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Abstract
In this paper, we study differential equation arising from the generating function of Apostol-Euler and Frobenius-Euler

numbers. In addition, we revisit some identities of Apostol-Euler and Frobenius-Euler numbers which are derived from differ-
ential equations. c©2017 all rights reserved.
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1. Introduction

The Apostol-Euler numbers are defined by the generating function to be

2
λet + 1

=

∞∑
n=0

En,λ
tn

n!
, (λ 6= 0) (see [1, 2]). (1.1)

From (1.1), we note that

λ(Eλ + 1)n + En,λ

{
2, if n = 0,
0, if n > 0,

with the usual convention about replacing Enλ by En,λ. For u ∈ C with u 6= 1, the Frobenius-Euler numbers
are defined by the generating function to be

1 − u

et − u
=

∞∑
n=0

Hn(u)
tn

n!
, (see [3–14]). (1.2)
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Thus, we note thatHn(−1) = En are ordinary Euler numbers which are defined by the generating function
to be

2
et + 1

=

∞∑
n=0

En
tn

n!
, (see [6–11]).

From (1.1) and (1.2), we note that

2
λet + 1

=

(
2

λ(1 + λ−1)

)(
1 + λ−1

et + λ−1

)
=

2
λ+ 1

∞∑
n=0

Hn(−λ
−1)

tn

n!
. (1.3)

By (1.1) and (1.3), we get

En,λ =
2

λ+ 1
Hn(−λ

−1), (n > 0).

Let k be the positive integer. Then the higher-order Apostol-Euler numbers are defined by the generating
function as follows: (

2
λet + 1

)k
=

∞∑
n=0

E
(k)
n,λ
tn

n!
, (see [1, 2]). (1.4)

For u ∈ C with u 6= 1, the higher-order Frobenius-Euler numbers are also given by(
1 − u

et − u

)k
=

(
1 − u

et − u

)
× · · · ×

(
1 − u

et − u

)
︸ ︷︷ ︸

k−times

=

∞∑
n=0

H
(k)
n (u)

tn

n!
.

(1.5)

From (1.1), (1.2), (1.4), and (1.5), we have∑
l1+···+lr=n

(
n

l1, l2, · · · , lr

)
El1,λEl2,λ · · ·Elr,λ = E

(r)
n,λ

and ∑
l1+···+lr=n

(
n

l1, l2, · · · , lr

)
Hl1(u)Hl2(u) · · ·Hlr(u) = H

(r)
n (u),

where n > 0 and r ∈N.
In this paper, we study some differential equations which are derived from the generating func-

tion of Apostol-Euler and Frobenius-Euler numbers and we revisit some identities of Apostol-Euler and
Frobenius-Euler numbers arising from differential equations.

2. Revisit some identities for Apostol-Euler and Frobenius-Euler numbers

Let

F = F(t, λ) =
1

et + λ
, (λ 6= 0).

Then we have

F(1) =
d

dt
F(t, λ) = −

1
et + λ

+
λ

(et + λ)2 = −F+ F2. (2.1)
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From (2.1), we have

F(2) =
d

dt
F(1) =

(
d

dt

)2

F(t, λ) = F− 3λF2 + 2λ2F3,

and

F(3) =

(
d

dt

)3

F(t, λ) = −F+ 7λF2 − 12λ2F3 + 6λ3F4.

Continuing this process, we have

F(N) =

(
d

dt

)N
F(t, λ) =

N∑
k=0

(−1)N−kλkbk(N, λ)Fk+1, (n ∈N). (2.2)

From (2.2), we note that

F(N+1) =

(
d

dt

)
F(N) =

d

dt

N∑
k=0

(−1)N−kbk(N, λ)λkFk+1

=

N+1∑
k=1

(−1)N−k−1bk−1(N, λ)kλkFk+1 +

N∑
k=0

(−1)N−k−1bk(N, λ)(k+ 1)λkFk+1.

(2.3)

By replacing N by N+ 1 in (2.2), we get

F(N+1) =

N+1∑
k=0

(−1)N−k−1bk(N+ 1, λ)λkFk+1. (2.4)

Comparing the coefficients on the both sides of (2.3) and (2.4), we obtain

b0(N, λ) = b0(N+ 1, λ), λN+1(N+ 1)bN(N, λ) = λN+1bN+1(N+ 1, λ), (2.5)

and

λkbk(N+ 1, λ) = λkkbk−1(N, λ) + λk(k+ 1)bk(N, λ), where 1 6 k 6 N. (2.6)

By (2.5) and (2.6), we get

b0(N+ 1, λ) = b0(N, λ) = b0(N− 1, λ) = · · · = b1(1, λ) = 1,

and

bN+1(N+ 1, λ) = (N+ 1)bN(N, λ) = (N+ 1)NbN−1(N− 1, λ) = · · · = (N+ 1)N · · · 2b1(1, λ) = (N+ 1)!.

Since

−F+ λF2 = −b0(1, λ) + λb1(1, λ)F2.

Thus, b0(1, λ) = 1 and b1(1, λ) = 1. From (2.6), we note that

b1(N+ 1, λ) = 2b1(N, λ) + b0(N, λ)
...

= 2Nb1(1, λ) + 2N−1b0(2, λ) + · · ·+ 2b0(N− 1, λ) + b0(N, λ)

=

N∑
i1=0

2i1 ,
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b2(N+ 1, λ) = 3b2(N, λ) + 2b1(N, λ)

= 32b2(N− 1, λ) + 3 · 2b1(N− 1, λ) + 2b1(N, λ)
...

= 3N−1b2(2, λ) + 2 · 3N−2b1(2, λ) + 2 · 3N−3b1(3, λ) + · · ·+ 2 · 3b1(N− 1, λ) + 2b1(N, λ)

= 2!
N−1∑
i2=0

N−i2−1∑
i1=0

3i22i1 ,

and

b3(N+ 1, λ) = 3!
N−2∑
i3=0

N−i3−2∑
i2=0

N−i3−i2−2∑
i1=0

2i13i24i3 .

Continuing this process, we have

bk(N+ 1, λ) = k!
N−k+1∑
ik=0

N−ik−k+1∑
ik−1=0

· · ·
N−ik−···−i3−k+1∑

i2=0

N−ik−···−i2−k+1∑
i1=0

2i13i2 · · · (k+ 1)ik ,

where 1 6 k 6 N. Therefore, we obtain the following theorem.

Theorem 2.1. For N ∈N, the following differential equation

F(N) =

(
d

dt

)N
F(t, λ) =

N∑
k=0

(−1)N−kbk(N, λ)λkFk+1

has a solution F = F(t, λ) = 1
et+λ , where

b0(N, λ) = 1, bN(N, λ) = N!

and

bk(N, λ) = k!
N−k∑
ik=0

N−ik−k∑
ik−1=0

· · ·
N−ik−···−i3−k∑

i2=0

N−ik−···−i2−k∑
i1=0

2i13i2 · · · (k+ 1)ik , (1 6 k 6 N).

Now, we observe that

F(N) =

(
d

dt

)N
F(t, λ) =

(
d

dt

)N(
1

et + λ

)
=

1
2λ

(
d

dt

)N(
2

λ−1et + 1

)
=

1
2λ

(
d

dt

)N ∞∑
n=0

En,λ−1
tn

n!

=
1

2λ

∞∑
n=0

En+N,λ−1
tn

n!
,

and

Fk+1 =

(
1

et + λ

)
×
(

1
et + λ

)
× · · · ×

(
1

et + λ

)
︸ ︷︷ ︸

k+1−times

=
1

2k+1λk+1

(
2

λ−1et + 1

)
×
(

2
λ−1et + 1

)
× · · · ×

(
2

λ−1et + 1

)
︸ ︷︷ ︸

k+1−times

=
1

2k+1λk+1

∞∑
n=0

E
(k+1)
n,λ−1

tn

n!
.

Therefore, we obtain the following theorem.
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Theorem 2.2. For n > 0, N ∈N, we have

En+N,λ−1 =

N∑
k=1

(−1)N−kk!2−kE(k+1)
n,λ−1

N−k∑
ik=0

N−ik−k∑
ik−1=0

· · ·
N−ik−···−i2−k∑

i1=0

2i13i2 · · · (k+ 1)ik + (−1)NEn,λ−1 .

For λ 6= 0,−1, by (1.2), we get

F(N) =

(
d

dt

)N
F(t, λ) =

1
1 + λ

(
d

dt

)N(
1 + λ

et + λ

)
=

1
1 + λ

(
d

dt

)N ∞∑
n=0

Hn(−λ)
tn

n!

=
1

1 + λ

∞∑
n=0

Hn+N(−λ)
tn

n!
.

(2.7)

From (1.5), we can easily derive the following equation:

Fk+1 =

(
1

et + λ

)
×
(

1
et + λ

)
× · · · ×

(
1

et + λ

)
︸ ︷︷ ︸

k+1−times

=

(
1

1 + λ

)k+1 ∞∑
n=0

H
(k+1)
n (−λ)

tn

n!
.

(2.8)

Therefore, by Theorem 2.1, (2.7) and (2.8), we obtain the following theorem.

Theorem 2.3. For n > 0, N ∈N, we have

Hn+N(−λ) =

N∑
k=1

(−1)N−k

(
λ

1 + λ

)k
H

(k+1)
n (−λ)

N−k∑
ik=0

N−ik−k∑
ik−1=0

· · ·
N−ik−···−i2−k∑

i1=0

2i13i2 · · · (k+ 1)ik

+ (−1)NHn(−λ),

where λ ∈ C with λ 6= 0,−1.
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