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Abstract
In the paper, the authors define the concepts of (α,m)-harmonic-arithmetically convex functions and strongly (α,m)-

harmonic-arithmetically convex functions, establish a new integral identity, and present some new Hermite–Hadamard type
inequalities for (α,m)-harmonic-arithmetically convex functions and strongly (α,m)-harmonic-arithmetically convex functions.
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1. Introduction

The following definitions are well-known in the literature.

Definition 1.1. A function f : I ⊆ R = (−∞,∞)→ R is said to be convex function if

f(tx+ (1 − t)y) 6 tf(x) + (1 − t)f(y)

holds for all x,y ∈ I and t ∈ [0, 1].

Definition 1.2 ([15]). For f : [0,b]→ R, b > 0, and m ∈ (0, 1], if

f(tx+m(1 − t)y) 6 tf(x) +m(1 − t)f(y)

is valid for all x,y ∈ [0,b] and t ∈ [0, 1], then we say that f is an m-convex function on [0,b].

Definition 1.3 ([8]). For f : [0,b]→ R, b > 0, and (α,m) ∈ (0, 1]2, if

f(tx+m(1 − t)y) 6 tαf(x) +m(1 − tα)f(y)

is valid for all x,y ∈ [0,b] and t ∈ [0, 1], then we say that f(x) is an (α,m)-convex function on [0,b].
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Definition 1.4 ([12]). For f : [a,b]→ R, if

f(tx+ (1 − t)y) 6 tf(x) + (1 − t)f(y) − ct(1 − t)(x− y)2

is valid for all x,y ∈ [a,b], t ∈ [0, 1], and c > 0, then we say that f(x) is a strongly convex function on
[a,b].

Definition 1.5 ([18]). Let f : (0,b]→ R and m ∈ (0, 1] be a constant. If

f

((
t

x
+m

1 − t

y

)−1)
6 tf(x) +m(1 − t)f(y), (1.1)

for all x,y ∈ (0,b] and t ∈ [0, 1], then f is said to be an m-harmonic-arithmetically convex function
or, simply speaking, an m-HA-convex function. If the inequality (1.1) reverses, then f is said to be an
m-harmonic-arithmetically concave function or, simply speaking, an m-HA-concave function.

Study of convex functions and the Hermite–Hadamard type integral inequalities have always been a
very active research topic. We recall the following results.

Theorem 1.6 ([3, Theorem 2.2]). Let f : I◦ ⊆ R→ R be a differentiable mapping on I◦ and a,b ∈ I◦ with a < b.
If |f ′| is convex on [a,b], then∣∣∣∣f(a) + f(b)2

−
1

b− a

∫b
a

f(x)dx
∣∣∣∣ 6 (b− a)(|f ′(a)|+ |f ′(b)|)

8
.

Theorem 1.7 ([11, Theorems 1 and 2]). Let f : I ⊆ R → R be differentiable on I◦ and a,b ∈ I with a < b. If
|f ′|q is convex on [a,b] and q > 1, then∣∣∣∣f(a) + f(b)2

−
1

b− a

∫b
a

f(x)dx
∣∣∣∣ 6 b− a

4

(
|f ′(a)|q + |f ′(b)|q

2

)1/q

and ∣∣∣∣f(a+ b2

)
−

1
b− a

∫b
a

f(x)dx
∣∣∣∣ 6 b− a

4

(
|f ′(a)|q + |f ′(b)|q

2

)1/q

.

Theorem 1.8 ([4]). Let f : R0 = [0,∞) → R be m-convex and m ∈ (0, 1]. If f ∈ L1([a,b]) for 0 6 a < b < ∞,
then

1
b− a

∫b
a

f(x)dx 6 min
{
f(a) +mf(b/m)

2
,
mf(a/m) + f(b)

2

}
.

Theorem 1.9 ([2, Theorem 2.2]). Let f : R0 → R be an m-convex function with m ∈ (0, 1]. If 0 6 a < b < ∞
and f ∈ L1([a,b]), then

f

(
a+ b

2

)
6

1
b− a

∫b
a

f(x) +mf(x/m)

2
dx 6

m+ 1
4

[
f(a) + f(b)

2
+m

f(a/m) + f(b/m)

2

]
.

Theorem 1.10 ([7, Theorem 3.1]). Let I ⊇ R0 be an open real interval and let f : I → R be a differentiable
function on I such that f ′ ∈ L([a,b]) for 0 6 a < b < ∞. If |f ′|q is (α,m)-convex on [a,b] for some given
numbers m,α ∈ (0, 1], and q > 1, then∣∣∣∣f(a) + f(b)2

−
1

b− a

∫b
a

f(x)dx
∣∣∣∣

6
b− a

2

(
1
2

)1−1/q

min
{[
v1|f
′(a)|q + v2m

∣∣∣∣f ′( bm
)∣∣∣∣q]1/q

,
[
v2m

∣∣∣∣f ′( am
)∣∣∣∣q + v1|f

′(b)|q
]1/q}

,

where

v1 =
1

(α+ 1)(α+ 2)

(
α+

1
2α

)
and v2 =

1
(α+ 1)(α+ 2)

(
α2 +α+ 2

2
−

1
2α

)
.

For more results in this topic, please refer to the papers [1, 5, 6, 13, 14, 16, 17, 19, 20] and closely-related
references therein.
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The main purpose of this paper is to introduce the concept of “(α,m)-HA-convex functions” and
“strongly (α,m)-HA-convex functions” and to establish some new Hermite–Hadamard type inequalities
for these classes of functions.

2. Two definitions and a lemma

Now we introduce the concept of (α,m)-HA-convex functions and strongly (α,m)-HA-convex func-
tions.

Definition 2.1. For f : (0,b∗]→ R and (α,m) ∈ (0, 1]2, a function f is said to be (α,m)-HA-convex on I, if

f

((
t

x
+m

1 − t

y

)−1)
6 tαf(x) +m(1 − tα)f(y),

for all x,y ∈ (0,b∗] and t ∈ [0, 1].

Definition 2.2. For f : (0,b∗] → R, (α,m) ∈ (0, 1]2, and c > 0, a function f is said to be strongly (α,m)-
HA-convex on I, if

f

((
t

x
+m

1 − t

y

)−1)
6 tαf(x) +m(1 − tα)f(y) − ct(1 − t)

(
x−1 − y−1)2,

for all x,y ∈ (0,b∗] and t ∈ [0, 1].

Remark 2.3. Let f(x) = 1
x2 for x ∈ R+ = (0,∞) and let m = α = 0.3, c = 0.05. Then

f

((
t

x
+m

1 − t

y

)−1)
=

[ty+m(1 − t)x]2

(xy)2 6
ty2 + (1 − t)(mx)2

(xy)2

and

tαy2 +m(1 − tα)x2 − ct(1 − t)(y− x)2 − (ty2 + (1 − t)(mx)2) > 0,

for all x,y > 0 and t ∈ [0, 1]. So f is a strongly (0.3, 0.3)-HA-convex function on R+.
Remark 2.4. When α = 1 and m = 1, the above Definition 2.2 becomes [10, Definition 1.2] which should
be modified slightly in order that tx+ (1 − t)y 6= 0 for all t ∈ [0, 1] and x,y on an interval.

To establish some new Hermite–Hadamard type inequalities for strongly (α,m)-HA-convex functions,
we need the following lemma.

Lemma 2.5. Let f : I ⊆ R+ → R be a differentiable function on I◦ and a,b ∈ I◦ with a < b. If f ′ ∈ L1([a,b]),
then

f(a) + f(H(a,b)) + f(b)
3

−
ab

b− a

∫b
a

f(x)

x2 dx

=
b− a

4ab

∫ 1

0

(
1
3
− t

){[
ta−1 + (1 − t)[H(a,b)]−1]−2

f ′
([
ta−1 + (1 − t)[H(a,b)]−1]−1

)
−
[
tb−1 + (1 − t)[H(a,b)]−1]−2

f ′
([
tb−1 + (1 − t)[H(a,b)]−1]−1

)}
dt,

where H(a,b) = 2ab
a+b .

Proof. Let x =
(
ta−1 + (1 − t)[H(a,b)]−1

)−1 for t ∈ [0, 1]. Then∫ 1

0

(
1
3
− t

)(
ta−1 + (1 − t)[H(a,b)]−1)−2

f ′
(
(ta−1 + (1 − t)[H(a,b)]−1)−1)dt

=
2ab
b− a

(
2
3
f(a) +

1
3
f(H(a,b))

)
−

(
2ab
b− a

)2 ∫H(a,b)

a

f(x)

x2 dx.

Similarly, letting x =
(
tb−1 + (1 − t)[H(a,b)]−1

)−1 for t ∈ [0, 1] gives



C.-Y. He, Y. Wang, B.-Y. Xi, F. Qi, J. Nonlinear Sci. Appl., 10 (2017), 205–214 208

∫ 1

0

(
1
3
− t

)(
tb−1 + (1 − t)[H(a,b)]−1)−2

f ′
(
(tb−1 + (1 − t)[H(a,b)]−1)−1)dt

= −
2ab
b− a

(
2
3
f(b) +

1
3
f(H(a,b))

)
+

(
2ab
b− a

)2 ∫b
H(a,b)

f(x)

x2 dx.

Adding these two equalities leads to Lemma 2.5.

3. Some new integral inequalities of the Hermite–Hadamard type

In this section, integral inequalities of the Hermite–Hadamard type related to strongly (α,m)-HA-
convex function are discussed.

Theorem 3.1. Let f : (0,b∗]→ R be differentiable on (0,b∗], a,b ∈ (0,b∗] with a < b, and f ′ ∈ L1([a,b]). If |f ′|
is strongly (α,m)-HA-convex on (0,b] for some constant c > 0 and (α,m) ∈ (0, 1]2, then∣∣∣∣f(a) + f(H(a,b)) + f(b)

3
−

ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣

6
b− a

4ab

{
S(a,b;α)|f ′(a)|+m

[
S(a,b; 0) − S(a,b;α)

]∣∣f ′(mH(a,b))
∣∣

− c
[
S(a,b; 1) − S(a,b; 2)

][
a−1 − [mH(a,b)]−1]2 + S(b,a;α)|f ′(b)|

+m
[
S(b,a; 0) − S(b,a;α)

]∣∣f ′(mH(a,b))
∣∣− c[S(b,a; 1) − S(b,a; 2)

][
[mH(a,b)]−1 − b−1]2},

where

S(a,b;α) =
[H(a,b)]2

α+ 2 2F1

(
2,α+ 2;α+ 3;

a−H(a,b)
a

)
+

2[H(a,b)]2

3α+2(α+ 1)(α+ 2) 2F1

(
2,α+ 1;α+ 3;

a−H(a,b)
3a

)
−

[H(a,b)]2

3(α+ 1) 2F1

(
2,α+ 1;α+ 2;

a−H(a,b)
a

)
and 2F1(c,d; e; z) is the hypergeometric function defined by

2F1(c,d; e; z) =
Γ(e)

Γ(d)Γ(e− d)

∫ 1

0
td−1(1 − t)e−d−1(1 − zt)−c dt, (3.1)

for e > d > 0, |z| < 1, and c ∈ R.

Proof. From Lemma 2.5 and the strongly (α,m)-HA-convexity of |f ′|, we have∣∣∣∣f(a) + f(H(a,b)) + f(b)
3

−
ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣

6
b− a

4ab

[ ∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (ta−1 + (1 − t)[H(a,b)]−1)−2∣∣f ′((ta−1 + (1 − t)[H(a,b)]−1)−1)∣∣dt
+

∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (tb−1 + (1 − t)[H(a,b)]−1)−2 ∣∣f ′ ((tb−1 + (1 − t)[H(a,b)]−1)−1)∣∣dt]
6
b− a

4ab

{∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (ta−1 + (1 − t)[H(a,b)]−1)−2
[
tα|f ′(a)|

+m (1 − tα)
∣∣f ′(mH(a,b))

∣∣− ct(1 − t)
(
a−1 − [mH(a,b)]−1)2

]
dt

+

∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (tb−1 + (1 − t)[H(a,b)]−1)−2
[
tα|f ′(b)|

+m (1 − tα)
∣∣f ′ (mH(a,b))

∣∣− ct(1 − t)
(
b−1 − [mH(a,b)]−1)2

]
dt
}

.

(3.2)
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Since ∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (ta−1 + (1 − t)[H(a,b)]−1)−2
dt = S(a,b; 0), (3.3)∫ 1

0
t(1 − t)

∣∣∣∣13 − t

∣∣∣∣ (ta−1 + (1 − t)[H(a,b)]−1)−2
dt = S(a,b; 1) − S(a,b; 2),∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (ta−1 + (1 − t)[H(a,b)]−1)−2
tα dt = S(a,b;α), (3.4)

substituting equality (3.3) to (3.4) into the inequality (3.2) yields∣∣∣∣f(a) + f(H(a,b)) + f(b)
3

−
ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣

6
b− a

4ab

{∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (ta−1 + (1 − t)[H(a,b)]−1)−2
[
tα|f ′(a)|

+m (1 − tα)
∣∣f ′(mH(a,b))

∣∣− ct(1 − t)
(
a−1 − [mH(a,b)]−1)2

]
dt

+

∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (tb−1 + (1 − t)[H(a,b)]−1)−2
[
tα|f ′(b)|

+m (1 − tα)
∣∣f ′ (mH(a,b))

∣∣− ct(1 − t)
(
b−1 − [mH(a,b)]−1)2

]
dt
}

=
b− a

4ab

{
S(a,b;α)|f ′(a)|+m

[
S(a,b; 0) − S(a,b;α)

]∣∣f ′(mH(a,b))
∣∣

− c
[
S(a,b; 1) − S(a,b; 2)

][
a−1 − [mH(a,b)]−1]2

+ S(b,a;α)|f ′(b)|+m
[
S(b,a; 0) − S(b,a;α)

]∣∣f ′(mH(a,b))
∣∣

− c
[
S(b,a; 1) − S(b,a; 2)

][
[mH(a,b)]−1 − b−1]2}.

Theorem 3.1 is thus proved.

Theorem 3.2. Let f : (0,b∗] → R be a differentiable function on (0,b∗], a,b ∈ (0,b∗] with a < b, and f ′ ∈
L1([a,b]). If |f ′| is strongly (α,m)-HA-convex on (0,b] for some constant c > 0 and (α,m) ∈ (0, 1]2, then∣∣∣∣f(a) + f(H(a,b)) + f(b)

3
−

ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣

6
b− a

4ab

{
Q(a,b;α)|f ′(a)|+m

29a2 + 16[H(a,b)]2 − 162Q(a,b;α)
162

∣∣f ′(mH(a,b))
∣∣

− c
116a2 + 69[H(a,b)]2

4860
[
a−1 − [mH(a,b)]−1]2 +Q(b,a;α)|f ′(b)|

+m
29b2 + 16[H(a,b)]2 − 162Q(b,a;α)

162

∣∣f ′(mH(a,b))
∣∣− c116b2 + 69[H(a,b)]2

4860
[
b−1 − [mH(a,b)]−1]2},

where

Q(a,b;α) =
(α+ 1)

[
2× 3α+2α+ 3α+3 + 2

]
a2 + 2

[(
3α+2 + 2

)
α+ 8

]
[H(a,b)]2

3α+3(α+ 1)(α+ 2)(α+ 3)
.

Proof. From Lemma 2.5, we have∣∣∣∣f(a) + f(H(a,b)) + f(b)
3

−
ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣
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6
b− a

4ab

[ ∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (ta−1 + (1 − t)[H(a,b)]−1)−2∣∣f ′((ta−1 + (1 − t)[H(a,b)]−1)−1)∣∣dt
+

∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (tb−1 + (1 − t)[H(a,b)]−1)−2 ∣∣f ′ ((tb−1 + (1 − t)[H(a,b)]−1)−1)∣∣dt].

By the GA-inequality, we have(
ta−1 + (1 − t)[H(a,b)]−1)−2

6 ta2 + (1 − t)[H(a,b)]2,

for t ∈ [0, 1]. Using the strongly (α,m)-HA-convexity of |f ′| gives∣∣∣∣f(a) + f(H(a,b)) + f(b)
3

−
ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣

6
b− a

4ab

{∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (ta2 + (1 − t)[H(a,b)]2
)[
tα|f ′(a)|

+m (1 − tα)
∣∣f ′(mH(a,b))

∣∣− ct(1 − t)
(
a−1 − [mH(a,b)]−1)2

]
dt

+

∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (tb2 + (1 − t)[H(a,b)]2
)[
tα|f ′(b)|

+m (1 − tα)
∣∣f ′ (mH(a,b))

∣∣− ct(1 − t)
(
b−1 − [mH(a,b)]−1)2

]
dt
}

=
b− a

4ab

{
Q(a,b;α)|f ′(a)|+m

29a2 + 16[H(a,b)]2 − 162Q(a,b;α)
162

∣∣f ′(mH(a,b))
∣∣

− c
116a2 + 69[H(a,b)]2

4860
[
a−1 − [mH(a,b)]−1]2 +Q(b,a;α)|f ′(b)|

+m
29b2 + 16[H(a,b)]2 − 162Q(b,a;α)

162

∣∣f ′(mH(a,b))
∣∣

− c
116b2 + 69[H(a,b)]2

4860
[
b−1 − [mH(a,b)]−1]2}.

Theorem 3.2 is thus proved.

Corollary 3.3. Under the assumptions of Theorem 3.2, if α = 1, then∣∣∣∣f(a) + f(H(a,b)) + f(b)
3

−
ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣

6
b− a

19440ab

{
5
[
137a2 + 37[H(a,b)]2

]
|f ′(a)|

+ 5
[
137b2 + 37[H(a,b)]2

]
|f ′(b)|+ 5m

[
37(a2 + b2) + 118[H(a,b)]2

]∣∣f ′(mH(a,b))
∣∣

− c
[
116a2 + 69[H(a,b)]2

] [
a−1 − [mH(a,b)]−1]2 − c[116b2 + 69[H(a,b)]2

] [
b−1 − [mH(a,b)]−1]2 }.

Theorem 3.4. Let f : (0,b∗] → R be a differentiable function on (0,b∗], a,b ∈ (0,b∗] with a < b, and f ′ ∈
L1([a,b]). If |f ′|q is strongly (α,m)-HA-convex on (0,b] for some constant c > 0, (α,m) ∈ (0, 1]2, and q > 1,
then ∣∣∣∣f(a) + f(H(a,b)) + f(b)

3
−

ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣

6
b− a

4ab

{(
S
(
a2q/(q−1), [H(a,b)]2q/(q−1)

))1−1/q[ 3α(6α+ 3) + 2
3α+2(α+ 1)(α+ 2)

∣∣f ′(a)∣∣q
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+m
3α(5α2 + 3α+ 4) − 4

2× 3α+2(α+ 1)(α+ 2)

∣∣f ′(mH(a,b)
)∣∣q−37c

972
(
a−1 − [mH(a,b)]−1)2

]1/q

+

(
S
(
b2q/(q−1), [H(a,b)]2q/(q−1)

))1−1/q[ 3α(6α+ 3) + 2
3α+2(α+ 1)(α+ 2)

∣∣f ′(b)∣∣q
+m

3α(5α2 + 3α+ 4) − 4
2× 3α+2(α+ 1)(α+ 2)

∣∣f ′(mH(a,b)
)∣∣q−37c

972
(
b−1 − [mH(a,b)]−1)2

]1/q}
,

where S(u, v) is defined by

S(u, v) =
2u1/3L(v2/3,u2/3) − v2/3L(v1/3,u1/3) + v− 2u

3(ln v− lnu)
,

for v 6= u and L(u, v) is the logarithmic mean

L(u, v) =


v− u

ln v− lnu
, u 6= v,

u, u = v.

Proof. From the GA-inequality, it follows that(
ta−1 + (1 − t)[H(a,b)]−1)−2q/(q−1)

6 a2tq/(q−1)[H(a,b)
]2(1−t)q/(q−1),

for t ∈ [0, 1]. Using Lemma 2.5, Hölder’s integral inequality, and strongly (α,m)-HA-convexity of |f ′|q

gives ∣∣∣∣f(a) + f(H(a,b)) + f(b)
3

−
ab

b− a

∫b
a

f(x)

x2 dx
∣∣∣∣

6
b− a

4ab

{(∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ [a2tq/(q−1)[H(a,b)
]2(1−t)q/(q−1)

]
dt
)1−1/q

×
( ∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ ∣∣f ′((ta−1 + (1 − t)[H(a,b)]−1)−1)∣∣q dt
)1/q

+

(∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ [b2tq/(q−1)[H(a,b)
]2(1−t)q/(q−1)

]
dt
)1−1/q

×
( ∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ ∣∣f ′((tb−1 + (1 − t)[H(a,b)]−1)−1)∣∣q dt
)1/q}

6
b− a

4ab

{(
S
(
a2q/(q−1), [H(a,b)]2q/(q−1)

))1−1/q[∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (tα∣∣f ′(a)∣∣q
+m(1 − tα)

∣∣f ′(mH(a,b)
)∣∣q−ct(1 − t)

(
a−1 − [mH(a,b)]−1)2

)
dt
]1/q

+

(
S
(
b2q/(q−1), [H(a,b)]2q/(q−1)

))1−1/q[∫ 1

0

∣∣∣∣13 − t

∣∣∣∣ (tα∣∣f ′(b)∣∣q
+m(1 − tα)

∣∣f ′(mH(a,b)
)∣∣q−ct(1 − t)

(
b−1 − [mH(a,b)]−1)2

)
dt
]1/q}

=
b− a

4ab

{(
S
(
a2q/(q−1), [H(a,b)]2q/(q−1)

))1−1/q[ 3α(6α+ 3) + 2
3α+2(α+ 1)(α+ 2)

∣∣f ′(a)∣∣q
+m

3α(5α2 + 3α+ 4) − 4
2× 3α+2(α+ 1)(α+ 2)

∣∣f ′(mH(a,b)
)∣∣q−37c

972
(
a−1 − [mH(a,b)]−1)2

]1/q
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+

(
S
(
b2q/(q−1), [H(a,b)]2q/(q−1)

))1−1/q[ 3α(6α+ 3) + 2
3α+2(α+ 1)(α+ 2)

∣∣f ′(b)∣∣q
+m

3α(5α2 + 3α+ 4) − 4
2× 3α+2(α+ 1)(α+ 2)

∣∣f ′(mH(a,b)
)∣∣q−37c

972
(
b−1 − [mH(a,b)]−1)2

]1/q}
.

Theorem 3.4 is thus proved.

Theorem 3.5. Let f : (0,b∗] → R be a differentiable function on (0,b∗], a,b ∈ (0,b∗] with a < b, and f ∈
L1([a,b]). If f is strongly (α,m)-HA-convex on (0,b] for some constant c > 0 and (α,m) ∈ (0, 1]2, then

f(H(a,b)) 6
ab

b− a

∫b
a

[f(x) +m(2α − 1)f(mx)
2αx2 dx−

c
[
(1 −m)2(a2 + ab+ b2) +m(b− a)2

]
12(mab)2 (3.5)

and
ab

b− a

∫b
a

f(x)

x2 dx 6 min
{
f(a) +mαf(mb)

α+ 1
,
mαf(ma) + f(b)

α+ 1

}
−
c(mb− a)2

6(mab)2 . (3.6)

Proof. By the strongly (α,m)-HA-convexity of f, we have

f (H(a,b)) =
∫ 1

0
f

(
2

ta−1 + (1 − t)b−1 + tb−1 + (1 − t)a−1

)
dt

6
1

2α

∫ 1

0

[
f
((
ta−1 + (1 − t)b−1)−1

)
+m(2α − 1)f

(
m
(
tb−1 + (1 − t)a−1)−1

)]
dt

−
c
{[
(1 −m)2 +m

]
(a2 + b2) +

[
(1 −m)2 − 2m

]
ab
}

12(mab)2 .

(3.7)

Letting x = [ta−1 + (1 − t)b−1]−1 and x = [tb−1 + (1 − t)a−1]−1 for t ∈ [0, 1] gives∫ 1

0
f
((
ta−1 + (1 − t)b−1)−1

)
dt =

ab

b− a

∫b
a

f(x)

x2 dx (3.8)

and ∫ 1

0
f
(
m
(
tb−1 + (1 − t)a−1)−1

)
dt =

ab

b− a

∫b
a

f(mx)

x2 dx. (3.9)

Putting equality (3.8) to (3.9) into the inequality (3.7), the inequality (3.5) is thus proved.
Letting x = [ta−1 + (1 − t)b−1]−1 for t ∈ [0, 1] results in

ab

b− a

∫b
a

f(x)

x2 dx =
∫ 1

0
f
((
ta−1 + (1 − t)b−1)−1

)
dt

6
∫ 1

0

[
tαf(a) +m(1 − tα)f(mb) − ct(1 − t)

(mb− a)2

(mab)2

]
dt

=
f(a) +mαf(mb)

α+ 1
−
c(mb− a)2

6(mab)2 .

Thus, the inequality (3.6) is proved. The proof of Theorem 3.5 is completed.

Corollary 3.6. Under the assumptions of Theorem 3.5, if α = m = 1, then

f(H(a,b)) +
c(b− a)2

12(ab)2 6
ab

b− a

∫b
a

f(x)

x2 dx 6
f(a) + f(b)

2
−
c(b− a)2

6(ab)2 .

Remark 3.7. Corollary 3.6 recovers a result in [9]. This result was also recited in [10, Theorem 2.1].
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Theorem 3.8. Let f : (0,b∗] → R0 be a differentiable function on (0,b∗], a,b ∈ (0,b∗] with a < b, and
f ∈ L1([a,b]). If f is strongly (α,m)-HA-convex on (0,b] for constant c > 0 and (α,m) ∈ (0, 1]2, then

ab

b− a

∫b
a

f(x)dx 6
1

α+ 1
min
{
b2

2F1
(
2,α+ 1;α+ 2; 1 − a−1b

)
f(a)

+mαb2
2F1
(
1,α+ 1;α+ 2; 1 − a−1b

)
f(mb),a2

2F1
(
2,α+ 1;α+ 2; 1 − b−1a

)
f(b)

+mαa2
2F1
(
1,α+ 1;α+ 2; 1 − b−1a

)
f(ma)

}
−
c[(a+ b) ln(a−1b) − 2(b− a)](mb− a)2

m2(b− a)3 ,

where 2F1(c,d; e; z) is the hypergeometric function defined by (3.1). In particular, if α = m = 1,

ab

b− a

∫b
a

f(x)dx 6
a2b

[
b ln(a−1b) − (b− a)

]
(b− a)2 f(a) +

ab2
[
(b− a) − a ln(a−1b)

]
(b− a)2 f(b)

−
c
[
(a+ b) ln(a−1b) − 2(b− a)

]
b− a

.

Proof. Letting x = [ta−1 + (1 − t)b−1]−1 for t ∈ [0, 1], by the strongly (α,m)-HA-convexity of f, we have

ab

b− a

∫b
a

f(x)dx =
∫ 1

0

[
ta−1 + (1 − t)b−1]−2

f
(
(ta−1 + (1 − t)b−1)−1)dt

6
∫ 1

0

[
ta−1 + (1 − t)b−1]−2 [

tαf(a) +m (1 − tα) f(mb) − ct(1 − t)(a−1 − (mb)−1)2]dt

=
b2

α+ 1 2F1

(
2,α+ 1,α+ 2, 1 −

b

a

)
f(a) +

mαb2

α+ 1 2F1

(
1,α+ 1,α+ 2, 1 −

b

a

)
f(mb)

− c
[(a+ b) ln(a−1b) − 2(b− a)](mb− a)2

m2(b− a)3 .

The proof of Theorem 3.8 is thus completed.

Theorem 3.9. Let f : (0,b∗] → R0 be a differentiable function on (0,b∗], a,b ∈ (0,b∗] with a < b, and
f ∈ L1([a,b]). If f is strongly (α,m)-HA-convex on (0,b] for constant c > 0 and (α,m) ∈ (0, 1]2, then

ab

b− a

∫b
a

f(x)dx 6
(α+ 1)a2 + b2

(α+ 1)(α+ 2)
f(a) +

mα
(
(α+ 1)a2 + (α+ 3)b2

)
2(α+ 1)(α+ 2)

f(mb) − c
(a2 + b2)(mb− a)2

12(mab)2 .

Proof. Letting x = [ta−1 + (1 − t)b−1]−1 for t ∈ [0, 1], by the strongly (α,m)-HA-convexity of f, we have

ab

b− a

∫b
a

f(x)dx =
∫ 1

0

(
ta−1 + (1 − t)b−1)−2

f
(
(ta−1 + (1 − t)b−1)−1)dt

6
∫ 1

0

[
ta2 + (1 − t)b2] [tαf(a) +m (1 − tα) f(mb) − ct(1 − t)(a−1 − (mb)−1)2]dt

=
(α+ 1)a2 + b2

(α+ 1)(α+ 2)
f(a) +

mα
(
(α+ 1)a2 + (α+ 3)b2

)
2(α+ 1)(α+ 2)

f(mb) − c
(a2 + b2)(mb− a)2

12(mab)2 .

The proof of Theorem 3.9 is thus completed.

Corollary 3.10. Under the assumptions of Theorem 3.9, if α = m = 1, then

ab

b− a

∫b
a

f(x)dx 6
(2a2 + b2)f(a) + (a2 + 2b2)f(b)

6
− c

(a2 + b2)(b− a)2

12(ab)2 .
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