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Abstract

In this paper, we study differential equation arising from the generating function of Apostol-Euler and Frobenius-Euler
numbers. In addition, we revisit some identities of Apostol-Euler and Frobenius-Euler numbers which are derived from differ-
ential equations. (©2017 all rights reserved.
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1. Introduction

The Apostol-Euler numbers are defined by the generating function to be

2

m = Z ETL,?\%/ (}\ ?é 0) (see [1, 2]) (11)
n=0

From (1.1), we note that

2, ifn=0,

AEr+1)" +E
(Ex+1) “’A{o, ifn >0,

with the usual convention about replacing EX by E,, x. For u € C with u # 1, the Frobenius-Euler numbers
are defined by the generating function to be

lmv v Ha(w) o, (see [3-14]). (1.2)
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Thus, we note that H,,(—1) = E, are ordinary Euler numbers which are defined by the generating function
to be

2 R
F= Z Ena, (see [6-11]).
n=0
From (1.1) and (1.2), we note that
2 2 14+t 2 & Lt
_ — Hy(—A— ) —.
Aet+1 ()\(1—1—)\1)) <et+)\1> 7\—1—1nZ_O n )n! (1.3)
By (1.1) and (1.3), we get
Eoye 2 H (—A"™hH, (n=0)
nA — A1 n ’ n=uj.

Let k be the positive integer. Then the higher-order Apostol-Euler numbers are defined by the generating
function as follows:

2 K = (1) tT
()\é‘-}-l) = Z E“')‘ﬁ’ (see [1, 2]). (1.4)

n=0

For u € C with u # 1, the higher-order Frobenius-Euler numbers are also given by

1—u\* [1-u 1—u X, "
(et—u> _<et—u>x'”x<et—u>_£Hn (“)E‘ (1.5)

k—times

From (1.1), (1.2), (1.4), and (1.5), we have

n
> BB Era = EN)
11/1'2/"'111' ’
Li++l,=n

and

n T
> Hy, (WHy, (w) - Hy, (w) = HY (w),
l'1/]'2/' t /11“
L+-4l=n
wheren > 0 and r € IN.
In this paper, we study some differential equations which are derived from the generating func-
tion of Apostol-Euler and Frobenius-Euler numbers and we revisit some identities of Apostol-Euler and

Frobenius-Euler numbers arising from differential equations.

2. Revisit some identities for Apostol-Euler and Frobenius-Euler numbers

Let

F=F(tA) = (A#0).

et + A7
Then we have

d 1 A
FU = ~F(t,A) = —
dt () et+?\+(et+?\)2

=—F+F. (2.1)
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From (2.1), we have

d d)?
F2 = —fFl) = <dt) F(t,A) = F—3AF* + 2\°F,

and

3
FO&) = <§t> F(t,A) = —F+ 7AF> — 12A°F° + 6\°F*.

Continuing this process, we have

N N
FN = <§t> F(t,A) = Y (DN *A¥b (N, AFH, (e N). (2.2)
k=0

From (2.2), we note that

N
d d
(N+D) _ [ 2 ) p(N) = 2 _1\N—k kpk+1
F = (dt> F dthO( 1)N"Fby (N, A)AKF
B (2.3)
N+1 N
= Y (DN b g (N AARFRH 4 3 ()N TR Thy (N, A) (k4 DAL,
k=1 k=0
By replacing N by N +1 in (2.2), we get
N+1
FINFL = 3 ()N % Ty (N 4 1, AARFRAL, (24)
k=0
Comparing the coefficients on the both sides of (2.3) and (2.4), we obtain
Bo(N,A) = bo(N+1,A), ANFHN +1)bn(N,A) = AN b1 (N +1,4), (2.5)
and
Ab (N +1,A) = A¥kby_1 (N, A) + A%k + 1)bk (N, ), where 1 < k < N. (2.6)
By (2.5) and (2.6), we get
bO(N + 1/?\) = bO(N/A) = bO(N - 1/}\) == bl(]-/)\) = 1/
and
bnyi(N+1L,A) = (N+1)bn(N,A) = (N+T1)Nbn_1(N=1,A) =--- = (N+1)N---2by(L,A) = (N+1)L.
Since

—F+AF? = —by(1,A) +Aby(1,A)F2.
Thus, bg(1,A) =1 and by(1,A) = 1. From (2.6), we note that
b1 (N +1,A) =2b1(N,A) + bo(N,A)

=2Nby(1,A) + 2N 1bg(2,A) 4 - - - +2bg(N — 1,A) 4+ bg(N, A)

N
=) 2b,

i1=0
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ba(N+1,A) =3by(N,A) +2b1(N,A)
=3%by(N—1,A) +3-2b; (N —1,A) + 2bq (N, \)

=3N"Tp, (2, A) +2-3N 201 (2,A) +2-3N3by(3,A) + - - +2-3b; (N=1,A) +2b1(N, A)

N—1N—-i,—1
=20y ) 3m2h
1L,=0 1;=0

and

N—2N—-iz—2 N—iz—iy—2

bs(N+1L,A) =3> PIAEY b

i3=0 i=0 i1=0
Continuing this process, we have
N—k+1N—i—k+1  N—ig——i3—k+1 N—ig——ip—k+1
bi(N+1,A) =kl > > > > 2h3l ... (k4 1)k,
=0 ix—1=0 i,=0 1;=0

where 1 < k < N. Therefore, we obtain the following theorem.

Theorem 2.1. For N € N, the following differential equation

FIN) = (d)N F(t,A) = i(l)N_kb (N, AARFRH
- 4 - KU,

dt =
has a solution F = F(t,A) = et+>\/ where
bo(N,A) =1, bn(N,A) = N!
and
N—kN—ig—k  N—ig——ig—k N—ig—-—ip—k
:k!Z Z Z Z 2u3b . (k+1)%, (1<k<N).
=0 ir_1=0 i,=0 i1=0

Now, we observe that

N N N
Ny (4 _(4 L y_1/4 2 _1l(4
F _<dt) F(t')\)_<dt> <e"+?\)_27\ (dt) (Alet+1> ?\(d) ZE““

oo
Z +N>\1

>J‘“

and

1 1
k+1 _
= (et+>\> X <et+)\> x

k+1—times

» 1
et + A

— 1 2 2 1 k+1 tn
T okt \ATet 1) S\ A Tetr 1) X N (W Tlet 11 2k+1)\k+1 At

k-+1—times

Therefore, we obtain the following theorem.
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Theorem 2.2. Forn > 0, N € IN, we have

N N—k N—i—k N—ig—-—ip—k
Eninact = 0 (DN e S S S gligh (ke 1B 4 (1) NVE v
k=1 =0 ix_1=0 ;=0

For A # 0, -1, by (1.2), we get

a\N 1 /d\"N/1+A 1 /a\" & tm
FN = (=) FeN)=—o(— = — Hp (—A)—
<dt> (tA) 1T+ (dt) (et+7\> 1+A <dt> 2 Hal iy

. n=0 (2.7)
__1 Z H (_)\)i
T 14A N
n=0
From (1.5), we can easily derive the following equation:
1 1 1 1\ & t"
PR+l _ ceex [/ ) = [ —— HF ) —.
<et+7\> X <et+7\> XX (et+}\> <1—|—?\> nZ—O no )n! (2.8)
k+1—times
Therefore, by Theorem 2.1, (2.7) and (2.8), we obtain the following theorem.
Theorem 2.3. Forn > 0, N € IN, we have
N A k ( ) N—k N—ix—k N—ig—-—ip—k
_ N—k k+1 o .
Hoen(=A) =) (1) (m> A N D MR S RN L Vi

k=1
+ (=1)NHn (—A),

ik=0 ix_1=0 i1=0

where A € C with A # 0, —1.
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