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Abstract

In this paper, we study the existence and uniqueness of positive solutions for a class of singular fractional differential
systems with coupled integral boundary conditions. By using the properties of the Green function, the mixed monotone method
and the fixed point theory in cones, we obtain the existence and uniqueness results for the problem. The results obtained herein
generalize and improve some known results including singular and non-singular cases. (2017 All rights reserved.
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1. Introduction

In this article, we consider the existence and uniqueness of positive solutions for a class of singular
fractional differential systems with coupled integral boundary conditions as follows

te (0,1),

Dgru(t) +p1(t)fi(t, ult), v(t)) + q1(t)gi(t, u(t), v(t)) =0,
0, te(0,1),

D{fw(t) +p2(t)fa(t, u(t), v(t)) + qa(t)ga(t, u(t), v(t))
1

w0) =u/(0) =--- =u™20)=0, u1l) =] a(s)v(s)dA(s), (1.1)
0

1
v(0) =v/(0) = - =v(m2(0) = 0, v(1) :J b(s)u(s)dB(s),
0

where o, f ERn—1<a<nm-1<pB<mnmeN, nm2>2 D and Dg+ denote the Riemann-
Liouville derivatives of orders « and 3, respectively. pi,qi € C((0,1),[0,00)), a,b € C([0,1],[0,00)),
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fi € C((0,1) x (0, 00) x (0,00),[0,00)), gi € C((0,1) x (0, 00) x (0,00),[0,00)) and f;(t,x,y) maybe singular
att =0, 1andy = 0, and gi(t,x,y) may be singular att = 0,1 and x =0 (i = 1,2). fo s)dA(s),

fo dB(s) denote the Riemann-Stieltjes integral with a signed measure, that is, A, B : [0, 1] [0, 00)
are functions of boundary variation. By a positive solution of BVP (1.1), we mean a pair of functions
(u,v) € C[0,1] x C[0,1] satisfying BVP (1.1) with u(t) > 0 and v(t) > 0 for all t € (0, 1].

In recent years, boundary value problems for a coupled system of nonlinear differential equations
have gained its popularity and importance due to its various applications in heat conduction, chemical
engineering, underground water flow, thermo-elasticity and plasma physics. There have appeared some
results for the existence of solutions or positive solutions of boundary value problems for a coupled
system of nonlinear fractional differential equations, see [1, 2, 4, 6, 7, 9, 11-13, 16, 18-23, 25] and the
references therein. Most of the results show that the equations have either single or multiple positive
solutions.

In [3], Cui et al. investigated the following singular problem

= f(t, x(t),y(t)), te(0,1),
- g(t,x( )ry(t))r t € (011)/

x(0) = | y(v)da(t), y(0) =j X(t)dB (1),

—x"(t

where fé y(t)da(t) and fé x(t)dp(t) denote the Riemann-Stieltjes integrals of y and x with respect to «
and 3, respectively; f € C((0,1) x [0, 00) x (0, 00),[0,00)), g € C((0,1) x (0, 00) x [0, 0), [0,00)) and f(t,x,y)
is nondecreasing in x and nonincreasing in y and may be singular at t = 0,1 and y = 0, while g(t,x,y) is
nonincreasing in x and nondecreasing in y and may be singular att = 0,1 and x = 0.

In [21], Wang et al. considered the following singular fractional differential system with coupled
boundary conditions

D) + (4 w(t), v(t) =0,
Dy(t) 4 g(t,u(t),v(t) =0, te (0,1),
1
W(0) = w/(0) = - =u™2 =0, u(l)= mJ V(s)dAs (s),
0
1
V(0) =v/(0) = - —v(™2) =0, (1) = uzj u(s)dAa(s),
0

wheren—1 < oy <n,n > 2, and Do“ is the standard Riemann-Liouvill derivative. f € C((0,1) x [0, c0) x
(0,0),[0,00)), g € C((0,1) x (0,00) x [0, 00), [0,00)) and f(t,x,y) is nondecreasing in x and nonincreasing
in y and may be singular at t = 0,1 and y = 0, while g(t,%,y) is nonincreasing in x and nondecreasing
in y and may be singular at t = 0,1 and x = 0. By using the Guo-Krasnosel’skii fixed point theorem,
they obtained the existence of a positive solution and the uniqueness of the positive solution under the
condition o; = otp.

In [8], Henderson and Luca studied the system of nonlinear fractional differential equations

Dgu(t) +f(t,v(t) =0, 0<t<l n—-1<a<n,
D0+v( J+g(t,u(t) =0, 0<t<l m—-1<pB<m,

with the integral boundary conditions
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where n,m € N, n, m > 2, D§ and Dg‘+ denote the Riemann-Liouville derivatives of orders o and
respectively and f,g : [0,1] x [0,00) — [0,00) are continuous and f(t,0) = g(t,0) = 0 for all t € [0,1].
They obtained the existence and multiplicity of positive solutions for the above BVP by using the Guo-
Krasnosel’skii fixed point theorem and some theorems from the fixed point index theory, but they did not
discuss the uniqueness of positive solutions.

Motivated by the above mentioned work, the purpose of this article is to investigate the existence
and uniqueness of positive solutions for singular fractional differential systems with coupled integral
boundary conditions under certain conditions on the functions f; and gi (i = 1,2). The main new
features presented in this paper are as follows. Firstly, we divided the functions of the BVP into f;
and g; so that the boundary value problem has a more general form. Secondly, D, and D& denote
the Riemann-Liouville derivatives of orders o« and 3 in which x € (n—1,n], € (m—1,m],n,m € IN.
Thirdly, if dA(s) = dB(s) = ds or h(s)ds, then BVP (1.1) reduces to a multi-point boundary value problem
as a special case. Fourthly, the nonlinearity is allowed to be singular in regard to time and space variable
elements. In particular, for any «, 3 € (0,+00), we obtain the existence and uniqueness of positive
solutions for singular fractional differential systems (1.1). The results obtained herein generalize and
improve some known results including singular and non-singular cases.

The rest of the paper is organized as follows. In Section 2, we present the necessary definitions
and properties to prove our main results, and obtain the corresponding Green function and some of its
properties. In Section 3, we give the existence and uniqueness theorem for the positive solutions with
respect to a cone for the BVP (1.1). In Section 4, as an application, an interesting example is presented to
illustrate the main result. Conclusions are presented in Section 5.

2. Preliminaries and lemmas

For the convenience of the reader, we present some definitions and lemmas to be used in the proof of
our main result. They also can be found in the literature [10, 14, 15, 17].

Definition 2.1. The Riemann-Liouville fractional integral of order o > 0 of a function y : (0,00) — R is
given by
1 [t 1
IS y(t) = J (t—s)* "y(s)ds,
oyt =5 o o )"y
provided that the right-hand side is pointwise defined on (0, co).

Definition 2.2. The Riemann-Liouville fractional derivative of order « > 0 of a continuous function

Yy :(0,00) = R is given by
« 1 a\" [t yls
D300 = gy (1) J, e

where n = [«] + 1, [x] denotes the integer part of the number «, provided that the right hand side is
pointwise defined on (0, co).

Lemma 2.3 ([10]). Let « > 0. If we assume w € C(0,1) N L(0, 1), then the fractional differential equation
Dy u(t) =0,
has u(t) = Cqt* 14+ Cot* 24 ... 4+ Cnt* N, GG e R(i=1,2,---,N) as the unique solution, where N =
(o] 4 1.
From the definition of the Riemann-Liouville derivative, we can obtain the statement.

Lemma 2.4 ([10]). Assume that w € C(0,1) NL(0, 1) with a fractional derivative of order & > 0 that belongs to
C(0,1)NL(0,1). Then

I8, D& u(t) = u(t) + Ct* 4+ Cot® 24 4 Ot N,
forsome C; e R (i=1,2,---,N), where N = [a] + 1.
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In the following, we present the Green function of the fractional differential equation boundary value
problem.

Lemma 2.5. Let x,y € C(0,1) NLY(0,1) be given functions. Then the boundary value problem

Dy u(t)+x(t) =0, 0<t<l n—1<a<n,
DEv(t)+y(t)=0, 0<t<1l m-1<p<m,
1
w0)=u'(0)=---=u™20) =0, u(l)=| a(s)v(s)dA(s), (2.1)
0
1
V(0) =v/(0) = - =v(™2(0) =0, v(1) —J b(s)u(s)dB(s),
0

where n, m € N, n, m > 2, is equivalent to

1 1
u(t) :J Gl(t,s)x(s)derJ Hi(t,s)y(s)ds, tel0,1],

0 0 (2.2)

1
v(t) = L Ga(t,s)y(s)ds +J0 H,(t,s)x(s)ds, tel0,1],

where .
A
Gilts) = g1(t,9) + 3% | gu(r,s)ble)aBlx)
0
Hits) =1 | gl slalndA(m),
0 A . (2.3)
Ga(t,s) = ga(t,s) + Kztﬁ_l J ga2(t,s)a(t)dA(T),
0
¢B—1 (1
Holt,s) = AJ 17,5 b(1)dB(7),
0
and
) ] [t(1—s)* T —(t—5)*"", 0<s<t<, 2.4
S) = —— .
I Fe | [t(1—s)* 0<t<s<1,
) - ! [t(1—s)]? (t—s)ﬁ‘l, 0<s<t<, 25)
,8) = —— .
% FB) | [t(1—s)P1 0<t<s<],
in which A =1—A1Ay # 0, and Ay = [} a(s)sP~1dA(s), Ay = [§ b(s)s* 1dB(s).
Proof. By Lemmas 2.3 and 2.4, the solution of the system (2.1) is
1 t
1dt):r—J (t—s)* x(s)ds 4+ c1t* T+ +cnt®™, te0,1],
M) Jo 2.6)
1 B—1 B—1 B—m
v(t) = —=—=| (t—s)® y(s)ds+d;t +--4+dmnt , te[0,1],
r'p) Jo
where ¢i,dj € R (i =1,2,3,---,n;j = 1,2,3,--- ,m). By using the conditions u(0) = u/(0) = --- =
u™=2(0) =0 and v(0) = v/(0) = --- = v(m=2)(0) =0, we obtaincy =c3 =--- =cn =0and dp = d3 =
-+ = dm = 0. Then by (2.6) we conclude
ax—1 1 t ax—1
u(t) =cqt ——— | (t—s)*""x(s)ds, te€[0,1],
Med) Jo 27)
1

t
v(t) = dytP1 = J (t—s)P1y(s)ds, te[0,1].

r'B) Jo
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Combining (2.7) with the conditions u(1) = fé a(s)v(s)dA(s) and v(1) = fé b(s)u(s)dB(s), we deduce

1 s

1
1= e |, (191" Mxte)ds = | alslais?! = | (5= 1P Ty (rdeldAs)

M) 0 0
1 B—1 _ ! a—1 L oa—1
dlr(ﬁ)L(ls) y(s)ds —L b(s)lcys F(OL)L(ST) x(1)dT]dB(s),
or equivalently
1 1 1 1 1 1
. B—1 _ a1 b  aB—1
c1—dq Jo a(s)sP7 dA(s) = Mo L(l $)¥ *x(s)ds 8 L L a(t)(t—s)P " dA(T)y(s)ds, .
1 1 1 1 1 rl :
_ ox— - _ <\B-1 = oyl
di—¢ Jo b(s)s* 1dB(s) = 10 Jo(l s)®y(s)ds Mo L L b(t)(t—s) dB(Tt)x(s)ds.
The above system in the unknowns c; and d; has the determinant
Ao 1 —fé a(s)sP~1dA(s)
|~ Jobls)s*1dB(s) 1
1 1 2.9
=1— (L a(s)sﬁldA(s)) (L b(s)s“ldB(s)> 29)
=1—A{A;.
So by (2.8) and (2.9) we obtain
1 11
o= r(la) (1=9)" x(s)ds - r?;)JO J b(t) (T — )% 1dB(v)x(s)ds
(2.10)
101 1
_[’(1[3) J a(t)(t—s)P 1dA(T)y(s)ds+r?é)J (1—S)Bly(s)ds],
0Js 0
S R N Y M Bl
d; = A|T(B) J;)(l s)® 7 y(s)ds 10 L L a(t)(t—s) dA(T)y(s)ds o
N 1fb(r)(T—s)“—ldB(T)x(s)derAzru—s)“—lx(s)ds . |
M(ed Jo Js M(ed Jo
Therefore, by combining (2.7) with (2.10) and (2.11), we deduce
B 1 t w1 to—1 1 1 -
u(t) =— F((X)Jo (t—s)* "x(s)ds + A r((X)L(l—s) x(s)ds
11
_r?;qj J b(T)(t—s)* 'dB(1)x(s)ds
0Js
11 1
_F(l[ﬂ)J J a(T)(T—s)B_ldA(T)y(s)ds+r?é)J (1—5)5—1y(s)ds],
0Js 0
t B—1 1
R T Y e T L [ ge
v(t) = FB) Uo(t s)P 7 y(s)ds + A |T(p) L(l s)P 7 y(s)ds
NS
_F?[;) JQ(T)(T—S)BldA(T)y(S)dS
JO Js
1 ! oa—1 ﬁ ! o1
T . L b(t)(t—s)* " dB(1)x(s)ds + o) Jo(l s) x(s)ds].
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We conclude

a1l el Ao 11 o
+Ar((x) Jo(l s)* x(s)ds — AM(a )t Jo L b(t)(t—35) dB(7)x(s)ds
n to—1 J~1 Jl a(T)TB 1(1 )[3 1dA( Jy(s)ds

AT(B) | Jo Jo Y

_L Jt[tal(l S)“il—(t—s)“ 1]x(s)ds
o) | Jo
1 1 1
oa—1 - ox—1 ox—1
—|—Lt (1—3s) (s)ds AJot (1—5) (s)ds
A1g oa—1 l ! ox—1 ox—1
+ A Jot (1—s5s) ( )ds—i—ALt (1—s)* "x(s)ds
1 p1
AAlt“ H v o tagon )ds]
1 1
. )“ j a(t)rP (1 - 5)P1dA (t)y( )dS—H a()(t— 5)PdA()y( )ds]
1
F(loc{ : [t — (t—s)* x(s)ds + L %711 — s)* Ix(s)ds + %t“*l
1 p1 1 p1
J bl 121 4B (1)x (s)ds—JOJ b(T)(T—s)“ldB(T)X(S)dS]}
1 p1 1 pl
AF(B)UO L a(r)TP1(1 - S)BldA(T)y(s)ds—LJ a(T)(T—S)BldA(T)y(S)ds].

Therefore, we obtain

t 1 A,
{J [t (t—s)“l]x(s)ds+J %11 —5)* Ix(s)ds + —t* !
0 t A

1

s 1
X U J b(t)(1)* (1 — )“1dB(T)x(s)ds+J J b(t)(1)* (1 —s)* 1dB(7)x(s)ds
0 s

0
11
—J J b(T)(T—s)“ldB(T)x(s)ds]}
0Js

[ 1 ps
+ . [J J a(t)tP (1 —s)P~LdA(T)y(s)ds
0

AT(B) 0
1

1.1 1
—|—J J a(T)TBl(l—S)BldA(T)y(S)dS—J J a(t)(t—s)P1dA(T)y(s)ds
s JO S

0
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1
Tl

1 prs
+ %t"‘_l “0 L b(t)(t)* (1 —s)* 1dB(7)x(s)ds

t 1
J [t (1 —s)* " — (t—5)*"Ix(s)ds +J %71 (1— )% x(s)ds
0 t

11
—I-J J b(O) [t M1 —s)* ! —(1— s)“_l]dB(’t)x(s)ds] }

0Js

L r J a(t)tP1(1 — s)B LA (T)y(s)ds
ATB) | Jo Jo k

1,1
+J J a(t)[tP 11 —s)P ! —(1— s)B_l]dA(T)y(s)ds]
0Js

1 A 11
:J gl(t,s)x(s)ds+lt°‘1J J g1(t,s)b(t)dB(T)x(s)ds
0 A 0 Jo

oa—1 1 1
+ 2 L L 927, 8)a(1)dA(t)y(s)ds

1

1
:J G1(t, s)x(s)ds +J Hi(t, s)y(s)ds.
0 0

In a similar manner, we deduce

1 1 rl
vt) = aaltsiyle)ds + 20 | | galr s)a(raatry(s)as

B—1 (1 1
n tT L JO 91(%, )b(7)dB(1)x(s)ds
1

1
0 0

Therefore, we obtain the expression (2.2) for the solution of problem (2.1). O

Lemma 2.6 ([24]). The functions gy and go given by (2.4) and (2.5) have the following properties:

ax—11 _ _ e)a—1 _ e)o—1 a—1(1 _ +\yx—1
! a ;EZL()l s) <gilts) < S(]}((Xs_)l) <0T E (l}(a)t) ) vt,s € [0,1],

tP=1(1—1t)s(1—s)P1 s(1—s)P-1 tP—1(1 —¢)B-1
i <lts) < Ty ( 5 ) vt s € [0,1.

The following properties of the Green function play an important role in this paper.
Lemma 2.7. The Green functions Gi(t,s), Hi(t,s) (i = 1,2) defined by (2.3) have the following properties:
(1) Gi(t,s), Hi(t,s) are continuous functions on [0,1] x [0,1] and Gi(t,s), Hi(t,s) >0, s,t € [0,1] (i=1,2);

(2) Gi(t,s) < kis(1—s)Y1 (or kit¥1), Hi(t,s) < kis(1—s)Y1 (or kit"1), Gi(t,s) > kot¥?s(1 —
s)Y2, Hi(t,s) = kotY2s(1 —s)Y2 (i =1,2), where

_ Ay ! 1 A2 ! 1
o {m—n J, P+ 1y a9+
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! E b(t)dB(T), L J

[hay

a(t)dA(T) } ,

AT(x—1) ATB—1) o
! 1
ko= min{ Affa) L (1 -7)b(t)dB(T), Af(zﬁ) L ™11 - 1)a(t)dA(7),
! 1
Arl(oc) L (1 - 1)b(T)dB(7), Arl(ﬁ) JO ™11 —T)a(T)dA('t)},

and y1 = min{a— 1, — 1}, vyo = max{a—1,p —1}

Proof. For any t,s € [0,1], by (2.2), (2.4), (2.5) and Lemma 2.6, we get

Aq x—1 !
Gilt,s) =g1(t,5) + 5151 | g1(%,5]b(x)aB(o
0

_g)a—1 1
<S(rl(cxs_)1) * %t“_l JO g1(T, s)b(T)dB(7)

s(1—s)* 1 As(1—s)x 1 (!
STTa—1) AT(x—1) medE(T)
_ Al ! 1 a—1
= (Ar(oc—l) L b(t)dB(T) + F(oc—l)) s(1—s)%,
ot 1( ) 1 1 1( 1
t 1 —n* A (Pt (-
G](t,S) ST—FKt JO Tb(T)dB(T)
o1 A o1 1
ST T ara—1)" Lb(T)dB(T)
<k1toc_1,

In a similar way, we can get

1

Galt,s) =ga(t,5) + 2P| gal,slalm)aA()
0

o B2
S\Ar(B—-1)

! 1
_\B—1
L a(t)dA(T) + G _1)> s(1—s)P7,

or
Gz(t, S) < kltﬁ_l.

On the other hand, we have

Aq x—1 !
Gult,s) =gu(t,s) + 2Lt L g1(7, 5)b(7)dB(7)

A

A g Toa=1(1 —q)s(1 —s)x !

>0 L o b(t)dB()

_ A ! oa—1r1 a—1 o1

_AI“(cx)JOT (1—1)b(T)dB(T)t* *s(1—s)*".

In a similar way, we get

Ga(t,s) > A2 Jl’tﬁ1(1—T)a(T)dA(T)t618(1—8)61
27 AT(B) Jo '
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In the same way, we obtain the other inequalities about Hi(t,s) (i = 1,2), so we omit it. The proof is
complete. 0

For convenience in presentation, we present the assumptions to be used later in the following.

(Hy) A,B:[0,1] — R are functions of bounded variation and f(l) gi(t, s)b(t)dB(t) >0, fé gi(t, s)a(t)dA(t) >
0(i=1,2)forall s €0,1];

(Hyp) fi € C((0,1) x (0,00) x (0,0),[0,00)) may be singular att =0,1 and y =0, fi(t,x,y) is nondecreas-
ing in x and nonincreasing in y, and there exist A;, p; € [0,1) such that

C)\ifi(tixfy) < fi(t/ CX/U), fi(tixl CU) < Ciuifi(tlxly)/ \V/X,U > O/ cE (011)/ i= 1/2

(H2) gi € C((0,1) x (0,00) x (0,00), [0, 00)) may be singular at t =0,1 and x =0, gi(t,x,y) is nonincreas-
ing in x and nondecreasing in y, and there exist &;,1; € [0, 1) such that

Caigi(trxiy) < Qi(t,X, CU); gi(t/ CXzy) < Cimgi(t/X,U); VX/U > 01 ce (0/1)1 1= 1/2

(H3) 0 < [ipi(t)fi(t,1,£72)dt < oo, 0 < [} qi(t)gi(t, t72,1)dt < o0, i=1,2.
Remark 2.8.
(1) (Hp) implies that
fi(t,ox,y) < Mfi(txy),  filt,x,cy) <ctfi(t,xy), ¥xy>0, ¢>1, i=12;
(2) (Hp) implies that
gi(t,x,cy) < c®gilt,xy), gilt,xy) <cMgilt,ex,y), ¥x,y>0, ¢>1, i=12

Remark 2.9. By (Hj), (H2) and (H3), we can get

1 1
0< J ‘pi(t)fi(t,tyz,l)dt <o, 0< J qi(t)gi(t, 1,ty2)dt <oo, 1=1,2.
0 0
For our constructions, we shall consider the Banach space E = C[0, 1] equipped with the standard
norm |[u| = maxicpq) u(t)l. Let Q = {u € Elu(t) > 0,t € [0,1]}, Q is a cone of E. Similarly, for each
(x,y) € Ex E, we write ||(x,y)|1 = max{||x||, [[y|]} . It is easy to see that (E x E, || - ||1) is a Banach space.
We define a cone P of E x E by

P={(xy) € ExE:x(t) > kt"[[(x,y)[1, y(t) = kt"[|(x,y)1, t € [0,1]},

where k = % € (0,1), in which k; and k; are defined by Lemma 2.7. For any v > 0, let P, = {(x,y) € P:

106yl <7}, 0Py ={(x,y) € P: [[(x,y)[l1 = 7}
Define an operator T : P\ {0} — E x E by

T(le) = (Tl(XzU),Tz(X/U)) ’
where the operators Ty, T, : P\ {8} — Q are defined by

1
Ti(x,y)(t) :Jo Gi(t, s) [pa(s)fi(s, x(s),y(s)) + qils)gu(s,x(s),y(s))] ds

1
+ L Hi(t,s) [p2(s)fals,x(s),y(s)) + q2(s)ga(s,x(s),y(s))] ds,

1
Ta(x,y)(t) zL Ga(t,s) [pa(s)fa(s, x(s),y(s)) + qa(s)ga(s, x(s),y(s))] ds

1
+J0 Ha(t, s) [pa (s)f1(s, x(s), y(s)) + a1(s)gu (s, x(s), y(s))] ds.
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Lemma 2.10. Assume that (Hy) and (Hp) hold. Then, for any 0 <t < R < +oo, T : (PR \ P+) — P is a completely

continuous operator.

Proof. Firstly, we claim that T(x,y) is well-defined for (x,y) € P\ {6}. In fact, since (x,y) € P\ {6}, we can

see that
x(t) = kt"?||(x,y)]1 >0, y(t) =kt"?|(x,y)|1 >0, te (0,1l

Let ¢ be a positive number such that ¢ > 1 and ||(x,y)|1/c < 1. From (H;), (Hy) and Remark 2.8, we have

fl(t/X(t)/y(t)) < fi(t/ c, thZH(X/U)”l)
ktWH(X,y)Hl)
Cc
—Hi
< C)\i <k’(x(/:y)H1> f(t, 1/{)/2)
= M| y) 1) T 1,872), i=1,2,

< My, 1,

gi(t, x (1), y(1)) < =M (K| (x, y)l1) et 2, 1), i=1,2
Hence, for any t € [0, 1], we get
1

T y)(t) <ki JO pr(s)f1(s, x(5), y(s)) + qu(8)g1 (s, x(s), y(s))ds

1
+ k1 Jo p2(s)fals, x(s),y(s)) + qa2(s)gals,x(s),y(s))ds

1
<k1cM+“1(k\|(x,y)ul)—mJ p1(s)fa(s, 1,572)ds
0

1
+ kBT (x,y)[1) "™ | qils)gai(s, s¥2,1)ds
0

-1
+ kM2 (K (x,y)[[1) TH2 | pals)fa(s,1,5Y2)ds

JO
rl
+keB2 M2 (k) (%, y) 1) 2 | qa(s)gals,s¥2,1)ds
UO

<oQ.

Similarly, we can prove T(x,y)(t) < co. Thus we can say that T is well-defined on P\ {6}.
Secondly, we show that T(Pg \ P;) C P. By Lemma 2.7, for all T, t,s € [0, 1], we obtain

Gi(t,s) > kt* 1Gy(t,s), Gal(t,s) > ktP71G,(1,5),

Hi(t,s) > kt* 'Hi(t,s), Ha(t,s) > ktPHy(t,s),

Hi(t,s) > kt* 1Gy(1,s), Gi(t,s) > kt¥ Hy(T,s),

Ho(t,s) > ktP71Gi(T,s),  Galt,s) > ktP'Hy(t,s)
Hence, for (x,y) € (Pr \ P+),t € [0,1], we have

1
+kt* ! JO Hi (T, s) [p2(s)fa(s,x(s),y(s)) + q2(s)g2(s,x(s),y(s))] ds

>kt Ty (x,y) (1), Vrelo,1],

(2.12)

(2.13)
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1

Ti0x,y) (1) >kt L Ha (T, 8) [p1(s)fi(s, x(s), y(s)) + qu(s)ga(s, x(s), y(s))] ds

1
Flt L Ga(T, ) [p2(s)fa(s, x(s),y(s)) + g2(s)ga(s, x(s),y(s))] ds

>kt Th(x,y)(1), Vtelo,1].
Then, Ti(x,y)(t) > kt*?||Ty(x,y)|| and T1(x,y)(t) > kt2||Ta(x,y)||, that is,

Ti(x, y)(t) = kt"2[|(Ti(x, y), T2(x, y)) 1.

In the same way, we can prove that

T2(x,y)(t) = kt"?[|(Ti(x, y), T2(x, y)) 1.

Therefore, T(Pg \ P,.) C P.

Next, we prove that T is a compact operator. Suppose V C P \ P; is an arbitrary bounded set in E x E.
Then from the above proof, we know that T(V) is uniformly bounded. In the following, we shall show
that T(V) is equicontinuous on [0, 1]. For all (x,y) € V, t € [0,1], by using Lemma 2.5, we have

1
Tilx,y)(t) ZL Gi(t,s)[pa(s)fals, x(s),y(s)) + qu(s)gu(s, x(s),y(s))] ds

1
+ L Hi(t, ) [pa(s)fa(s, x(s),y(s)) + q2(s)ga(s, x(s), y(s))] ds

1 1
| <J gl(T,s)bmdB”)> [pa(s)fa(s, x(s),y(s))

+q1(s)g1(s,x(s),y(s))]ds

rtroa—1(1 __ oYax—1 (¢ o oa—1

_i_uot (1 S)r(“) (t—s) ()10, x(5), y(s)
+qu1(s)ga(s, x(s),y(s))] ds

rl fo—1 _ oa—1

[ onts s,y
+qu1(s)ga(s, x(s),y(s))] ds

tO(*l

1 1
A L (L 92(T'S)“(T)dA(T)> [Pa(s)fa(s, x(s), y(s))

+qa(s)ga(s, x(s),y(s))] ds.

_.I_

Differentiating the above formula with respect to t and combining (H;) and (H;), we obtain

B 1/
| (L gl(T,s)b(T)dB(T)> [p1(9)f(5,x(5),y(s))
+ q1(s)g1(s,x(s),y(s))]ds
(o —1)t*2(1 —s)* 1 — (e —1)(t —5)* 2
JO r((x)
Fau(s)ga(s,x(s), y(s))] ds
rl _ x—2(1 _ yax—1
[ ST s xis) )

+q1(s)gi(s,x(s),y(s))]ds

T, y) ()] =

+ [p1(s)fi(s, x(s),y(s))
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oa—2 rl 1
((X_Z)tzjo (Jo 92“’3)““)‘1/*(T)> [pa(s)fals, x(s),y(s))
+ q2(s)ga(s, x(s),y(s))]ds

. 1 1
= Al)Alj (J gl(T,s)b(T)dB(T)) [p1(s)fa(s,x(s), y(s)
0 0

+ q1(s)gi(s,x(s),y(s))]ds
Clam D21 ) (1)t —s)*
+Jo M)
+q1(s)ga(s, x(s),y(s))] ds
Do — 1)t 2(1 —g)>1
g Mo
+q1(s)g1(s,x(s),y(s))] ds

_ x—2 rl 1
(OclA)tL (Jo gz(T,s)a(T)dA(T)> [Pz(s)fz(S,x(s),y(S))

[p1(s)fi(s,x(s),y(s))

[p1(s)fi(s,x(s),y(s))

+q2(s)g2(s, x(s),y(s))] ds

1
(o= kg™ (K| (x, y) 1)~ J pi(s)fils, 1,s?)ds
0

1
+(a—1)k1c51+“1(k\|(x,y)||1)mj q1(s)gu(s, s72,1)ds
0

t o x—2(1 _ o\x—1 - )2
o e —

p1(s)fi(s,1,sY2)ds

+la e (K| (x, y) )™

Jt (6 —1t*2(1—s)* 1 — (x—1)(t—s)* 2
M)
ql(s)gl(sr sYz/l)ds

1 —1)t%2(1 — )1
+klc)‘ﬁm(kH(XIU)”l)_mL = F(OE)l :

1 _ x—2(1 _ o)ox—1
+ k&M (K| (x, y) )™ L Canbls r(of)l s)
1
+(oc—1)kch2+”2(kll(x,y)||1)“ZLPz(S)fz(S,l,sW)ds

1
+(oc—1)k1c52+“2(k\|(x,y)||1)mj 4a(s)ga(s, s72,1)ds
0

p1(s)fi(s,1,sY2)ds

qi(s)gi(s,s¥2,1)ds

1
<M () [(oc—l)klj pi(s)fals, 1,872)ds
0

- Jt ((X_ 1)tcx—2(1 - S)(X_l = (o‘_ l)(t_ S)a_zpl(s)fl(sl 1/ SVZ)dS

0 I"( o)

n Jl (x —1)t*2(1 —s)x1

. o) P1(S)f1(s,1,syz)d81

1
+ &M (k)™M [(cx— 1)kq J qi(s)gi(s,s¥2,1)ds
0
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) Jot (O(— 1)’(0‘72(1 o S)cxfl _ (O(— 1)(1:— 5)0‘*2 ql(s)gl(S’ szll)ds

M)

1 o x—2(1 _ o)ox—1
+J (x—1)t*=(1—3s)

. F(oc) ql(S)g](S,Syz,l)dS]

1
+ (oe— 1) kg2t H2 (kr)~H2 J pa(s)fa(s,1,s¥2)ds
0
1
+ (ot — 1)klc£2+”2(kr)”zj qz2(s)ga(s,s¥?,1)ds =: K(t).
0

Exchanging the integration order, we have

0

1 1
J K(t)dt =cMTH (kr)~H [(oc—l)klj pl(s)ﬁ(s,l,sw)ds]
0

1
+ B ()M [(‘X_l)klj q1(s)gi(s, syz,l)dS]
0
1
—i—(oc—l)klc)‘Z*“Z(kr)“zJ' pa(s)fa(s,1,sY2)ds
0

1
+ (ot — 1)k1c£2+”2(kr)_”2 J qz2(s)ga(s,s¥?,1)ds
0
<+ o0.

From the absolute continuity of the integral, we know that T; (V) is equicontinuous on [0,1]. Thus, accord-
ing to the Ascoli-Arzela theorem, T;(V) is a relatively compact set. In the same way, we can prove that
T»(V) is a relatively compact set. Therefore, T(V) is relatively compact.

Finally, we prove that T : (Pg \ Pr) — Q is continuous. We need to prove only T;, T, : (PR \ P;) — Q
are continuous. Suppose that (xn,Yn), (x0,Yo) € Pr \ Pr and ||(xn,yn) — (x0,Yo)|[1 — 0 (n — o00). Let
S = sup{||(xn,yn)|l1im = 0,1,2,---}. We choose a positive constant M such that S/M < 1 and M > 1.
From (2.12) and (2.13), for any t € (0, 1), we know

fi(t, xn (1), yn (1)) < MMFHi(kr) 7Hif(1,1,872), n=0,1,2,---, i=1,2, 214)
gi(tlxn(t)/yn(t)) < M£i+n1(k1~) nlgl(t tyz 1)/ n= 0/ 112/' Tt i= /2' .
Then by Lemma 2.7, for any t € [0, 1], we get
IT1(%n, yn)(t) = Tr(x0, yo) (t |<k1J [p1(s)lIf1(s, xn (), yn(s)) — f1(s, xo(s),yo(s))|
+ S S, Xn(S), Un —qg1(s,x0(s),yol(s))||ds
|q1(1)||91( (s),yn(s)) —gils, xo(s), yo(s))]] 2.15)
| [pals)lfals, e (5), () = fals, ofs),wol))
+1q2(8)l1g2(s, xn(s), yn(s)) — ga(s, xo(s), yo(s))[] ds.
For any e > 0, by (H3), there exists a positive number & € (0, 1) such that
J ki MM () Hips ()3 (1,1, £72)ds < Z,
Mo (2.16)

[ e g slgste e s <
H)
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where H(s) = [0,0] U[1 — 9, 1]. On the other hand, for (x,y) € Pr\P,and t € [5,1— 5], we have
0<rkd < x(t), y(t) <R (2.17)
Since fi(t,x,y) and gi(t,x,y) (i = 1,2) are uniformly continuous in [6,1— 8] x [rkd, b] x [rkd, b], we have

lim £ (s, X (5), Yn (5)) — Fi(s, xo(), yo(s))]
= lim_|gi(s,xn(s), yn(s)) — gi(s,%0(s), yo(s)) 218)

n—-+oo

=0,

holds uniformly on [§,1 — §] for s. Then the Lebesgue dominated convergence theorem yields that

1-9%
L Ipi(s)lIfi(s, xn(s), yn(s)) —fils,xo(s), yo(s))lds — 0,

- (2.19)
L 192(5)1 191 (8, X (5), Yn () — g (5, %0(s), Yo(s))l ds =0, 1 — oo,
Thus, for above € > 0, there exists a natural number N such that for n > N we have
1-6
le [|p1(5)”f1(3/Xn(s)/yn(s))_fl(S/XO(S)/UO(S)”
+1q1(s)llg1(s, xn(s), yn(s)) —91(s,Xo(S),yo(S))l] ds
(2.20)

1-956
+le [noz(s)|fz(s,xn(s),yn(s))—fz(s,xO(s),yo(sm

102(5)1ga(5, 51,y (5)) = gals, (), vl s < 5

It follows from (2.14), (2.15), (2.16), (2.17), (2.18), (2.19), (2.20) that when n > N
T2 (%, Yn) — Ta(x0, yo |
k1 Jol [Ip1(s)lIf1(s, xn(s),yn(s)) — (s, xo(s), yo(s))
+191(s)llg1(s, xn(s), yn(s)) — gi(s, xo(s), yo(s))l] ds
+k1 Jol [Ip2(8)lIf2(s, xn (5),yn(s)) —fals, xo(s), yo(s))]

+12(8)l1g2(5, X (8), yn (5)) — g2(s, xo(s), yo(s))] ds
<klj MM+ () 8y ()1 (s, 1, $72) 4+ €54 (kr) M o (s)ga (s, 872, 1)ds
H(5)

L
+1q1(s) Hgl(s xn(s),yn(s)) — gi(s,xo(s), yo(s))l] ds

+ k1 M}‘Z“L2 (kr)"H2po(s)fals, 1, 8Y2) + MEFM2(kr) M2y (s) g (s, s72,1)ds

+kq [Ip1(8)lIf1(s, xn (), yn(s)) — f1(s,xo(s), yo(s))|

1—
+le [1p2(8)lIf2(s, X (), yn (5)) — Fa(s, xo(s), o(s))|

+1q2(s)llg2(s, xn (s), yn(s)) — ga(s, xo(s), yo(s))[]ds < e.
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This implies that Ty : (Pg \ P+) — Q is continuous. Similarly, we can prove that T, : (Pr \ P;) — Q is

continuous. So, T : (Pr \ Py) — Q is continuous. By summing up, we get that T : (Pg \ P;) — P is
completely continuous. O

To prove the main results, we need the following well-known fixed point theorem.

Lemma 2.11 ([5]). Let P be a positive cone in a Banach space E, Q)1 and Q; be two bounded open sets in E such
that @ € Q1 and Q1 C Qy, A:PN(Q3\ Q1) = Pbea completely continuous operator, where © denotes the zero
element of E and P is a cone of E. Suppose that one of the following two conditions holds:

@) [JAu]| < JJufl, Yu e PNoQq; Ayl = |Jul|, Yu € PN0oQy;

(i) [|Aul| = Ju||, Yu e PNoQy; [[Au| < |lu]|, Yu e PNoQy,.

Then A has a fixed point in PN (Qz \ Q4).

3. Main results

In this section, we shall give sufficient conditions for the existence and uniqueness of a positive solu-
tion for the BVP (1.1).

Theorem 3.1. Assume that conditions (Hg)-(Hz) hold. Then the BVP (1.1) has at least one positive solution
(x*,y*) and there exists a real number 0 < m < 1 such that

1 1
mtYh <xF(t) < —tV1,  mt"' <y*(t) < —t", te[0,1], (3.1)
m m

where y1 = min{oc — 1, 3 — 1}.

Proof. We first prove that the differential system (1.1) has at least one positive solution (x*,y*). Choose d
and D such that

1 Y2 1
0<d< min { <<> kzkmax{mi}J s(1—s)Y2(pi(s)fi(s,s¥2,1)
=L 0

+qi(3)gi(sllzsyz))ds /E 7

1

1
D > max { [kl <L (P1()f1(s,1,872) + qu(s)gu(s, s72, 1))ds + JO (pa(s)fa(s, 1, 572)

TR
+q2(s)92(slsyzll))ds>] /E/2 .

Clearly 0 < d < 1 < D. By Lemma 2.10, T : Pp \ P4 — P is completely continuous. Extend T (denote T
yet) to T : Pp — P which is completely continuous. Then, for (x,y) € dP4, we have

dkt¥2 < x(t), y(t)<d, telo,1].
By Remark 2.8 and (H;)-(H3), we get

2 1
T > (3) ke [ s puo)ls a0+ qilhgls, 0, aks™))as
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Y2 1
> (i) kZJ s(1—s)"2(pi(s)fi(s, dks¥?,1) + qi(s)gi(s, 1, dks¥?))ds

0
1 Y2 1
> <4> k2 L s(1—s)2(aMkMpi(s)fi(s,s72,1) + d5kMiqi(s)gi(s, 1,s72))ds
1 Y2 1
> () e N [ (1 (s, 57 1)+ as(s)gi(s, 1,57

13
> — ’ ‘:1,2, t =7 4 .
a=lxylh i |3

This guarantees that
HT(X/U)Hl P H(XIU)HL V(X/y) € an' (32)
On the other hand, for any (x,y) € 0Pp, we have

Dkt <x(t), y(t) <D, t€0,1].

Therefore, by Lemma 2.7, for any (x,y) € 0Pp and t € [0, 1], we have

1
R@yﬂﬂ<hjpdﬂﬁmDIMﬂﬂ+mBMN&Dm“Jﬂ®
0

1
+ k1 J p2(s)fa(s, D, Dks¥?) 4+ q2(s)ga(s, Dks¥?,D)ds
0

1
<k1J pi(s)fi(s,D,s¥?) +qi(s)gi(s,s¥?,D)ds
0

1
+MJPAQE&DAWN+QSMﬂ&N%DMS
0

1
@qjDMmuﬁﬂ&Lﬂn+D&mwmuaﬂanm
0

1
+kq J DMpy(s)fa(s,1,5Y2) + D%qy(s)ga(s,s¥?,1)ds
0

1
<klDn1ax{>\1,>\z,«£1,~£z} <J P1 (s)fy(s, 1, SYZ) +q1 (3)91 (s, sY2, 1)ds
0

1
+J pa(s)fa(s,1,sY2) + qa(s)ga(s,s??, 1)d8>
0

<D =[x y)lh-

This guarantees that
1Tyl < I3yl V(x,y) € 0Pp. (3.3)

By the complete continuity of T, (3.2) and (3.3), and Lemma 2.11, we obtain that T has a fixed point (x*,y*)
in Pp \ P4. Consequently, BVP (1.1) has a positive solution (x*,y*) in Pp \ Pq.

Next we prove that there exists a real number 0 < m < 1 satisfying (3.1). Firstly, we show that for any
0 € (0, %) we have

1 1
mtYt <xF(t) < —tY1,  mt" <y*(t) < —t", telp, 1] (3.4)
m m
From Lemma 2.10, we know that (x*,y*) € P\ {6}. So we obtain that
0 < K[(x*,y )|t <x*(t), y*(t) <[[(x",y")

Let h be a constant such that % <land h > % > 1. By Lemma 2.5 we get
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1 * *
N l J (6, (s, h,wsn)
0

k * *
+q1(s)g1 (S, KIC, vl },ly ”'lSW,h) ds

1 * ok
+J pa(s)fa (s,h, MBSy )Hlsyz>
0 h

+q2(5)92 (s, MSYZI h) ds:|

1
<yt U RMFR(K (%, y ™) 1) Hpa(s)fals, 1,572)
0
+hEFL (K (x*, y*)][) ™ qi(s)ga(s, s¥2,1)ds
1
+J 202 (1| (x*, y*)|]1) " H*2pals)fals, 1,572)
0

FREEE(K] (7, y7) 1) (5)ga (s, 572, 1)ds
=Ct"1, telo,1].
On the other hand, it is obvious to see that y, —y; > 0, where y; = min{ac— 1, — 1}, v, = max{ax—1,
B —1}. So we get
x*(t) Zk[|(x*,y") [t
=K (x*,y*) |1 £Y2 Ve
>k||(x*,y*)|10Y2 Y11, te[6,1].
In the same way, we can prove that y*(t) < Ct¥? and y*(t) > k||(x*,y*)|16¥271t¥1,t € [0,1]. Then, we
pick out m such that

m = min {kewzw 1(x*,y*) |1, % ;} ,
which implies that (3.4) holds. Moreover, from the arbitrariness of 6, we get that for any t € (0,1], (3.4) is
satisfied. Specially, when t = 0, by the boundary value conditions of (1.1), we have x*(0) = y*(0) = 0. So
that we get that for any t € [0, 1], (3.1) holds. This completes the proof of Theorem 3.1. O

Theorem 3.2. Assume that conditions (Hp)-(H3) hold. If \i + i < land & +ni <1 (i =1,2), then the BVP
(1.1) has a unique positive solution (x*,y*) and it satisfies (3.1).

Proof. By assuming the contrary, we find that the BVP (1.1) has a positive solution (x.,y.) different from
(x*,y*). By (3.1) there exist p1, p2 > 0 such that

1
Pt <xM(t), Yyt < —t", vtel01],

P1
1
PotYt <xi(t),  yul(t) < p—tyl, vt € [0, 1].
2
Hence, we have
N 1
P1P2xx (1) < XT (1) < ——x.(t),
pP1P2
1
plPZU*(t) < y*(t) < 79*“)/ Yt € [O/ 1]-
P1P2

Clearly, p1py # 1. Put

1 1
p* =sup {p > 0] pxy(t) <x*(t) < Ex*(t), Py« (1) < y*(t) < By*(t), vt e [0, 1]}.
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It is easy to see that 1 > p* > p1pp > 0 and
1 1
P XA (1) <X (1) < EX*(U’ P Y. (t) <y () < Ey*(t), vt € [0,1].
By (Hi) and (H;), we have

fult, X" (1), 5" (1)) SHi(t, o™ (1), %y*(tn

(P )NFHF (8, x4 (1), Y (1))
(p™) i (t, xx (1), Y (1)),

gi(t,x* (1), y* (1)) 21 (t, p*xa (1), pl*y*(t))

2(9 )£1+nlg (t, x*(t),y*(t))
>( ) gl(t X*( )/U*(t)); l = 1/21
where 0 = max{A; + i, & +1i,1 = 1,2} such that o < 1. Therefore, we have

1
X*(8) =T (x", y*)(t) = jo G1(t, s) [pa(s)fi(s, x*(s), y*(s)) + q1(s)ga(s, x* (), y*(s))] ds
1
+L Hi (4, 5) [pa(s)fals, x*(s), y*(s)) + qa(s)ga(s, x*(s),y* (s))] ds

1
2(p%)° L Gi(t,s) [p1(s)fi(s,x"(s),y"(s)) + q1ls)gi(s, x*(s),y"(s))] ds

1
+ L Hi(t, s) [p2(s)fals, X" (s),y™(s)) + qa(s)ga(s, x"(s),y*(s))] ds

=(p") T1(xs, Y ) (1) = (p*) Txu(t).
Similarly, we can get
Y (1) = (p7)%y«(t),  xu(t) = (p7)OX7(t),  ya(t) = (p") 7y (t).

Noticing that (p*)® > p* (0 < p*,0 < 1), we get to a contradiction with the maximality of p*. Thus, the
BVP (1.1) has a unique positive solution (x*,y*). This completes the proof of Theorem 3.2. O

Remark 3.3. Compared with the result in [3, 21], we can see that for any « € (n—1,n],f € (m—
1,m],n,m € N, we can get the uniqueness of positive solutions of the BVP (1.1). That is, we do not
need the condition of & = 3. So our result is better than that in [3, 21].

4. An example

We give an explicit example to illustrate our main result in Section 3. Let us consider the singular
differential system with coupled boundary conditions

3 Vx W
D \/ﬁ =0, te(0,1),
Lx wJ
D2 Y- =0, te(0,1),
f VX (4.1)
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Letax=3,Bp =12,
X 3
f1(t,x,y) = 5 vx , gﬂt&y)—X@,
y(1—-t)t VX
v VI
f t/X/ = t/X/ - 7
2(t,%,y) 7 92(t,x,y) 1t
a(t) =b(t) =1,
[ 1
0/ t 0/7 s
| 3)
(11
At) = 1 t -, =
=11 6_3,2>,
(1
2 t -1
4 6-2/ }I
B(t) = t2.
1 1 1 1
7\1—“2—5 A=W =, 51—T]z—§, 52—111—5,
then

3
! 1
J pafi(s,1,1— ( > q191(s,1—s,1)ds =B (1,2> ,
! 21
L pafa(s, 1,1 —s)ds = <1,2> , J q292(s, s,1)ds =B (3,3) .

So all conditions of Theorems 3.1 and 3.2 are satisfied for (4.1) and our conclusion follows from Theorems
3.1 and 3.2, namely the BVP (4.1) has a unique positive solution (x*,y*) and there exists a real number
0 < m < 1 such that

1

1
mtYt < xF(t) < =, mtV <yt(t) < —t"1, tel0,1],
m m

where y1 = min{ax — 1, — 1} = %

5. Conclusions

In this paper, by using the mixed monotone operators and the Guo-Krasnosel’skii fixed point theorem,
we have established the existence and uniqueness of positive solutions for a class of singular fractional
differential systems with coupled integral boundary conditions for any real number «, 3 € (0, +o00). It
is worth noting that in this paper we divide the functions into the former of f; +g; (i = 1,2) and add
different conditions to f; and gi. From this point, our result is more general than that in [3, 21].
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