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In the paper, the authors establish some integral inequalities of extended Simpson type for (&, m)-e-convex functions.
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1. Introduction
The following definition is well-known in the literature.
Definition 1.1. A function f: I C R = (—oco0, ) — R is said to be convex if
ftx + (1 —t)y) < tf(x) + (1 —t)f(y)
holds for all x,y € I and t € [0, 1].

Definition 1.2 ([4]). Let X be a real linear space, D C X a convex set, and f : D — R a mapping on D. For
any constant ¢ > 0, the mapping f(x) is said to be e-convex on D, if it satisfies

f(tx+ (1 —t)y) < tf(x) + (1 —t)f(y) +¢,

forall x,y e Dand t € [0,1].
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In [11] the concept of m-convex functions was innovated as follows.
Definition 1.3 ([11]). For f: [0,b] — R with b > 0 and m € (0, 1], if
fltx + m(1 —t)y) < tf(x) + m(1 —t)f(y)
is valid for all x,y € [0,b] and t € [0, 1], then we say that f is an m-convex function on [0, b].
Definition 1.4 ([7]). For f: [0,b] — R with b > 0 and («, m) € (0,1]?, if
f(Ax +m(1—=A)y) < AYF(x) + m(1 —AN)f(y)
is valid for all x,y € [0,b] and A € [0, 1], then we say that f(x) is an (&, m)-convex function on [0, b].

The following inequalities are known.

Theorem 1.5 ([1, Theorem 2.2]). Let f : I° C R — R be a differentiable mapping on 1° and a,b € 1° with a < b.
If [f'| is convex on [a, b], then

(b—a)(If"(a)l +If'(b)])
5 :

‘f(a) +f(b) 1 r’

f(x) dx' <
2 b—a

a

Theorem 1.6 ([8, Theorems 1 and 2]). Let f : I C R — R be differentiable on 1° and a,b € 1 with a < b. If
[f’|9 is convex on [a,b] and q > 1, then

fla)+f(b) 1
' 4 2

— Jb f(x) dx' <

b—a[lf' ()9 +[f'(b)|a]"9
2 b—al,

and

a+b 1 (° b—aflf'(a)ld +|f'(b)a]/d
(%5°) - oma ], rooa| < B FEES R

Theorem 1.7 ([2]). Let f: Ry — R be m-convex and m € (0,1]. If f € L1([a, b]) for 0 < a < b < oo, then

b
! J f(x) dxgmin{

f(a) + mf(b/m) mf(a/m)+ f(b) }
b—al, '

2 ’ 2

For more information on this topic, please refer to the papers [3, 5, 6, 9, 10, 12-15] and closely-related
references therein.

In this paper, we will introduce a new concept “(c, m)-e-convex function” and establish some integral
inequalities of the Simpson type for (x, m)-e-convex functions.

2. Definition and lemmas
Now we give a definition of the so-called (o, m)-e-convex functions.

Definition 2.1. For f: [0,b*] — R, (&, m) € (0,1]%, and ¢ > 0, the function f is said to be (&, m)-e-convex
on I, if
fltx +m(1 —t)y) < t*f(x) + m(1 —tN)f(y) +¢

holds for all x,y € [0,b*] and t € [0, 1].
Remark 2.2. We give two remarks as follows.

1. If f is (&, m)-e-convex on [0, b*] and « = 1, then we say that f is m-e-convex on [0, b*].
2. If fis (&, m)-e-convex on [0,b*] and o« = m = 1, then it is e-convex on [0, b*].
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To establish some new extended Simpson type inequalities for («, m)-e-convex functions, we need the
following lemmas.

Lemma 2.3. Let f : I C R — R be a differentiable function on 1° and a,b € 1° with a < b. If f' € Li([a, b]),
A= 0,and n € N, then

1 ! b
— 2
n(A+2) a)+2 ) flxa) ‘|‘7\fo2k 1) +f(b) | —— aLf
k=1 k=1
n 1 A n 1
pa— J— J— / p—
- 4n2 [Z L <A+2 ) (txak—2 + (1 —t)xox—1) dt + kZ—l‘[O <A+2 t)f (txar—1 + (1—1t)x2x) dt]-
In particular,
1. if A =4, then
n—1 n b
a)+2 ) flxa) Z (xok—1) +f(b) | — J f(x) dx
o oyl b—alq
_b-a iJ St ) (X2 + (1 —t)x d*chZJ1 ) (o + (1 — i) dt
= 2k—2 2k—1) \3 2k—1 2k ;
k=1 k=1
2. if A=0, then
m Cl)+2];f(xz1<)+f(b) _b—aJa f(x) dx
b—al|w [! LI
= e [Z Jo (—t)f (txak—2 + (1 — t)xpx—1) dt + Z L (1—t)f(txor—1 + (1 — t)xx) dt] )
k=1 k=1
where xi, = a + X8=2) for k=0,1,...,2n
Proof. By integration by parts, the result is followed immediately. O

By taking n =1 in Lemma 2.3, we have the following identities.

Lemma 2.4. Let f: I C R — R be a differentiable function on 1° and a,b € 1° with a <b. If f’ € L1([a, b]) and
A >0, then

1 a+b 1 (®
m[f(a)—i—?\f( 5 >+f(b)}_b—aLf(X)dX

b—al('/ A ) a+b Lro2 ,(.a+Db
e[ (2 e (e -0t e [ (1250 (15 v af].

Letting A = 0 in Lemma 2.4, we can obtain

Lemma 2.5 ([1, p. 91, Lemma 2.1]). Let f : I C R — R be differentiable on 1°. If ' € L;(la, bl]) for a,b € 1 with
a <b, then

5 b—a (1-2t)f"(ta+ (1—1t)b)dt.

f(x)dx =

a

f(a) + f(b) 1 Jb b—ar

0
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3. Some new integral inequalities of the Simpson type

In this section, integral inequalities of the Simpson type related to (&, m)-e-convex functions are dis-
cussed.

Theorem 3.1. Let f : Ry = [0,00) — R be a differentiable function on Ry, a,b € Ry with a < b, and
f" € Ly([a, bl). If [f'|9 is (o, m)-e-convex on [0, %} fore>0,A>0,(x,m) € (0,1]% and q > 1, then

[f(a) +>\f(“;b> +f(b)]—b 1 Jb f(x) dx

A+2

“al.
1/
< b;‘lcl—l/qo\){ [A(oc,)\)lf’(a)lq +m(CA) —A(x,))) f’(“;lb) q—i—sC(?\)] !
1/
+ [B(cx,?\) f/(”b) L m(COV - B(a, M) f’(b) q+sC(7\)] q},
2 m
where
C Ra(A+2) +4(A+2)* + A22A% — (A +2)%]
AloA) = (at o+ 2)(A+2)o72 ’ G-
(A A—2)(A+2)0F L 4 gt  A244
Blo N = iz @ C =5 (3.2)

Proof. Since [f’|9 is an (&, m)-¢-convex function on [O, %} , from Lemma 2.4 and Holder’s integral inequal-
ity, we have

1 a+b 1 (°
'm[f(a)+7\f< 5 )—i—f(b)]—bLf(x)dx

b—al(! a+b 1 2 a+b

< - ! — - / _

< Uot 3 f<ta+(1 1) 5 )'dt—i—Lt 3 f(t > +(1 t)b)‘dt]
b—a 1 A 1-1/q 1 A\

< - - x|/ q

4 {(JO t A+2 dt) UO t A+2 (t [ (a)

[a+b 2 1=1/q
f ( aa ) 2 dt)
! 2 |( ol fath Ak 1/4
sl () om0 )] )

_ 1/
_b aClUq()\){[A(oc,?\)lf’(a)lq—|—m(C(?\)—A(cx,)\))f’<a+b> q+scm} !
4 2m

1/
f’(”b) f’(b) q—i—eC()\)} q}.
2 m

The proof of Theorem 3.1 is thus completed. O

,[a+Db
(%)
9 am(o+2)
(x+1)(cx+2)

e (]

q
+m(1—t%)

q
+m(C(A) —B(a, A))

+ [B(oc,?\)

Corollary 3.2. Under the assumptions of Theorem 3.1, if A = 0, then

— 2
< b a{ [If’(a)q N Cxocm

2 b—a 8 oa+2 +2

a+b
f/
(")

b 1/
’f(a)+f(b) 1 J qﬂ} g

6

2
+[((x+1)((x+2)

q 1/4q
—i—a] }
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Theorem 3.3. Let f : Ry — R be a differentiable function on Ry, a,b € Ro with a < b, and ' € Ly([a,b]). If
[£|9 is (o, m)-e-convex on [0, 2] for e >0, (x,m) € (0,1]%, and q > 1, then

> T f(x)dx

<

‘f(a)—{—f(b) 1 Jb b—a[2(2“0c+1)|f’(a)|q +m(2%(o® + o +2) — 2)[f'(b/m)|4 Lt /4
4 20+ (o + 1) (o + 2) 2

a

Proof. Since [f’|9 is an (&, m)-e-convex function on [O, %} , by Lemma 2.5 and Hoélder’s integral inequality,
we have

'f(a)+f(b) 1 Jb b—a

> T f(x)dx

<

1 q
J |1 —2t||f'(ta+ (1—t)b)‘ dt
0

b—a 1 1-1/4q
< UO |1—2t| dt]

1 1/q
X U 11T —2t|[t*If' (@) + m(1 —t*)[f'(b/m)| —|—£]dt]
0

b—a {z(z‘xw DI (@)|9 +m2% (o + a+2) ~2)If'(b/m)|T | 1 Ya
4 20+ (o +1) (x4 2) 2 '

Theorem 3.1 is thus proved. 0

Theorem 3.4. Let f: Ry — R be a differentiable function on Ry, a,b € Ro with a < b, and ' € Li([a,b]). If
|f/|9 is («, m)-e-convex on [0, %} fore>=0,A>0,(x,m) € (0,11? and q > 1, then

g1 20-171-1/q
1 a+b 1 (b b—a AT 4274
— |t Af ()| — f(x)dx| <
e ae(50) ] [ e < Bt AT
1 oam at+b\|4 1V 1 a+b\|9 am b\|9 7V
— _f'(a)|d £’ £’ (= .
X{[oc—l—l' (@ + 2 <2m> “} +[oc+1 < 2 ) xt1 <m> “} }

Proof. From Lemma 2.4 and Holder’s integral inequality, by the (&, m)-e-convexity of |f’[|9, we have

1 a+b 1 (®
M{f(aﬂr?\f( 5 >+f(b)]—b_aLf(X)dX

o 1 q/(q—1) 1-1/q (1
<0 . a{ (L t dt> U (t“lf’(a)q +m(l—t%)

0
1

_'_(J (. 2 f,<a+b>
0 2

A
A+2

q/(q—1) 1-1/q 11
) e
0

2q—-171-1

q 1/q
f’<a2;b> +£> dt]
q 1/4q
ff(:l) +s) dt] }

q
+m(1—1t%)

A+2

boa [N 8T 1 am |, /a+b\|d TV9
= 2q—1 [f'(a)|9 + f +€
1 b\ |4 b q 1/4q
+ s e (2] e :
a+1 2 ax+1 m
Theorem 3.4 is thus proved. 0

Corollary 3.5. Under the assumptions of Theorem 3.4, if A = 0, then

f(a) + f(b) 1 Jb b—a 1, am a+b\|4 7V
_ < - q /
' 2 pa), IS gl T | )| T
q q 1/q
I B P oxm e (D1, .
oa+1 2 ax+1 m
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Theorem 3.6. Let f : Ry — R be a differentiable function on Ry, a,b € Ro with a < b, and ' € Li([a,b]). If
[£|9 is (o, m)-e-convex on [0, 2] for e >0, (x, m) € (0,11%, and q > 1, then

’f(a)+f(b) 1 be(x)dx‘gb_%q—1>1—1/q[|f'(a)|q+am|f'(b/m)|qH“q_

2 b—al, 4 2q—1 ax+1

Proof. Since [f'|9 is an («, m)-e-convex function on [0, %} , from Lemma 2.5 and Hoélder’s integral inequal-
ity, we have

—_

f(a) + f(b) 1 (® b a q
‘ 0L [Ma <25 Lu_ztuf (tat (1-1)b)[*dt
1 1-1/4
<2 aU |1 —2¢]9/ta7Y dt}
2 Lo
1 b q 1/4q
X <J [t"‘lf N9+ m(1—t%)|f’ <> +£}dt>
0 m
_b—a( a1\ (a))9 + omif (b/m)e T4
+ € .
4 2q — ax+1
Theorem 3.6 is thus proved. O

Theorem 3.7. For neNyandn > 2, let f: Ry — R be a differentiable function on Ry, a,b € Ro with a < b,
and f' € Ly([a, b)). If If'| is (o, m)-e-convex on [0, 2] for e > 0, A >0, and (o, m) € (0,1]?, then

! Jb f(x)dx

b—a a

" <X2k—1) ‘
m
£ (Xjf) '+2£C(7\)}

f rk =0,1,...,2n and A, A), B(e, A), and C(o) are defined by (3.1) and (3.2),

n(A+2)

n—1 n
fla)+2 ) fhor) +A ) flxak—1) +f(b)
k=1

~X

i 2 | A ()] + m(COY) - Ales M)
k=1

+ B(o, A)|f' (x2—1)| + m(C(A) — B(x, 7))

where xi. = a 4k
respectively.

Proof. Since |f'| is an («, m)-e-convex function on [O, %} , from Lemma 2.3 and Holder’s integral inequality,
we have

1 n—1 1 b
—— |fla) +2 f( A f( f(b f(x)d
"2 )+ 1<Z1 Xok) + kZl X2k—1) + f(b) b—aL (x) dx

<b-a irt—‘f txok—2 + (1 —t)xox—1)| dt

S I 2|, N2 2k—2 2k—1

nol
+Z . t—m‘\f txok—1 + (1 —1)x21 \dt]
k=1

b—a Ly A Xok— 1
LS et e < Jods o
k=1
noo.1 _L o) ¢! 1—t%)|¢/ sz
+) Nt t|f/ (x—1) | + m(1 — %)
k=1
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£ <sz—1> ’
m
f’(’:f) ’ +2£C(7\)}

The proof of Theorem 3.7 is thus completed. O

— b4T_12a |:A(OC,7\)‘f’(X2k2)‘ +m(CA\) — Ao, M)
k=1

+B(o, A)|f/(xak—1)| + m(C(A) — B(e, A))

Corollary 3.8. Under the assumptions of Theorem 3.4, then

1 n—1 n 1 b
m |:f(Cl) +2 kZ_l f(xox) + }\]; f(xop—1) + f(b)] — Ja f(x) dx
< b4_na{[(1—m)(A(oc,7\)—i—B(oc,?\))—i-ZmC(?\)] sup If’(x)\—i-ng(}\)},

a<x<b/m

Theorem 3.9. For n € N4 and n > 2, let f : Rg — R be a differentiable function on Ry, a,b € Ro with a < b,
and ' € L1([a, b]). If [f| is m-e-convex on [0, %] for e > 0and m € (0,1], then

n—1

b
m +2fozk —l—%fozk 1) +f(b) biaJ f(x)dx
k=1 k=1 a
b—a[3n(7\2+4)(?\+2)+?\3+127\+16‘f,(a)‘
= 8n? 6(A+2)3
3INA2+4)A+2)— (A3 +12A+16) [|., [ a (b
m 6(A+2)° <f<m>hf<m>b
23n(7\2+4)(7\+2)+7\3+127\+16 . <b>‘+25(7\2+4)]
6(A+2)3 m2 A+2)2 |

Proof. By the equation (3.3) and the m-e-convexity of the function |f’|, we have

n—1

b
n()\l—i—Z) —l-ZZszk +7\ZfX2k 1) +f(b)|— iaJ £(x) dx
S 4n2a];[A(°"7\)‘f/(X2k—z)\+m(C()\)_A( <X2k 1)‘

+B (o, A)[f' (xak-1) | + m(C(A) = B(o, A))|f

()] 2eem]

b—aw (A+12A+16[2n— (2k—2) o m(2k —2) b
RIPTERP: { 6(A+2) [ e UG <m>H
m(A3+3A%2+4) [2n— (2k—1) o m(2k —1) . b
3(A+2)° [ n <m>’+ n <m2>H
A 43N +42n—(2k—1) m2k—1)|_,/b
3(?\+2)3[ e LG | f(m)H
m(A3 + 120 +16) [2n — 2k ME . b 2e(A2 +4)
6(A 1 2)3 [ n <m>'+2n <mz>H+2(7\+2)2}
b—a[3nA2+4)A+2)+A +120+ 16,
= 8n2 { 6(A 1 2)3 ()]
INAZ+4)A+2)— (AN +12A+16) /|., [ a e
m 6A+2)° <f<m>hf(m>D
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23n(>\2 +4)A+2)+ A3+ 127+ 16

. (b)’ 2&(7\2+4)]
6(A+2)° m2 )T or2? |

The proof of Theorem 3.9 is thus complete. O

Corollary 3.10. Under the assumptions of Theorem 3.4,
1. if A =4, then

b
(}\1+2 +2ZfX2k +4ZfX2k 1) +f(b) biaLf(x)dX
1236 2 [(4571“6 |#'(a |+m(45n—16)< fl(i)’-i- f’(:1>l>+m2(45n+16) f’<;>‘+180e};

2. if A=0, then

n—1 b
1 1
o f(a)+2kZ_1f(xzk)+f(b) _b—aL f(x) dx
b= ClEn+2)f (@] +mEn—2)( [/ = )|+|# PN 4m2en2) ¢ (2 ) [ +12e .
= 48n2 m m m2
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