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Abstract

In this paper, the Adomain decomposition methods and double Laplace transform methods are combined to study linear
and nonlinear singular one dimensional system of hyperbolic equations. In addition, we check the convergence of double
Laplace transform decomposition method applied to our problems. Furthermore, we illustrate our proposed methods by using
some examples. (©2017 All rights reserved.
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1. Introduction

Many applications in sciences are modeled by linear and nonlinear partial differential equations. The
hyperbolic partial differential equations as one of these applications arise in physical sciences as models
of waves, such as acoustic, elastic, electromagnetic, or gravitational waves. However, it is very difficult to
find explicit solutions of nonlinear partial differential equations generally. The Adomain decomposition
method is the most transparent method for solutions of linear and nonlinear problem (see [3, 5, 7, 16, 17]);
however, this method is involved in the calculation of complicated Adomain’s polynomials which narrow
down its application. Recently, many researchers and engineers have done excellent work, such as Laplace
decomposition algorithm [12, 18]. The convergence of Adomian’s method has been studied by several
authors [1, 2, 4, 6]. The aim of this article is to find the solution of linear and nonlinear singular one
dimensional system hyperbolic equations by using the combined domain decomposition techniques and
double Laplace transform methods and also we study the sufficient condition of convergence of our
methods. The gold of this method is that it can be used directly without using restrictive assumptions or
linearization. Throughout this article, we will use the following notation. We let LyL; be a double Laplace
transform with respect to x,t and let double inverse Laplace transform be defined by L; gt

Now, by calling the definitions which are given by [8, 13, 14]. The double Laplace transform of the

2 2
functions f(x, t), %, % and % are given by
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LiL¢ [f(x,t)] = F(p,s) = ro e P* JOO e SUf(x,t)dt dx, (1.1)
0 0
LiLe [%‘f] = pU(p,s) — (0, 5), (1.2)
2
Ll |53 00| = p2ip,9) - pi09) - 57,
X 0x (13)
02 ’
Lol [at‘f (x,t)] — 2(p, s) — s(p, 0) — .

The following basic lemma of the double Laplace transform is given and is used in this paper.

Lemma 1.1. Double Laplace transform of the non-constant coefficient second order partial derivative xraaz—t‘f and
the function x"f(x, t) are given by

2 T
LiLy (xTa 11)) =(-1)" d

e gpr [S0P/s) = sb(p,0) =],

and

r 4° [LyLe (f(x, 1)) = (=)™ d"F(p,s)

LXLt (er(xl t)) = (_1) d_pr d_pr 4

wherer =1,2,3,---.

One can prove this lemma by applying equations, (1.1), (1.2) and (1.3). In this study we present the
modified double Laplace decomposition method for solving singular one dimensional coupled system of
hyperbolic equations.

2. Statement of the problem

We consider a singular one dimensional system hyperbolic equations with initial conditions in the

form

%Y 1/

2 x <X6X>X—CP =f(xt),

2e 1 (10

ai:z_x<xa)(>x_ll)g(7(’t)’ (2'1)
subject to

Y(x,0)=f1(x), Pe(x0)="F(x),
e(x0)=g1(x), @(x,0)=0g2(x), (2.2)

7 x 0X ox ox
f2 (x), g1 (x) and gy (x) are known functions. In order to obtain the solution of (2.1), we use modified
double Laplace decomposition methods as follows.

where, the linear term, +-2 <xa—‘1’> and % (anl)x are called Bessel’s operators and f (x,t), g (x,t), f1 (x),

Step 1: Multiplying (2.1) by x.
Step 2: By using Lemma 1.1 and definition of the double Laplace transform of partial derivatives for
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equations in Step 1 and single Laplace transform for initial condition, we get

dy (p,s) _1dR(p)  1dRa(p) 1dF(p,s)
dp s dp s2 dp sz dp

RN AN 22
27 1 ax \ Mo has i
and
de(p,s) 1dGi(p) , 1dGa(p) , 1dG(p,s)
dp T s dp +si2 dp +si2 dp
(2.4)

1 0 0@
— ?LXLt |:ax <Xax> +X1I):| P
where Fy (p), F2(p), F(p,s), Gi1(p), G2 (p)and G (p,s) are Laplace transform of the functions fi (x),
fa (x),f(x,t), g1 (x), g2 (x) and g (x, 1), respectively.

Step 3: By integrating both sides of (2.3) and (2.4) from 0 to p with respect to p, we have

F F F 1 (P
oips) = £p>+ 25(2p)+ (fz's)—sz L Ll [a ("?D”"’] ap,

ox

G1 (p) + GZ (P) + G (p/ S) (2 5)
S s2 52 |

1 (P 0 0@
o Ll | 2 (122 .
e o (50 e

Step 4: Using double Laplace Adomain decomposition methods to define the solution of the system as
follows

® (PIS) =

V) =) balxt), @t)=) onixt). (2.6)
n=0 n=0

Step 5: By operating the inverse transformation of double Laplace on (2.5) and use (2.6), we obtain

> n(x,t) = 1 (x) + th2 (x) + ;'L [F % S)}
n=0

1 (P ) ) —
—17 -1
_LP LS SZJ‘O LXLt a Xazwn dp
n=0
I | L e
T [SZLXLt U (chpn> dp” ,
0 n=0

and

D onlxt) =91 (x) +tg (x) + L, 'L [G (52,3)]
n=0

1 (P ) ) —
—17—1
n=0
T T EX N " xiw d
p s [ g2xt - n|apjj.
n=

0
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In particular, we have

F(p,
Po = f1 (x) + thy (x) + L, 115! { (pzs)] )
s
Glp,s) (2.7)
_ . 1S
00 =91 (x) +tga (x) + L; 'L [ v ] ,
and the rest terms can be written as follows
S o 1 L L 3
d)nJrl - P s 57 t Z
o n= (2.8)
n=
and
1 (P ) ) —
117 -1
Pny1 = *Lp Ls [SZ J;) LXLt [aX (Xax Z(;pn)] dp]
e (2.9)

L [;LXLt U; (xé%) dp” .

The above equations (2.7), (2.8) and (2.9) provide an inverse transformation of double Laplace.
In order to confirm our method for solving the singular one dimensional coupled hyperbolic equa-
tions, we consider the following example.

Example 2.1. Consider the following nonhomogeneous form of a singular one dimensional system of
hyperbolic equations

02 1/ 0
atli)_( ai’) —(p:—xzsint—4sint—x2cost,
02 1/ 0
at(;_x(xa(j> —1 = —x?cost—4cost—x*sint,

with the following conditions
¥ (x,0)=0, WVi(x,0=x% @(x0 =x% ¢(x,0) =0.

By using the above steps, we obtain

o0
an = x%sint+4sint 4+ x? cos t — 4t — x>

3o (E) ) ]
3o ()]

Z(pn =x%cost+4cost+x%sint —4 —x*t

n=0

and
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ALl () )}
Ao

By using (2.7), (2.8) and (2.9) the components are given by

Po = x?sint 4+ 4sint +x? cost — 4t — x?,

Po :xzcost—|—4cost—|—x2sint—4—x2t,

and
1 (P 0 0
171
Py =—L, L [52 JO LxLt [ax (Xaxlbo> +X(PO] dp]
4 8 2 4 8 2
— LflLfl - ,
L [ps2 (s241) + ps(s2+1) + P3s(s2+1) + p3s2(s2+1) psd  p3st
1
P =4t —4sint—8cost+ x> —x*cost+ 8+ x> +x*t —x?sint — 4t% — 8x2t3,
and

T e e ! JpLth 9 xitpo +xo | dp
P TS s ), ox \ 0x ’

4 1
@1 =4—8sint—4cost + x> —x%cost + 8t + x> +x*t —x%sint — = t> — =x*t>.

3 2
In the same manner, we obtain that
2 . 3 1.5
Py =4t°4+8cost—8+12sint — 12t 4 2t° — ﬁt
+ 1><2’c2 —x*t+x%cost—x%+x%sint + 1x2t3 — l7<2’c4,
2 6 24

and

4 1
@2 = gt?’+851nt—8t+12c0st—12+6t2—§t4

1,5 2 2 2 2 1,53 1 55
—X“t°—x"t t— t4+ —x"t7 — —x°t°.
+2x x“t +Xx” cos X~ + X" sin +6x 120x

By adding all components, we obtain the exact solution in the following form,

P(x,t) =x?sint  and ¢ (x,t) =x?cost.

3. Singular nonlinear one dimensional system of hyperbolic equations

In this part of study, we are concerned about how to use the modified double Laplace method to solve
the singular nonlinear one dimensional system of hyperbolic equations which is given by

% _1(ab) _ aw
at2_< ax) ax_f(ll))'

(3.1)
Yo 1 0@ _wﬁ_ (0)
o2 x U ox /, ox I\l
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subject to (2.2) where f (\p) and g () are nonlinear functions. In order to get the solution of (3.1), we use
the following steps:

Step 1: Multiplying equation (3.1) by x.

Step 2: Using Lemma 1.1 and definition of the double Laplace transform of partial derivatives for equa-
tions in Step 1 and single Laplace transform for initial condition.

Step 3: Integrating the obtained equations with respect to p, from 0 to p.

Step 4: By operating the inverse double Laplace transform for equations, we obtain

P (x,t) = (x) +tf (x) = L 'L [512 Jp LyL¢ [xf ()] dp]

(3.2)
1 LG 0 0
~tnt e [ () i)

and

1 (P
0 001 = 910+t (0~ L' | 5 [ L kg Lol ap)

1 P/ A
—17 -1
Sttt [t [ () e

The modified double Laplace decomposition methods (MDLDM) which define the solution of the
singular one dimensional system of hyperbolic equations that can be represented as a power series are
defined by (2.6). The nonlinear operators can be defined as follows

(3.3)

Ni=> An, and Np=) By, (3.4)
n=0 n=0
where A, and B, are given by
1 (a =
An—<dm 1D %)D :
i=0 A=0

(3.5)

1 [ dan >
Bn=— (dm [Nz;) (An%)DA_O'

Here, Adomain’s polynomials A,, and B, are given by

Ao = @oox,
A1 = @o1x + @1dox,
Az = @obox + @1P1x + @200y,

and

Bo = Po@ox,
=Po@1x +V1@0x,
Bo = 1Po@ax + 1915 +P2@ox.

By substituting (3.4) and (3.5) into (3.2) and (3.3) we obtain

Yo = f1 (x) +tf2(x), @0 =91 (x)+1tga2(x),
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and the rest terms can be written as follows
1 (P -
n=0
1 (P ) ) —
L', [52 JO L L¢ [ - <x aX;)q)n)] dp] (3.6)
1 [ -
n=0
and
o 1P —
@ni1 =L, [5,2 L L.L; [x <Z¢n>] dp]
n=0
1 (P 9 ) —
—17-1 | 4 o (_ 09
L' LZ JO LiL¢ [ - (x axgocpnﬂ dp] (3.7)
_ 1 L e
B [ LiL UO (XZBn> dp”
n=0

The inverse Laplace transform is denoted by L, 1151 with respect to p, s. Here, we provide double
inverse Laplace transform with respect to p and s which are given by (3.6) and (3.7).

4. Convergence analysis of the method

Finally, we discuss the convergence analysis of the modified double Laplace decomposition methods
for the singular nonlinear one dimensional system of hyperbolic equations which is given by

Py 1/ aw

aﬂ'_< ax> P~ T )
i_l 8(9 wﬁ_ (0) '
o2 *ox o 9\

We propose to extend this idea given in [15], for all 11), @ € H. We define H as H = Li((a,b)x [0,T]),
€ (a,b) and
P:(a,b) x0TI = R xR, with ||} = Jxxpz (x,t) dxdt,
Q
(b, ) = wa (x,t) @ (x, 1) dxdt,
Q

where Q = x [0, T] and

H:{ (%, @) (a,b) x 0,T), with }
L [& [V LLe b (6, 1)) (p, ) dp] (x, 1) <00 [~
Multiply (4.1) by x, and write the equation in the operator form as follows
02 0 0 0
L) =xo 8 =2 o T i (),
Lig) =220 _ 20 D0 —I—XIba——i-x (). |
PITe T TN J

For L is hemicontinuous operator, consider the following hypotheses:
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(H1) (L) —L(w),b—w)=k|b—w[*and (L(¢)—L(w),@—w) >kle—w[*; k>0, Vo weH;

(H2) whatever may be M* > 0, there exists a constant C (M*) > 0 such that for {,w € H with || <
M, [|e]| < M*, [[w]| < M* we have

(L) =L(w),z) < C(M) b —z[|[[w]|, and (L (@) —L(z),w) < C(M) [l —z|wl,
for every w,z € H.

In the next theorem we follow [9-11].

Theorem 4.1 (Sufficient condition of convergence). The Modified double Laplace decomposition methods ap-
plied to the singular nonlinear one dimensional system of hyperbolic equations (4.2) without initial and boundary
conditions, converges towards a particular solution.

Proof. First, we check the hypothesis (H1) for the operator L(\), L(¢) of (4.2). we use the definition of our
operator L, and then we have

L(p)—L(w)= (aq)_aw) + (xaw—xaw>

and

therefore,
62
("ax e W> 43)

and

aZ
<xaxz(<p—W),cp—W> (4.4)
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According to the coercive operator, a and 3 2 in H, then there exist constants «, 3, 8 > 0 such that

0
(ax (¢—w>,¢—w) > o lb—w|?, (45)
and

2
_ (Xa (w—w),w—w> < Wl 1 — W) | 16— w]

x2
g b - 2/
Blv—wl (4.6)
=
02 2
where |[P|| < M*, [lo]] < M¥, [w|| < M*, and according to the Schwarz inequality, we get
— (x02 (0wl b= w) < ol 10— w6 =
<OMUS b — o b — o] “7)
<OMS [ —w]*
<BIM™ [p —w]*,
hence,
0
(x0 (0w p—w) > —boM* [y —wl?. @)
By using Cauchy-Schwarz inequality, where o > 0 and f is Lipschitzian function, we have
(=x (f (b)) = (W), b —w) < Ix][|f (W (W)H b —wl|
SB[ () = f (W) [[b—w]
< bcf||x|»—w||2 (4.9)
=
(x ( (1) = F(w)) ;b — @) = ~bo [ —wl.

Substituting (4.5), (4.6), (4.8) and (4.9) into equation (4.3) gives
(w)—uw) w) > (a—bp —bSM* —ba) [1h —w]?,
) = k[ —wl?,

where
k=a—bp—bdM"—bo > 0.

By the same method for (4.4) there exist constants (,1, A, p > 0 such that
({—bn —bAM* —bp) | —w|?,
1l —wi?,

(L) —LwW),o—w) >
) >k

where
k1 =C{—bn—bAM* —bp > 0.
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So the first part (H1) is checked. Now we are going to prove (H2) for the operator L(\{) and L(¢). For
every M* > 0, there exists a constant C (M*) > 0 such that for }, ¢, w € H with ||| < M¥, ||@| < M¥,

(L) —LW),z1) < C(M™) [[b —wl [|z1]],
for every z1,z; € H. Therefore we have,
(L) —LW),z1) = (b —w), ,z1)
2
+ <Xaaxz (Wb —W),Zl>
(o2 )
X
+ (x (f (W) —f(w)), z1) .

By using the Cauchy-Schwartz inequality and the fact that {» and w are bounded, we obtain the following

0
(mﬁhﬂﬂﬂo<“ﬂ¢—WWM%

aZ
G@@w—wLm><wﬂw—wme

0
(x0e 10 =), ) < szl o] b~ ]

< booM™ [[b —w[ [|z1],

and
(x (f (b) = f(W)), z1) < boy [b —w| ||z1]] -

For the constants o, B, &z, 01 > 0, we have:

(L(W)—LW),z1) < (01 +bB1 +booM™ +boq) [ —w|| ||z1]|
= C(M") [ —w]| ||z1]],

where
C (M*) = (o1 +bp1 +boyM* 4+ boy),

and

aZ
+ (Xaxz (p—w) ,zz>
(g (0 =) 2
X
+ (x (g (@) —f(W)),z2)

Similarly, we get,

(L(@)—L(wW),zp) < (¢ +bni +bAM* +bpq) [ —w]| ||z2]|
=C (M) [le —w| [|z2]|,

where C (M*) = {1 +bny + bA\M* + bp1 and (4,11, A1, p1 > 0. Therefore (H2) holds. O
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Conclusion 4.2. A combination of double Laplace transform and decomposition method has been used in
this paper to seek a solution of the linear and nonlinear singular one dimensional system of hyperbolic
equations. Second, we presented a convergence proof of the (DLADM) applied to the nonlinear singular
one dimensional system of hyperbolic equations.
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