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Abstract

Using the techniques of measures of noncompactness and Schauder fixed point theorem, we present some existence results
for mild solutions of a class of nonlocal evolution equations involving causal operators. Moreover, we obtain the compactness
of the set of global mild solutions. An example is given to show the efficiency and usefulness of the results. (©2017 All rights
reserved.
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1. Introduction

The importance of nonlocal initial value problem based on the fact that it is more general and has bet-
ter effects than the classical initial condition alone. A nonlocal initial condition for a class of autonomous
semilinear evolution equations was first time introduce by Byszewski [13] and has been developed by var-
ious authors, see [3-6, 8,9, 11, 12, 25, 39, 56, 58] and references therein. Byszewski and Lakshmikantham
[14] obtained the existence and uniqueness of the mild solution for an autonomous semilinear evolution
equation in the case that a Lipschitz type condition is satisfied. The study of existence and uniqueness
of mild solution for different classes of semilinear evolution equations under various conditions was de-
veloped in many papers, such as [2, 16, 17, 24, 28, 32, 37, 38, 47, 48, 58, 59]. Also, for some results on
the existence and uniqueness of solutions for autonomous fractional evolution equations with nonlocal
conditions, see [7, 10, 18, 19, 22, 26, 27, 43-46] and references therein.

Let R be the set of real numbers and let R, be the set of non-negative real numbers. Let E be a

real Banach space endowed with the norm ||-||. We denote by C([0, a], E) the Banach space of continuous
functions from [0, a] into E endowed with the norm |[u(-)|| = sup |[u(t)|]. The space of all (equivalence
0<t<a

classes of) strongly measurable functions u(-) : [0, a] — E such that

a 1/p
(], = (L Hu(t)Hp) < oo,
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for 1 < p < oo and [[u(-)l, = esssup ¢ q llult)]| < oo, will be denoted by LP([0,al,E). This is
a Banach space with respect to the norm [[u(-)[|,,. Let us denote by ([0, a],X) the space of all the
functions from [0, a] into X, and by F,([0, al],Y) the space of all the functions from [0, a] into Y. Then
an operator € : F1([0,al, X) — F2([0,al,Y) is called a causal operator, if for each T € (0,a) and for all
u(-),v(-) € F1([0, al, X) such that u(t) = v (t) for t € [0, 1], we have that (€u) (t) = (€v) (t) for t € [0, 7.
Two significant examples of causal operators are: the Niemytzki operator

(Cu)(t) = f(t, u(t)),

and the Volterra integral operator

Also, the Fredholm operator

b

(Qu)(t) =J K(t,s,u(s))ds,

a

is a causal operator, if and only if K(t,s,u(s)) = 0, for t < s < a. This paper is concerned with the
following non-autonomous evolution equation with causal operator and nonlocal condition:

{ w(t) = A(t)u(t) + F(t,u(t), (Cu)(t), forte[0,al,
u(0) = g(uf(-)),

where {A(t) : D(A(t)) C E — E;t € [0,a]} is a family of closed densely defined unbounded linear
operators generating an evolution system {7(t,s) : 0 < s < t < a}, € : C([0,al,E) — LP([0,a],Z) is
a causal operator and F(-,-,-) : [0,a] x E x Z — E is a given function. The general non-autonomous
integro-differential evolution equation

u(t) =A(t)u(t) +F (t,u(t),JtK(t, s,u(s))ds) ,
0
u(0) = g(u(-)),

and the evolution equation with “maxima”:

u(t) = A(tu(t) +F <t,u(t), max u(s)> , w(0) = g(u(+)),
0<s<t
are example of non-autonomous causal evolution equations with nonlocal initial conditions. From the
above examples it is clear that the fractional evolution with causal operators cover a large variety of
nonlocal evolution equations. Casual operators represent a class of operators which allows us to study
unitarily many types of differential equations and integral equations. For theoretical aspects and applica-
tions of causal operators see the monographs [20, 35, 36, 42]. The study of a class of evolution equations
with causal operators was approached in [1, 15]. For some recent contribution to the study of autonomous
fractional evolution equations with causal operators we refer to the following papers [29, 30, 54].

In this paper we bring some contributions to the study of a class of non-autonomous evolution equa-
tions involving causal operators. To best of our knowledge, this is the first paper devoted to the study of
such class of problems and it can be viewed as an attempt to unify and generalize the non-autonomous
versions of some known results in the autonomous case from the works [20, 32, 37, 38, 55, 56, 58, 59] and
other ones. In Section 2, we will recall some necessary results on evolution system of linear operators
and some properties of the Hausdorff measure of noncompactness. In Section 3, we will obtain the exis-
tence of the mild solution for non-autonomous causal evolution equations under a noncompact evolution
system. In Section 4, we will give an application.
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2. Preliminaries

We denote the space of all bounded linear operators acting on a Banach space E by L£(E). A two
parameter family of bounded linear operators {J(t,s),0 < s < t < a} on E is called an evolution system,
if the following three conditions are satisfied:

(@) T(s,s) =1, the identity operator on E;
(b) T(t,r)T(r,s) =T(t,s)forO<s<r<t<g;
(©

)

(d) t— T(t,s): (s,a] — L(E) is differentiable, H‘J'(t s) € L(E), and

(t,s) — T(t,s) : A — L(E) is strongly continuous for 0 <s <t < q;

0
a—t‘J'(t s) =A)T(t,s), 0<s<t<aq,

where A :={(t,s) € [0,a] x [0,a] : 0 <s <t < al

Since the evolution system 7 : [0, a] x [0, a] — £(E) is strongly continuous on the compact set [0, a] x [0, a],
there exists M > 0 such that ||T(t,s)|| < M for any (t,s) € [0, al x [0, a]. For the existence and construction
of an evolution system with the above properties see [40], [57, Chapter 3]. More details as regards this
evolution system can be found in [50].

We denote by 3(B) the Hausdorff measure of non-compactness of a nonempty bounded set B C E,
and it is defined by (see [31]):

B(B) = inf{e > 0; B admits a finite cover by balls of radius < ¢}.

We recall some properties of 3 (see [31]). If A, B are bounded subsets of E, then
1
2
3

(1) B(B) =0, if and only if B is compact;
(B2)
(B3)
(B4)
(B5)
(B6)
(B7)

B(B) = B(B) = B(comv(B));
B(AB) = [AIB(B), for every A € R;
B(B) < B(C)ifBCC;
B5) B
p6) B(B+C)=pR(B)+B(C).

B7) Generalized Cantor’s intersection property (see [34]):

If {Bn}n>1 is a decreasing sequence of bounded closed nonempty subsets of E and lgn B(Bn) =0,
n o

({x}UB) = B(B), for every x € E;

then (\_; Bn is a nonempty and compact subset of E.

Remark 2.1. If dim(B) = sup{llx —yll;x,y € B} is the diameter of the bounded set A, then we have that
B(B) < dim(B) and B(B) < 2d, if sup, . IIx[| < d.

In the following, we denote by (3. the Hausdorff measure of non-compactness in the space C([0, al, E).
Then it is well-known that for every bounded set B C C([0, al, E) we have (see [31])

B(B(t)) < Bc(B),

for every t € [0, al, where B(t) := {u(t) : u € B}. Moreover, for every bounded and equicontinuous set
B c C([0, al, E) we have (see [31])
Bc(B) = sup B(B(t)). (2.1)

0<t<a
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Lemma 2.2 ([33, Lemma 2.2]). Let {un(-);n > 1} be a subset in L'([0, al, E) for which there exists m(-) €
L1([0, al, R ) such that |[un (t)|| < m(t) for each n. > 1 and for a.e. t € [0,al. Then the function t — B(t) :=
B({un(t);n > 1}) is integrable on [0, a] and for each t € [0, al, we have

B <{Lt Un(s)ds;n > 1}) < J: B(s)ds.

3. Existence result

Consider the following evolution equation with causal operator and nonlocal condition:

{ u(t) = A(t)u(t) + F(t,u(t), (Cu)(t), fort e [0,al,
u(0) = glu(-)),

where {A(t) : D(A(t)) C E = E, t € [0,al} is a family of closed densely defined unbounded linear
operators generating an evolution system {T(t,s) : 0 < s <t < a}, € : C([0,a],E) — LP([0,al,Z) is a
causal operator, and F(-,-,-) : [0,a] x E x Z — E is a given function. A function u(-) : [0, a] — E, is a mild
solution of (3.1), if it satisfies

3.1)

u(t) =7J(t,0)g(u(-)) +J T(t,s)F(s,u(s), (€u)(s))ds, (3.2)

forallt € [0, al.
Let us introduce the following conditions:

(H1) {A(t) : D(A(t)) C E — E;t € [0, al} is a family of closed densely defined unbounded linear operators,
(D(A(t)) = D(A) not depending on t and dense subset of E), such that there exists an evolution
system {T(t,s);0 < s < t < a} with the property that

0
"atT(t,S)

= ATt ) g gy < Clt—s)",
£ (E)

withC>0and 0<s<t<a.

(H2) (a) ¢:C([0,a],E) = LP([0, a], Z) is a continuous causal operator such that there exists an increasing
function A(-) : Ry — R, with

l(Cu)(t)]| < A(||u(t)]]) a.e. on [0, al, (3.3)

for all u(-) € C([0, al, E).

(b) There exists a positive constant k; € R such that
B(EV)(t) < kap(V(1)),
for each bounded set V C C([0, al], E).
(H3) g (-): C([0,a],E) — D(A) and there exists a constant 14 > 0 such that M1y < 1 and
[gu () —gv NI <lgllul)=vOIl, uwl),v()eC(0al,E),
where M =sup; ¢ ca [T(t 8] e(E)-
(H4) F(-,-,-):10,a] x E x Z — E satisfies:

(@) t+— F(t,u,z) is strongly measurable for eachu € E,z € Z.
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(b) (u,z) — F(t,u,z) is continuous for a.e. t € [0, al.

(c) There exists &(-,-) : [0,a] x R4 — Ry such that (-, 0) € LP([0,a], R ), for every o € R, &(t,-)
is continuous and increasing for a.e. t € [0, al,

lim sup 7/ L0) J £(s,0)ds < 1—Mly, (3.4)
o—00 o 0
for t € [0, a], and
IF(t,w, 2)|| < E&(t, ||ull) ||z||, for a.e. t € [0, al, (3.5)

foralluek,ze Z

(d) There exists a positive constant kg € IR such that for bounded subset B; C E and B, C Z, we
have
Be(F(t,B1,B2)) < ko[Be(B1)+ Bz(B2)l,

fora.e. t €10, al.
Theorem 3.1. If hypothesis (H1)-(H4) are satisfied and

1—Mlg
M 7
then the solution set of (3.1) is nonempty and compact in C([0, al, E).

ako(1+kq) <

(3.6)

Proof. First, we show that there exists t9 > 0 such that ||u(-)|| < 7o, for all possible mild solutions of (3.1).
Let u(-) : [0, a] — E be a mild solution of (3.1). Then by (3.2) we have

t

rumn<wwmmwnwﬂﬁmummmmwwMMMMs
t

<Mmmmm+Mmemwmmmm®
t

<M%mwm+mmm+MLaawmmmmmmm

t
< M(Lg[[u()]I + g (0] + M/\(Hu(-)\l)L &(s, [lu()[)ds,
so that N
(1= Mig) [ul)] < M]gf0)] + AU | &fs, ul))ds.
From the last inequality and (3.4) it follows that there exists ry > 0 such that ||u(-)|| < ro. Indeed, if this
is not true, then we can find a sequence {1, (-)}n>1 of mild solutions of (3.1) such that ||u,(-)|| = oo as
n — oo. Then from the last inequality we obtain

B : M|ig(O)| | MA([[un()[]) (¢ ‘ >
1— Ml éhrr:qjolip( Tn O + Tr Gl Jo &(s, [[lun(-)]))ds

MNW%”WLa&WMNMS

<l
™ un ()]

MA (o) Ja

0

< limsup &(s,0)ds,

0—00 Y

in contradiction with (3.4). Consequently, there exists 19 > 0 such that ||u(-)|| < 1o for all mild solution of
(3.1). Also, we remark that for every r > o we have

Hgmm+4uﬂjaﬂxﬂds<1_hmg

0 VI (3.7)
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Let
P(t) =&t 1A(r), t€l0,d], (3.8)

where A(-) : R4 — R4 is a continuous increasing function and &(-,-) : [0, a] x Ry satisfies (H3) (c). Then
P(-) € LP([0, al, R;) and from (3.3), (3.5) and (3.8), it follows that

IIF(t, u(t), (Cu)(t))] < WP(t), fora.e. t € [0, al.

Next, let r > 1y and
Bo :={u(-) € C([0, al, E); [[u(-)|| < T}

A mild solution of (3.1) will be a fixed point of an operator A defined by

t

(Au)(t) = T(t,0)g(u(-)) +J T(t, s)F(s, uls), (Cu)(s))ds,

0

for t € [0, al. Since &(t, ) is increasing on R, for a.e. t € [0, a], by using (3.7) we have
(0] < (6, 0)g(ul )l + [ 1, s, uls), €l (s)as
Mlg |l + lg(O)]) + ML £(s, () DA(uls) ) ds
< Mgl + o)) + MAGR ) [ 6, s
< M(lgr+ [ g(0)) + MA() j: £(s,r)ds <,

for every u(-) € Bp and thus ABy C By. Now we prove that A is a continuous operator. For this, let
{un(-)}n>1 be a convergent sequence in By such that lim,_, un (-) = u(-). Then we have,

At (8) — (AW < 7L, 0) Tglun () — glaw(-))] |
+J0tufr(t,s)(F(s,un(s),(eun)(sn—m u(s), (€w)(s))) || ds
Mlg(un () — g(u()]
Jtu (5, un(s), (€un)(s)) — F(5,u(s), (€u)(s)) | ds

< Migllun () =u()]]
+ MJO [F(s,un(s), (€un)(s)) — F(s,uls), (€u)(s))|/ds.

Since € : C([0,al,E) — LP([0, al], E) is continuous, (€un)(-) — (€u)(-) in LP([0, al, E), so that (Cu.)(:) —
(€u)(-) a.e. on [0, al. Thus by the fact that F(-, -.,-) is a Carathéodory function, it follows that

F(-,un(:), (Cun(-)) — F(-,u(-), (€u(-))a.e. on[0, al.

Also, since |[F(s,un(s), (Cun)(s)) — F(t,u(t), Cu(t))|| < 2(t) a.e. on [0, a] by the Lebesgue dominated
convergence theorem, we obtain

lim rF(s,un(s), (Cun)(s))ds = Jt F(s,u(s), (€u)(s))ds,

n—oo 0
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for all t € [0,a]. It follows that (Aun)(-) — (Au)(-) on [0,a] as n — oo, and so A is a continuous
operator on C([0, al, E). Next, by (H1) and Theorem 3.2 in [49], it follows that the set

is equicontinuous.
Now define B,,; 1 = conv(AB,),n=0,1,2,---. From ABy C By, it follows that

B1 = conv(ABy) C conv(Bg) = By,

and thus, B; C C([0, a], E) is bounded, closed, convex and equicontinuous. By the mathematical induction
it is easy to see that By, +; C By, and By, C C([0, al, E) are bounded, closed, convex and equicontinuous
forn=0,1,2,---. Next, since C([0, al, E) is separable for each n =0,1,2,-- -, there exists a countable set
u™ ={u(-);k=1,2,---} C By such that U™ = B,,. Using properties of the measure of noncompactness,
we have

B(Bnt1(t)) = B(comv((ABn)(t))) = B((ABn)(t)) = B((AU™)(1))

Since by (H3) we have 3 (T(t,0)g(U™)) < Mlgp (U™), using properties of the measure of noncompact-
ness and Lemma 2.2, we have

t

B(Bni1(t)) < B (T(t,0)0g(U™)) + JO B (T(t, s)F(s, U™ (s), (€U™)(s))) ds
t

<M (g(u™)) +JOMB (F(s, U™ (s), (€U™)(s))) ds
(3.9)

t

< MlgBe (U™) + Mkojo [B (U™(s)) + B (QU™)(s))]ds

t
< MlgBe (Bn) + Mio(1 ““)L B (Bn(s)) ds.

This implies
Bc(Bn—l—l) <M [lg + Clk()(1 + kl” Bc(Bn)-

Since Br41 C Bn,n=0,1,2,---, it is easy to see that
BC(BTL) gknBC(BO)/ Tl':0/1/2/"' 7

where k := M[lg + ako(1+kq)]. Since by (3.6) we have 0 < k < 1, the last inequality implies that
limp 0 Bc(Bn) = 0. Since {Bn}n>1 is decreasing sequence of bounded and closed sets, using property
(B7) of the measure of noncompactness it follows that B := ()_, B is a compact and convex set in
C([0,a],E) and AB C B. Consequently, by the Schauder fixed point theorem it follows that the operator
A has at least one fixed point u (-) € B, which is a mild solution of (3.1).

Now, let S(g) € C([0,a], E) be the nonempty set of mild solutions of (3.1) and let {un (-)}n>1 be a
sequence in S(g), that is,

t
un(t) = T(t,0)g(un(-)) +J T(t, s)F(s, un(s), (Cun)(s))ds,
o
forall t € [0,a] and all n > 1. Since uy, (-) € B for all n > 1, it follows that {un (-)}n>1 is equicontinuous.
Also, it is easy to see that

Be {un(t)n>1}) < Mlg Be ({un(-);m =1}
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t
+ Miko(1 +k1)J B (fun(s);n > 1)) ds,
0

so that B¢ ({un(-);n > 1} < kBc ({un(-);n > 1}). Thus B {un(-);n > 1}) = 0, and so {un (-)}n>1 is rel-
atively compact in C ( [0,a],E). Since S(g) is a closed set in C([0,a],E) we can conclude that S(g) is a
compact set in C([0, al, E). O

Theorem 3.2. Suppose that (H1), (H2), (H4)(a-b) are satisfied, g(-) : C([0,al,E) — D(A) is continuous and
compact, and there exist b > 0, ¢ > 0 such that Mb < 1 and

g (uDI <blul)]+ec,
forallu(-) € C([0,al, E). Also, assume that

(H4 —c) there exists &(-,-) : [0, al x Ry — Ry such that £(-,0) € LP([0,al,R4) for every 0 € Ry, &(t,-) is
continuous and increasing for a.e. t € [0, al,

lim sup M/C\T(G) J &(s,0)ds < 1—Mb,

o—00 0

fort € [0, al, and (3.5) holds forallu € E, z € Z;
(H4 —d) there exists k () € L([0, al, R,) such that

Be(F(t, By, B2)) <k(t) [Be(B1) + Bz (B2)],
fora.e. t €0, al
Then the solution set of (3.1) is nonempty and compact in C([0, al, E).

Proof. With the same notations and with the same reasoning as in the proof of Theorem 3.1 and using
(H4-c), it is easy to show that there exists an 19 > 0 such that ||u(-)|| < o, for all possible mild solutions
of (3.1). If we take r > 79 and put

Bo :=u() € C([0, ], E); Ju()]| < 7,

then ABy C Bg and A is a continuous operator on By. Also, by (H1), Corollary 1 in [17] and Theorem 3.2
in [49], it follows that the set

ABg = {(Au)(-);u(-) € Bo} € C([0, a], E),

is equicontinuous. Consequently, B4+1 = conv(ABn), n = 0,1,2,---, are bounded, closed, convex
and equicontinuous, and Bn,y; C B forn = 0,1,2,---. Next, since C([0,al,E) is separable for each
n=0,1,2,---, there exists a countable set U™ = {u(-);k =1,2,---} C By, such that U™ = By. Since g (-)
is compact, 3 (g(U™)) = 0 and with the same reasoning as in (3.9) and using (H4-d) we obtain

t

B(Brsa(t)) < M(1 +k1)J0k(s)rs (Bn(s)) ds.

As {B (Bn)}n>1 is a decreasing and monotone sequence, there exists w(t) := 1i_r>n B (Bn(t)), forall t €
n o0

[0, a]. Taking the limit in both sides of the above inequality, it follows that

t

w(t) < M(1 —|—k1)J k(s)w(s)ds, t € [0, al.
0

Also, since B, n = 1,2,---, are bounded and equicontinuous, it follows that w(-) is continuous on
[0, al, so that by Gronwall-Bellman’s inequality from the last inequality we obtain w (t) = 0 for t € [0, al.
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Hence, by using (2.1) we obtain that limn B¢ (Bn) = 0. Therefore, using property (37) of the measure
of noncompactness, it follows that B := (\7_;,Bn is a compact convex set in C([0,a],E) and AB C B.
Consequently, by the Schauder fixed point theorem it follows that the operator A has at least one fixed
point u () € B, which is a mild solution of (3.1). Next, let S(g) C C([0, a], E) be the nonempty set of mild

solutions of (3.1) and let {un (-)}n>1 be a sequence in S(g), that is,

t

n(6) = T(4,0)gluun () + || T(t,5)F(s, unls), (€un) (5))ds,
(o]

forall t € [0,a] and all n > 1. Since uy, (-) € B for all n > 1, it follows that {uy (-)}n>1 is equicontinuous,

and so v(t) := B ({un(t);n > 1}), t € [0, al, is a continuous function from [0, a] into R. Also, it is easy to

see that .

B (fun(thin > 1)) < M(1 +k1)J0k(S)B (fun(s);n > 1)) ds,

so that
t

v(t) < M(1 +k1)J k(s)v(s)ds, t € [0, al.
0

Thus by Gronwall-Bellman'’s inequality from the last inequality we obtain v(t) = 0 for all t € [0, a]. Con-
sequently, by Arzela-Ascoli theorem, we can conclude that {un (-)}n>1 is relatively compact in C([0, a, E).
Since S(g) is a closed set in C([0, al, E) it follows that S(g) is a compact set in C([0, al, E). O

4. An example

As an application of Theorem 3.1, consider the following heat equation with time-varying coefficients.
Let a(-) € C([0,1],R) be a Lipschitz continuous function such that a(t) > 0 for all t € [0, 1].

w(t,0) = (t n) =0, tel[0,1], (4.1)

{ w(t,x) = Zw(t,x) — a(thw(t, x) + f(t, w(t,x), Z(t,x)),
w(0,x) =37  cilx fo (ti,n)dn, x € [0,ml,

where .

Z(t,x):= J k(t,s)w(s,x)ds, 0<t<1, 0<x<m,
0

ci(-):R =R, 1 <1< v, are given functions and 0 < t; < tp < ... <ty < 1. We assume that the following
Condltlons hold.

(Hf) t f(t,u,y) is a Lebesgue measurable for all u,y € R; (u,y) — f(t,u,y) is continuous for a.e.
te [0 1] and there exists &(-,-) : Ry x Ry — Ry such that (-, o) € L2([0,1],R) for every o € R,
&(t, ) is continuous increasing for a.e. t € [0,1], and

f(t,w,y)l < &(t, ul)lyl, forae. t €[0,1],
and for all u,y € R.
(Hk) k(-,-):[0,1] x [0,1] — R is continuous.

(He) c¢i(-): R — R, 1 < i< v are continuous functions such that SUP, ¢ [0,7] (ZLl c%(x))l/2 = cp < 0.

Consider E := L[?([0,7],R) endowed with the usual inner product (-,-). We will show that the problem
(3.1) can be written in the abstract form (4.1) on the space E as follows.

Define the operator Ag : D(Ag) C E — E by
y
Agy = D(A
0yi=53 YE (Ao),
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D(Ag) :=={y(-) € E: y(-),y’(-) are absolutely continuous y”(-) € E and y(0) = y(1) = 0}.

Then the operator Ag is the infinitesimal generator of a compact Co-semigroup (see [50], [51]). More-
over, the operator Ay has eigenvalues —n?; n = 1,2,--- with the corresponding eigenvectors yn (x) =

(\/% )Jsinnx; n=1,2,---, and it can be written as (see [52, Problem 4.2])

Aoy (- Z (Dyn (), y() € D(A).

Next, let {A(t);t € [0,1]} be a family of operators given by:

D(A(t)) :=D(Ayp), t € [0,1],

Alty(-) = Agy() —a(t)y(-), y(-) € D(A(L)).

Then (see [21], [53]) {A(t);t € [0, 1]} generates an evolution system {7(t,s),0 < s < t < a} which satisfies
(H1), namely

o0 t
=) exp [—nz(t—s) —J amd{ Y ), yn (Dyn (),
n=1 S

for 0 < s <t <1anduy(:) € E. Next let us define u(-) : [0,1] — E by u(t)(-) =w(t,-), €: C([0,1],E) —

L2([0,1], E) by .

(Cu)(t) = L k(t,s)u(s)ds, 0<s<t<]l,

and g(-) : C([0,1],E) — E by
ch J u(ti)(m)dn,
where 0 < t; <th < ... <ty <1

From (Hk) and [23, Proposition 9.5.2] it follows that € : 1%([0,1],E) — 1%([0,1],E) is a continuous
causal operator and it satisfies (H1-b) (see [41]). Also, using the Minkowski’s inequality we have

— |3 alx J 0 = v(te) (m)ldn
i=1

v v 7T 2
<Zc ) (Z <JO fu(ts) (n) —V(ti)(n)]dn> )
i=1

i=1

v 1/2
<a) ([t —visman)
< ¢ Z u(t) () —v(t) (e
i=1

< covl[ul-) =v()lle(oL,E)

1/2

so that

lg(u(-)) = glu()E = J: l9(u())(x) = g(u() (x)Pdx

2.2 2
< cgvallul) =v)lIeoa1,E)-
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it follows that
lg(u(-)) = glul-D[ < Lgllul-) =v()llc(o11,E),
where g := .cov. Let M =sup; )ca [|T(t,8)||g(E)- If we choose ¢o > 0 such that Mcov < 1 and

1
limsup% (Hg(O)H —|—J &(s, cr)ds) <1—MCyv,
0

0 —00

then Mlgy < 1 and (3.4) holds.
Next if we put
F(t, u(t), (Cu)(t)) () = f(t, u(t)(-), (Cu)(t)(-), tel[0,1],

then (4.1) can be written in the abstract form

{ uw(t) = A(t)u(t) + F(t, u(t), (Cu)(t)), tel0,1], 4.2)

u(0) = g(u(-).

If we assume that (H4-d) and (3.6) hold, then by Theorem 3.1 it follows that (4.2) has at last a mild solution
on [0, 1].
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