Bn
+ lent1 —pnll = [[Xn41 —xnl
(08 (08
< (i f(xna) |+ IASpngtll) + —— (v F(xn) || + [ASpn )
1—Bnt1 T—PBn
+ ”Xn+1 - Xn” + M1(|Tn+1 - rn| + |Sn+1 - Sn|) - Hxn—H - Xn”
0.6 0.8
= (I f(ns )|+ 1ASpraall) + (v F(xn) || + [ASpn )
1-— BT‘[+1 1-— Bn

+ Ml(h‘nwtl _Tn| + |Sn+1 - Sn”-

From the conditions (i) and (iii), the last inequality implies that
lim ([lzni1 —zn| = [[Xn4+1 —xn|) <O.
n—oo
Hence by Lemma 2.3, we have lim ||z, —xn || = 0. Consequently,
n—oo
lim |[xn4+1 —x%n| = lim (1 —Bn)||zn —xn| =0. (3.8)
n—oo n—oo
Step 4. We show that ||xn —yn|| — 0. Since xn4+1 = anYf(xn) + Pnxn + ((1 —Bn)l — xnA)Sprn, we have

[Xn = Spnll < [[Xn —Xnt1ll + [Xne1 = Sonll < [[xn —Xns1ll + an|lvf(xn) — ASpn || + BnlXn — Spnl.

So, we get
I = Sonll € Tl — xnsall + o [y Flxn) — ASpn
n Pn \1_Bn n n+1 1_[571 n njl-
By condition (i) and using (3.8), we obtain
lim ||xn —Spn|| = 0. (3.9)
n—,oo

For p € .#, note that T, is firmly nonexpansive, then we have
[yn _pH2 = [Ty Xn — TranZ < (Trpxn =T P, xn —P) = (Yn — P, Xn —P)
1
= 5llyn =l + xn =Pl = X0 —ynl*),

and hence [[yn —pl* < [[xn =Pl = [xn — P>



Z.Zhu, Y. Xing, W. Duan, J. Nonlinear Sci. Appl., 10 (2017), 263-277 271

Therefore, we have
tellxns1 =Pl = lotn (Yf(xn) = AP) + Br (xn — Spn) + (I — anA) (Spn —p)||?
< (I =anA)(Spr =) + B (en = Spn) [ + 20t (YF(xn) — AP, X1 —P)
< [[(T= anA)(Spn = )| + [|Bn(xn = Son) |1 + 20 [V (xn ) — Ap|ll|xn 41— pl|
<1 = an¥)lon =Pl + Bnlxn = Son |1 +20m [[vf(xn) = Ap||[xni1 =P
= (1= on¥)[lyn —PI* + B2 Ixn — Spn* +2(1 — an¥)Bnllon — plxn — Spnll
+ 20 [[yf(xn) — Ap|lllxni1 — Pl
< (1= an¥)?([xn =PI = lIxn —yn[*) + B2 lIxn — Spnl®
+2(1 = on¥)Bnllon = Plllxn — Spn|| 4+ 20n [[¥F(xn) — Ap|[[Xn+1 — P
=(1—20nY + (“n?)z)HXn _pHZ —(1- “nV)z\\Xn —UnH2 + B%LHXH - Sanz
+2(1 = oan¥)Bnllon —Plllxn — Senll + 20t [[yf(xn) — APp|[[[xn+1 — Pl
< xn =Pl + an ¥ xn — P> = (1 — an¥)?[xn = yn > + Bh X0 — Sen®
+2(1 = on¥)Bnl[on = Plllxn — Spnll +2an [y f(xn) — Ap|llIxn1 —pll.
Then, we have
(1= an¥)?[xn = ynll? < llxn =PI = [Ixns1 = PI? + an¥?[xn = Pl + BLIxn — Senl®
+2(1 = oan¥)Bnllon = Plllxn = Sonll + 20n [Yf(xn) — Ap||Ixn+1 — Pl
< (xn =PI+ a1 =PI * X1 = xn | + & ¥?{xn =l (3.10)
+ B xn = Spnl* + 20t [¥F(xn) — Ap|lxni1 — Pl
+2(1 = on¥)Bnllon = pllxn — Senl-
From (3.8)-(3.10) and condition (i), we have
T}gr;o [Xn —ynll =0.
Step 5. We will show that Pz (yf + (I — A)) has a unique fixed point. For p € .%, we have

lon —PlI* = [[Pc(I— snB)yn — Pc(I—snB)p|?
< [(yn —p) — sn(Byn — Bp)|?
= lyn —pI* = 2sn(yn — P, Byn —Bp) + 53, Byn — Bp||?
< xn —PlI* = 2sn (=] Byn — Bp|* + v[lyn — pII*] + 7 [Byn — Bp|®
< xn —PlI* + 2sn 1| Byn — Bpl> = 2snv]lyn — p|I* + 7 Byn — Bp|?

2SnV
7\2 )[[Byn — BPHZ'

(3.11)

< xn —pI* + (2snp+ 5% —

Observe that
[Xns1 —PII* = [lan(Yf(xn) — Ap) + Bn(xn — Spn) + (I — xnA)(Spn — )12
< (I = onA)(Spn —P) + Brlxn — Spn)[I* + 20t (Yf(xn) — AP, Xn11 —P)
< 01— anA) (S — )| + Bt — Sl + 20t [¥F(x) — APl s1 — P
< (1= an¥)llen = pll + Brllxn = Spnll® + 20ty f(xn) — Ap|l|[xn i1 —pll (312)
= (1= an¥)[lon —p* + B lxn — Sonl® +2(1— otn¥)Bnllon — plllIxn — Sen
+ 20t [[yf(xn) — Ap|l[[xn+1 — 7P|
< lon _p”z + B%LHXTI - SanZ + 2Bnllpn —PllIxn — Senl|
+ 20t [[vf(xn) — Ap|IXn+1 — |-
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Substituting (3.11) into (3.12), we can get

28nV
}:; )HByn_BpH2+B?xHXn_SanZ

+2Bnllon = Plllixn = Spall + 20t [[vf(xn) = Ap| X041 =Pl

e N e e T

From condition (iv), we can get

2av
(S — 26— b2)[Byn — Bp| < llxn = PI2 = [xns1 =PI + B2 [xn — Son?

+2Bnllpn = PlllPxn — Senll + 20 [[Yf(xn) — Ap|l[[xn+1 — Pl
< ([xn =Pl + Xns1 =PI X0 — X1 + B%m”xn - San2
+2Bnllpn = Plllxn — Senll +20n [Yf(xn) — Ap|l[[xXn 1 —Pl-

From (3.8), (3.9), and condition (i), we have
lim ||Byn —Bp]| =0. (3.13)
n—oo
On the other hand, we have
lon —PlI* = [Pc(I— snB)yn — Pc(I—snB)p|?
< <(I - SnB)yn —(I— SnB)p/ Pn —P>
1
= T =snBlyn —(I- snB)P[* + lon —P)* — (1= snB)yn — (I—snB)p — (pn —P)|*]

1
< 5llyn =PI+ llon = plI* = I(yn = pn) = sn (Byn — BP)|]

1
= S llyn = pl* + llon = pI* = l[yn — pn[* = 57 [Byn — Bp|®
+ 23n<yn — Pn, Byn - BP>],
which yields that

lon =PI < [Ixn —PI* = [[un — Pnl* + 28n|[un — Pnll|Byn — Bp|l. (3.14)
Submitting (3.14) into (3.12) yields that
1 =PI2 < xn = PI2 = lyn — ulP +25nllyn — pr [ [Byn — Bp| + B2 |Ixn — Spn
+ 2Bn|lon —Plllxn = Spnll + 20 [[Yf(xn) — Ap|l[xn+1 —Pl-
It follows that
[yn = pnll* < llxn = PII* = [%n+1 = PI* + 25nllun — pnll|Byn — Bp| + B2 [xn — Spnl®
+2Bn|lpn — Plllxn — Spnll + 20 [[vf(xn) — Ap|l[xn+1 — Pl

< ([n =Pl Ixnt1 =P IDIxn = xnt1ll + 280 llyn — enlll[Byn — Bp||
+Bhlxn = Spnl® +2Bnllon — Plllxn — Spnll +20n [yf(xn) — Ap|l[xns1 —pl-

From condition (i), (3.8), (3.9), and (3.13), we have that
lim_ [[yn — pn | =0. (315)
Then, we can get

[yn = Synll < [Syn —Spnl + Spn —Xnll + [[Xn —Ynl + lyn — pnl

<
<2[[yn —onll + ISpn —Xnll + [[Xn —yn -
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From (3.9), (3.10), and (3.15), we have
lim |lyn —Syn|| =0. (3.16)
n—oo

Observe that Pz (yf+ (I— A)) is a contraction. Indeed, for all x,y € H, we have
[Pz(yf+ (I-A))(x) = Pz(yf+ (I-A)NY < [[(vf+ (I—-A))(x) — (vf+ (I—-A)) ()]
YIFO) = )] + [T=Aflllx =y

yolx =yl + (1 =¥)[x—yl
< [x—=yll.

<
<

From the famous Banach’s contraction mapping principle, we get that Pz (yf + (I — A)) has a unique fixed
point, say q € H, thatis, q =Pz (yf+ (I—A))(q).
Step 6. We show that limsup(yf(q) —Aq,xn —q) < 0. To get this result, we choose a subsequence

n—oo

{Xn,} C {xn} such that

lim sup(yf(q) —Aq,xn — q) = limsup(yf(q) —Aq,xn, — q).

n—oo n—oo
Correspondingly, there exists a subsequence {yn,} of {yn}. Since {yn,} is bounded, there exists a
subsequence {Unij} of {yn,} which converges weakly to w. Without loss of generality, we can assume that
Yn, — w. Next, we will show that w € Z.
Firstly, we prove w € EP(F). Since yn = Ty, xn, we have F(yn,u) +
u € C. From (C2), we have (u—yn, y%x“) > F(u,yn). It follows that,

1

™

(W—Yn,Yn —xn) = 0, for all

C—Xn.
(W= Yy, T S By, ).

ny
% — 00,Yn, — w and (C4), we have F(u,w) < Oforallu e C. Fort € (0,1] and u € C, let

ut = tu+ (1 —t)w. Since u € C and w € C, we have u; € C and hence F(uy, w) < 0. So, from (C1) and
(C4), we have

Since

0 = F(ug, u) < tF(ug, u) + (1 —t)F(ug, w) < tF(ug, u).

That is, F(ug, u) = 0. It follows from (C3) that F(w,u) > 0 for all u € C and hence w € EP(F).
Secondly, since Hilbert spaces satisfy Opial’s condition, from (3.16), we have

lim inf [jyn, — w|| <liminf|{jyn, —Sw| = iminf |[yn, —Syn; + Syn, — Sw||
1—00 1—00 1—00
< liminf || Syn, — Sw||
1—00
< liminf |[yn, — w].
1—00

which derives a contraction. Thus, we have w € .%.
Thirdly, we show w € VI(B, C). Put

Bwj +N.wi, wp €C,
Tw1 =
¢, w1 ¢C.
From B is relaxed (., v)-cocoercive and condition (iv), we have
(Bx—By,x—y) > (—)[|Bx =By +v[x —y[* > (v — uA*)[[x —yl?,

which yields that B is monotone. Thus, T is maximal monotone. Let (w1, wy) € G(T). Since wy —Bw; €
Ncwq and pn, € C, we have
(w1 —pn, w2 —Bwy) > 0.
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On the other hand, from p,, = Pc(I— s, B)yn, we have

<(,U1 — Pn,Pn — (I - STLB)yTL> = 0

and hence
(Wi = pn, I 4 By > 0.
n
It follows that
(W1 —pny, w2) > (W1 — pny, Bwr)
2 (w1 — pny, Bwi) — (w1 —pny, % +Byn,)
= (@1~ Py, By — P I By )

ng

= (W1 — Py, Bwi — Bpn,) + (W1 — pryy Ben, — Byn,) — (W1 — pn,, PR IMy

i

2 <w1 - pﬂi/Bpni - Bynl> — <w1 — pTl.i/ M>

’
ni

which implies that (w1 — w, wy) > 0. We have w € T-10 and hence w € VI(B, C). That is, w € .Z.
Finally, since q = Pz (yf+ (I—A))(q), we have

lim sup (vf(q) —Aq,xn —q) = lim (yf(q) = Aq,xn; —q) = {yf(q) —Aq,w—q) <0.

n—oo

Step 7. We will prove that {x,} and {yn} converge strongly to q.

Xns1— ql* = lan (Yf(xn) — Aq) + Bn(xn — q) + (1 — Bn)T— anA)Spn ||
< IBn(xn — @)+ (1= Br)I— xnA)(Spn — q)||* + 20m (YF(xn) — Aq, Xn 41 — q)
< (1= Bn)I— xnA)(Spn — Q)| + |Bn (xn — )17
+ 200 Y{(f(xn) — f(q), Xn+1 — q) + 200 (Yf(q) —Aq, Xn+1 —q)
< (1= Bn— oY) lxn — qll + Brlxn — qll* + 20 vet|xn — ql X1 — 4l
+ 200 (Y(q) — Aq, Xnt1—q)
< (1= on¥)?[Ixn — gl + onyedlllxn — ql* + [Ixn 1 — gl
+ 20 (Yf(q) — Aq, xn11—q),

which implies that

1—20nY+ anyx 20
_ 2< n n —all 4+ —==™ vf(g) — A _
[Xn+1—dl| 1— oy [xn —qll*+ 1_o(n,y(x<y (q) q,%n+1—4q)
2(y —vo)an 2 (“n?)z 200
=1-—-—""" — —nr — = (vf(q) = A
1= R ey =P+ 1 =+ T (1) — Ad X 1)
2y —yo)x
<n- XYy g
— XY

2(y — n 2V2)M 1

n (¥ —vx)x y (ociv) 2, _
1—anyx 2 —ya) ¥ —vya

= (1 - 6n)”xn - q||2 +dnomn,

(vf(q) —Aq,xns1—q)]

where _
2(Yy —yo)on

Mz = sup{ln —ql* i n > 1), 8o = 7%
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and 5
(n ¥ )My 1
On = —— + — f(q) —Aq,xni1—4q).

It is easy to see that 6, — 0, ) 371 8n = oo and limsup oy, < 0. Hence, by Lemma 2.4, the sequence {xn}

n—o0
converges strongly to q. Consequently, we can obtain that {yn} also converges strongly to q. The proof is
complete. 0

4. Application

Theorem 4.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let F be a bifunction from C x C to
R which satisfies (C1)-(C4), let S be a nonexpansive mapping of C into H such that Fix(S) N EP(F) # ¢. Let A be

a strongly positive linear bounded operator with coefficient y > 0. Assume that 0 <y < L. Let f be a contraction
of H into itself with a coefficient x (0 < & < 1) and let {xn} and {yn} be sequences generated by x; € H and

1
{F(yn/u)+r<uyn/ynxn> =0, Yu € H,
n
Xn+1 = nYT(Xn) + Pnxn + (1 —Pn)I—anA))Syn, Vn>1.

where {an} C [0,1] and {rn} C [0, 00) satisfy

(i) lim oy =0and Y on =oo;
n—oo

n=1
(ii) 0 <liminff, <limsupfn <1;
n—oo n—o0
(iii) liminfry, >0, lim (rpy1—71n)=0.
n—oo n—oo

Then, both {xn} and {yn} converge strongly to q € Fix(S) N EP(F), where q = Prix(s)nep(r)(Yf + (I—A))(q),
which solves the following variational inequality

(vf(q)—Aq,p—q) <0, Vp € Fix(S)NEP(F).
Proof. Putting {s,,} = 0 in Theorem 3.1, we can get the desired result easily. O

Remark 4.2. If we take {sn} = 0 and $,, = 0 in Theorem 3.1, we can get the results of Marino and Xu [8]
and Plubtieng and Punpaeng [10] immediately.

Remark 4.3. If we take {sn} =0,y =1, B =0and A = Iin Theorem 3.1, we can get the result of Takahashi
and Takahashi [14] result immediately.

Theorem 4.4. Let C be a nonempty closed convex subset of a Hilbert space H. Let F: C x C — R be a bifunction
which satisfies (C1)-(C4), let S be a nonexpansive mapping of C into H and let B be a A-Lipschitzian, relaxed (p,v)-
cocoercive map of C into H such that .7 = Fix(S)(\VI(C,B) # ¢. Let A be a strongly positive linear bounded
operator with coefficient ¥ > 0 and assume that 0 <y < % Let f be a contraction of H into itself with a coefficient
o € (0,1) and let {xn} be a sequence generated by x; =x € H and

Xn+1 = O‘n'Yf(Xn) + Bnxn + ((1— Bn)l - “nA))SPC(I —sn)Pcxn, n>1,
where {an} C [0,1] and {rn},{sn} C [0, c0) satisfy

(i) lim oy =0and ) on = o0;
n—o00 n—1
(i) 0 < liminf @y, < limsup pn < 1;
n—0o0 n—r00

o0
(iii) liminfry, >0, Hm (rny1—71n) =0and > [sni1—Snl < 00;
n—o0 n—o0 n—1
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2(v—pA?

(iv) {sn} C [a,b] for some a,b with0 < a < b < o

Then, {xn} converges strongly to q € .7, where q = P z(yf + (I — A))(q), which solves the following variational
inequality
(vf(q) —Aq,p—q) <0, Vpec Z.

Proof. Putting F(x,y) =0 for all x,y € C and {rn} =1 for all n in Theorem 3.1, then, we get yn = Pcxn,
and we can obtain the desired conclusion easily. O
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