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Abstract

We prove that the invariant probability measure of an orientation preserving circle homeomorphism f with several break
points (at which the derivative f’ has jumps) is singular with respect to Lebesgue measure, if f’ satisfies certain condition and
the product of jump ratios at break points is non-trivial. (©2017 All rights reserved.
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1. Introduction

Let S! = R/Z be the unit circle with clearly defined orientation, metric, Lebesgue measure and the
operation of addition. Let t : R — S! denote the corresponding projection mapping that “winds” a
straight line on the circle. An arbitrary homeomorphism f that preserves the orientation of the unit circle
S! can be “lifted” on the straight line R in the form of the homeomorphism F : R — R with property
F(x +1) = F(x) + 1 that is connected with f by relation mo F = f o 7t. This homeomorphism F is called
the lift of the homeomorphism f and is defined up to an integer term. The most important arithmetic
characteristic of the homeomorphism f of the unit circle S! is the rotation number

p(f) = lim F(x)

n—oo n

mod 1,

where F is the lift of f with S! to R. Here and below, for a given map F, F™* denotes its n-th iterate.
The rotation number is rational, if and only if f has periodic points. Poincare proved that, if f does not
have any periodic orbit, then it is semi-conjugate to the linear rotation f, : x — x + p mod 1. Denjoy
[6] proved that if f is a circle diffeomorphism with irrational rotation number p = p(f) and logf’ is
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of bounded variation, then f is topologically conjugate to the linear rotation f,, that is, there exists an
essentially unique homeomorphism ¢ of the circle with ¢ o f = f, o @. The problem of smoothness of the
conjugation ¢ of smooth diffeomorphisms has come to be very well understood (see [3, 10, 12-14, 16]).

It is well-known that every circle homeomorphism with irrational rotation number p has a unique f-
invariant probability measure p¢. Furthermore, the conjugation ¢ and the invariant probability measure
iy are connected by the relation @(x) = u¢([0,x]), x € S! (see for example [4]). Because of this relation,
the invariant measure i is absolutely continuous with respect to the Lebesgue measure 1, if and only if
@ is given by an absolutely continuous function. Natural generalizations of circle diffeomorphisms are
piecewise smooth homeomorphisms with break points or shortly the class of P-homeomorphisms which
was introduced by Herman [10]. In general, the ergodic properties of P-homeomorphisms such as their
invariant measures and renormalizations are rather different from those of diffeomorphisms (see [1, 2, 7—
9, 15].) In [7], Dzhalilov and Khanin proved that the invariant probability measure of C>*€,e > 0 circle
homeomorphism f with one break point is singular with respect to Lebesgue measure. Later Dzhalilov et
al. in [9] extended this result for the circle homeomorphism f with several break points by, b, ..., by such
that ' is absolute continuous on S'\ {b;,i =1,2,...,n}, f” € L1(S!, dl) and the jumps and their product at
break points are not equal to one.

The purpose of this paper is to extend the result of Dzhalilov et al. [9]. For this, below we define a
new class of circle homeomorphisms.

Let ¥ : S' — S! be a continuous, non-decreasing function with {(0) = 0. By using this function we
define a class of orientation preserving circle homeomorphisms f such that

If(x 4+ t) 4+ f(x —t) — 2f(x)| < Ct(t), (1.1)

for all x,t € S! such that x —t,x +t € S!, here C > 0 is a constant. The class of real functions satisfying
(1.1) with \p =1 on real line is called Zygmund class and denoted by A, (see [17]). This class plays a key
role to investigate the trigonometric series. The class A, was applied to the circle homeomorphisms for
the first time by Hu and Sullivan [11]. They extended the classical Denjoy’s theorem to this class. The
functions satisfying (1.1) are not of bounded variation at all, the reverse also is not true. For example let
us consider Weierstrass function:
Wg(x) = Zan*“B cos(b™x),
n=1

where b > 1 and l1m 0n. = 0. The following fact can be found in [17]. Weierstrass proved that for a small
— 00

enough 3 > 0 the function Wy is nowhere differentiable. The extension to 3 < 1 was first proved by
Hardy. For p > 1, the function W exists and continuous. If the sum of squares of the sequence 0, is
divergent then W is differentiable in a set of measure zero. Thus by making b even number and instead
of 0,, taking the sequence n~1/2, we may easily check that the function W satisfies the condition (1.1),
but almost nowhere differentiable and thus W; cannot be of bounded variation. Let f : S* — S! be an
orientation preserving circle homeomorphism with irrational rotation number and satisfies the following
conditions:

(1) There exist points by, by, ..., by € S1, the so-called break points of f, at which the one sided deriva-
tives f/, (bi) > 0 are defined and o(b;) := EEE ;

(2) logf’ has bounded variation on S! and f/ except break points, satisfies (1.1);
mn
) Hotb) #1
1=

where the number o(by) is called jump of f at the break point b;.
Our main result is the following theorem.

Theorem 1.1. If a circle homeomorphism f with irrational rotation number satisfies the above conditions (1)—(3)
then its invariant probability measure \i¢ is singular with respect to Lebesgue measure 1.
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Note that the proof of Theorem 1.1 is based on cross ratio distortion estimates and follows closely that
of [9].

2. Necessary facts and definitions

We consider a circle homeomorphism f that preserves orientation and has irrational rotation number
p. Let {ay, k € IN} denote the sequence of elements in the expansion of p into a continued fraction, that is,
p =la, a, ..., An,...]. We set prn/qn = [ay, ap, ..., anl,n > 1. The numbers p,,/qn are called the convergents
of p, and g, is the first return time. The numbers q,, satisfy the recurrence relation

dn+1 = An+1qn + qn-1, N = 1,

with the initial conditions qg = 1 and q; = a;. For an arbitrary point xo € S!, let I(g“) (x) denote the closed
interval with endpoints xg and x4, = f9"(xg). Note that for odd n the point x4, lies to the left of xo, and

for even n to the right. We set Ign) = fi(I(()n)), i>1.

Lemma 2.1 ([4]). Consider an arbitrary point xo € S'. The segments of the trajectory {xi,0 < i < qn + qn_1}
divide the circle into the following disjoint (except for the endpoints) intervals:

We denote the resulting partition by &, (xp) and call it a dynamical partition of order n. We now
describe the process of transition from &, (xg) to &,41(xo). All the intervals I]F“), 0<j<gn.—1are

1)

preserved, and each of the intervals Ignf , 0 <1i< gqn—1isdivided into an41 + 1 parts:

any1—1

-1 1
(D sg) = 1) 0 U 1)
s=0

Lemma 2.2. Consider a circle homeomorphism f with irrational rotation number. Suppose that at points
bies!, i=12,.,% br<by=<..<by,

there exist positive and finite one-sided derivatives f'_(by), £/ (by), f € C}([bi,bis1]), i =1,2,..,k b1 = by
k k
andv =73 Loar ]logf’ < oo.Letv=v+ ) [logf’ (b;i)—logf’ (bi)l. Then the inequalities
i=1lbi,bip1 i=1
qn—1
eV < [ (Flw)) <e,
s=0
hold for any yo such that £5(yo) #bi, 1=1,2,..,k, 0 < s < gn.

These inequalities are called Denjoy’s inequalities. Lemma 2.2 is proved in the same fashion as the
analogous assertion for diffeomorphisms (see [14]). It follows from this lemma that the intervals compris-
ing the dynamical partition &, (xo) have exponentially small lengths.

Corollary 2.3. Let I™ be an arbitrary element of the dynamical partition &y, (xo). Then
L(I™) < GA™,

where the constant Cy is independent of n, xg and A = (1+e~v)~1/2,
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Theorem 2.4 (Denjoy’s Theorem [14]). Suppose that the hypotheses of Lemma 2.2 hold. Then the homeomorphism
f is topologically conjugate to the linear rotation f.

Definition 2.5 ([12]). Let K > 1 be a constant. Two intervals I; and I, are said to be K-comparable on st
if the inequalities K~11(I;) < 1(I1) < K1(I) hold.

Definition 2.6 ([12]). An interval I = [t,t] C S! is said to be qn-small, and its endpoints qn-close, if the
intervals f*(I), 0 < i < qn — 1 are pairwise disjoint.

It follows from the structure of dynamical partitions that an interval I = [t, t] is qn-small, if and only
if either t < t < fIn (1) or fI~1(t) KT < t.

Now we mention a notion which is called cross-ratio distortion. The cross-ratio distortion is the
powerful tool to investigate the existence and smoothness of conjugation for the circle homeomorphisms
with break and critical points. Note that the cross-ratio distortions were used in dynamical systems for the
tirs time by Yoccoz [16]. Yoccoz showed the existence of conjugation for critical circle homeomorphisms.

Definition 2.7. The cross-ratio of four real numbers z1, 25, z3, z4, With z1 < zp < z3 < z4, is the number

(z20 —21)(z4 — 23)
(z3—21)(z4 —22)

Cr(z1,22,23,24) =

Definition 2.8. The cross-ratio distortion of four numbers for a strictly increasing function F : R — R is
defined by
CT(F(Zl )/ F(ZZJI F(Z?))r F(Z’4))

Cr(z1, 22, 23, z4)

Dst(z1,22,23,24; F) =

Now we define the cross ratio distortion on the circle. Let the points z1,25,23,24 € S1, be ordered as
21 < 2y < 23 < z4 < z1 on SY. Let 21,2y, 23, Z4 be the lifts of z1, 25, 23, 24, respectively. Note that the order of
the lifts Z; is not necessary to be the same as the order of points on S1. Therefore we define z; = z; and

Z__{/Z\i, if/Z\1</Z\i<1,
v 1+7z, if 0<2zy <7z,
where i = 2,3,4. It is obvious that z; < Z, < zZ3 < z4. The vector (Z1,2»,23,z4) € R* is called the lifted
vector of (z1,22,23,z4) € (S)% Let f be a circle homeomorphism with lift F. We define the cross-ratio
distortion of a four-tuple (zi, 2, z3,24), zi € S, i=1,..,4ordered as z; < zy < z4 < z1, with respect to f,
by

Dst(zq, 2,23, 24; ) := Dst(Z1,22,23,24; F).

3. Distortion lemmas and covering intervals theorem

In this section, we estimate the distortion of cross-ratios of four points, for the cases, when the break
points of the circle homeomorphism f, are contained in an interval which created from the endpoints
of those four points and the break points are not contained in this interval. We also provide covering
intervals theorem.

Let w(d; f) denote a modulus of continuity of f in the closed interval I, that is

w(8;f) ={sup[f(x1) — f(x2)| for x1,%2 €1, |x1 —x2| < &}
If ' satisfies (1.1) then w(5; f') = o(5log %) (see [17]).

Lemma 3.1. Suppose that a circle homeomorphism f satisfies the hypotheses of Theorem 1.1. Suppose also that
zi € SLi=1,.,4withz) < zp < z3 < z4 < z1 and the interval [z1,z4] does not contain any break point of f.
Then

IDst(z1, 22,23, 24; F) — 1| < Calzg — 211 (124 — z1]) + [t/ (z4) — ' (21) I (|24 — 21[; '),

where the constant Cy depends only on f.
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Proof. We note that if f’ satisfies (1.1) then for each x,y € S!

wumt—”“ﬁyﬂw+me—mwm—ym.

fl) —fly) 1 T
X—y X—y

The proof of this equality is easy and it is proven similarly as the proof of Lemma 2.2 on page 283 in [5].
By using this equality, we get

flz) —fz1) za—zp _ f'(z2) +'(z1) + Ollz2 — zahp (122 — 1))
-z flza) = f(z2)  F'(z4) + 1/ (22) + Ollzs — 221 (|24 — 22]))
B f'(z4) — f'(z1)
= (1 m) (1+O(\Z4 z1[W(lz4 Zl|))>
_ (1_ f'(z4) — '(z1) 1 )
- f/(z4)—f'(z
2f/(zq)  1— w
x (14012 — 21hb(lzs — 21])) G
_ f'(z4) — f'(21) / /
= (1= 0O () ~ ()
x (140024 — z1fb(lz4 — 211)))
o f(ze) —1'(z1)
=1- 27(23) + O(lz4 =zl (Iz4 — z11)).
In the same way can get that
z3—z1  fl(z4) —f(z3) f'(z4) —f'(z1)
=1+—" 77— +0(z4—2z z4 —211)). 3.2
flza) —f(z1)  zs—23 27(z4) (lz4 — z1 [ (|z4 — z11)) (3.2)
From (3.1) and (3.2) we obtain
flzo) —flz1) za—2 zz—z1  flza) —flzs) . <f'(24) —f’(lﬂ)z
z—z1  flz4) = f(z2) f(z3) = f(z1)  z4—z3 2f7(z4)
+ O(lz4 — z1 [ (|z4 — z11)).
Hence, from this equality and the modulus of continuity of f’ follows that
Dst(z1, 22, 23, 24; ) — 1 < constlzs — 21l (124 — z1]) + [ (24) — ' (z1)|w (124 — z1]; 7).
The lemma is proved with const = C,. O

Now we consider the case when the interval [z, z4] contains just one break point b;,. More precisely,
suppose that b, lies outside the middle interval, that is, by, € [z1,22] U [z3,24]. Suppose for definiteness
that b;, € [z1,22]. We define the numbers «, 3, v, T, and & as follows:

§) T

ai=2p—2z1, Bi=z3—22, Yi=24—23, T:=2y— by, n::&, &= ot

Lemma 3.2. Suppose that a circle homeomorphism f satisfies the hypotheses of Theorem 1.1. Let z; € S',i =1, ...,4

with z; < zp < z3 < z4 < z1. Suppose also that by, € [zq,z2] and the other break points of f are not contained in

[Zl, 24] . Then

(0(biy) + (1 —o(byy)E))(1+7)
o(biy) + (1 —o(by))E+n

where the constant C3 > 0 depends only on f.

Dst(z1, 22, 23, 24; f) — < Calza — 2110 (|za — z1]) + w(lza — za; 1),
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Proof. By assumption by, € [z1, zp]. Rewriting Dst(zy, 2, z3, z4; f) in the form

Dst(z1,20,23,24; ) =

Cr(f(z1), f(22), f(z3), f(z4)) _ (f(Zz)—f(Z1) L nB—n >
Cr(z1, 22,23, 24) zn—z1  f(z3) —f(z1)

" (f(24)—f(23) z4— 22 )

zZ4—23 f(z4) — f(z2) /)’

it is easy to check that each multiplication in parentheses equals to the following

flza) —flz1)  z3—z1 _ fi(bi)(za—xp) + 17 (b)) (xp —21)
Z) — 21 f(z3) — f(z1) 2 — 271
X BA (3.3)
/. (bi,)(z3 —xp) + 7 (by,) (xp — 21) '
_ (0(biy) + (1 —0(bs,))E) (1 +m)
o(by,) + (1 —o(by,))E+n
where o(by,) = 7&%&2% the jump ratio of f at the point by,,.
flzg) —f — f/ £/
2=l men (TEETE o — 2z — ) G4
'(z4) +1'(22) B B _ fzg) +1'(23) + O(lzg — z3[0 (124 — 23]))
(T Ol —mablizs—22)) = G Oy — s (s —eal)

3 + 0(lz4 — z1[ (z4 — z11)).
From (3.3) and (3.4) we have

flzo) —flz1)  z3—z1 flza) —flzs) za—2zp  (0(by)+(1—0(by))E)(1+mn)
zn—z1 flz3) —f(z1) z4—z3 flza) —f(z2) o(biy) + (1 —o(byy))E+m

f'(z3) — f'(z2) (0(biy) + (1 — o(byy))E) (1 +n)
f/(z4) +1'(z2)  o(by)) + (1 —o(bi))E+n
+ 0(lz4 — 211 (|24 — z11)).

_|_

Hence, from this equality and the modulus of continuity of f’ follows that

(o(biy) + (1 —o(biy)&))(14+1)

< constlzg — — + w(lzg — zq; ).
o(bs) + (1= o(by ))& +1 onstlzy —z1[(lz4 — z1]) + w(lzg — z1|; ')

Dst(z1,2,23,24; ) —

The lemma is proved with const = Cs. O

Now we introduce a concept on the intervals of the circle which cover the break points regularly.
Consider f with n break points by, by, ..., bn, € S! and irrational rotation number p. Suppose that all these
break points lie in different orbits. If this were not the case, then we could achieve it by considering
sufficiently high renormalizations. We set B(f) = {by, b, ..., bn} and say a subset Bc B(f) ={by,by,...,bn}
is non-trivial, if [] o(bi) # 1. We introduce the notion of a 'regular” cover of the break points in B(f).

bieB
Suppose that z; € SLi=1,..,4,21 <z < z3 < z4 < z1 and 1, takes value in the set {qn_1, qn, gn_1+ qn}.
Suppose that the interval [z1, z4] is T,-small and the system of intervals {f)([z1, z4]),0 < j < vy — 1} covers
the elements of B. We denote the number of elements of B by m. For every element b;_ € B there exists
a number li,, 0 < li, < Ty such that Eg?) = fYs(by,) € [z1,24], the point 52‘) is called the r,-pre
image of the element b;_ in [z1, z4]. The set of r,-pre-images of elements of B also consists of m elements:
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bgl) bg‘),...,bg ™). we denote the maximal element of this set by b Clearly, b,([n) = bg?) for some

0<t<m We mtroduce the following notations:

([ (z2), I (z3)])

. R (5 N, B(22)))
n(G) = = o, gl = : , (3.5)
L([f)(z1), P (z2)]) L[ (z ) ) (z2)])
where 1 <s<m,0<j<r,— 1 In cases, where b [7.1,7.2], the numbers &' (j) are called normalized
coordinates of the elements I (b ( ) When the pomt b ) moves from 2, to z1, the normalized coordinate

&£l (j) varies from 0 to 1. It is easy to see that
e "n(0) <m(j) <e'n(0), e VEH(0) < EN(j) <evER(0), i=1,2,..,m,
for all 0 < j < rn —1 and where v is the total variation of log f’ over st

Definition 3.3 ([9]). Let K > M > 1, ( € (0,1), 8 > 0 be constant numbers, let n be a positive integer and
let xg € SL. We say a triple of intervals ([z1,22], [z, 23], [23,24]), z1 € SL,i=1,.4(K,M,$,¢, xp)-regularly
cover the break points in a subset B, if for some 1, € {qn_1, qn, qn—1 + qn} the following conditions hold:

(1) 21, z4] C (xp — §,%p + 8) and the system of intervals {f([z1,24]),0 < j < tn — 1} covers every point in
B only once.

(2) zo = t ™) and bg?) €lz1,22), 1<s<n,s#t.

(3) Ml(lz2,23]) < Ulz1, 22]) < KU([z2,23]) and K~ '1([z3, z4]) < Ulz2, 23]) < K1([23, z4]).

(4) The lengths of the intervals ™ ([zq,z5]), f™([z2, z3]) and ™ ([z3, z4]) are pairwise K-comparable.

(5) max{l([f™(zi),xol), Wlzi,x0l),1 =1, ...,4} < Kl([z1, 22]).

(6)

6) max {z(:)(0)} < €.

\S\Tﬂ.

We now state a theorem on the intervals covering the break points regularly in order to use in the
proof of main theorem. The proof of this theorem does not depend on the considered class of circle
homeomorphisms and same with the proof of Theorem 3.1 in [9]. That is why here we provide this
theorem without proof.

Theorem 3.4 ([9]). Suppose that a homeomorphism f satisfies the hypotheses of Theorem 1.1. Let xo € S! and
let M > 1,5, € (0,1) be constant numbers. Then there exist a constant K = K(f,M, ) > M such that for
any sufficiently large n there exists non-trivial subset B = B(n) = {bi,, bi,, ..., bi, L, points z; € St, i=1,..,4,
21 <zp <23 <24 < z1and vy =T (21,22,23,24) € {qn—_1, qn, Gn—1+ qn} Such that the intervals [ZS,ZS+1] s =
1,2,3 (K, M, , ¢, xq)-regularly cover the break points of B.

Note that in the proof of this theorem, the points z1, 25, z3, z4 were chosen and there was shown that
the intervals [z, z4] and [xg, x4, ,] are comparable. From this follows that the intervals [f*(z1), f'(z4)], 1 =
0,1,...,m cover S! finite times. We use from this statement in the proof of Lemma 4.3.

4. Proof of main result

Now we recall some necessary lemmas from [9] to use in the proof of main Theorem 1.1.

Lemma 4.1 ([9]). Suppose that at a point x = xq the conjugation ¢ has positive derivative, ©’(xg) = wq and the
following conditions hold for some constant Ry > 1:

(i) the intervals (z1, 2y, 22, 23, (23, z4] are pairwise Ry-comparable.

(ii) max{|z; —xol, [za —x0l} < Rylz1 — z2].
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In this case, for any € > 0 there exists & = 8(xq, €) > 0 such that if all z;, 1 < i < 4 belong to (xo — d,xo + d), the
inequality
|Dist(z1, 22,23, 24; @) — 1| < Cyge

holds, where the constant C4 = C4(Ry, wo) depends on Ry, wo and does not depend on e.

Before recalling the next lemma we define the functions Fi(x,y), i = 1,2,..,n on the domain {(x,y) :
x>0,0<y<1}as:
[o(bi) + (1 —o(bi))yl(1 +x)

o(bi) + (1 —o(bi))y +x

Fi(X/y) =

where o(b;) is the jump of f at the point b;.

Lemma 4.2 ([9]). Let {b;,,bs,,..., by, } be an arbitrary non-trivial subset of break points of f, so that A =

m

[Io(bi,) # 1. Then there exist constants Qy = Qq(0y,, 04y, ..., 01, ) > 1 and Ty = 19(04,, 04y, ..., 01,,) € (0,1)
1

SZch that the inequality

m

A—1
“ |FiS(XS/Us)_A <| 3 |
s=1

holds for all xs > Qo, ys € [0,70], s=1,2,..., m.

We use T and Qg to define two new constants Ty and Qg, which will play an important role in the
proof of Theorem 1.1. We set Tp = minty(0y,, 0i,, ..., 01, ) € (0,1), Qo = max Qp(0oy,, 0i,, ..., Oi,, ) Where the
minimum and maximum are taken over all non-trivial subsets {b;,, bi,, ..., by, } of break points of f.

Proof of Theorem 1.1. Suppose that a homeomorphism f satisfies the hypotheses of Theorem 1.1. Since
the rotation number p is irrational, the invariant measure p¢ has no atoms and the conjugation ¢(x) is
given by monotonic function p¢([0,x]), x € S'. The finite derivative ¢’(x) of the conjugation exists by
the monotonicity of the function ¢(x) for almost all x with respect to Lebesgue measure. We claim that
@' (x) = 0 at all points x where the finite derivative exists. Suppose that ¢’(x9) = wg > 0 at some point
xo € S. We fix e > 0. Let &6 = 8(xg,€) > 0 be defined by Lemma 4.1. We use the constants Qj and
Tp to define new constants: My = Qpe¥, () = Tpe” where v > 0 is the total variation of log f’ over St
Let Ko = Ko(f, My, (o) > Mo > 1 be the constant defined Theorem 3.4. By that theorem, for sufficiently
large n, there exist a non-trivial subset B= {by,, bi,, ..., by, } of break points of f, points z; € st,i=1,..4
with z; < zp < z3 < z4 < z; and a number 1t € {qn_1, qn, qn—1 + gn} such that the triple of intervals
([z1,22], (22, 23], [23, z4]) (Ko, My, d, Co, X0)-regularly cover the points of B. Since after T, steps the images
of the triple of intervals ([z1, 2], (22, 23], [23, z4]) cover all points of the non-trivial subset ﬁ, the cross-ratio
Cr(z1,22,23,24) and Cr(f™(z1),f™(2z2), T (2z3),f""(z4)) are substantially different. O

More precisely, the following lemma holds.

Lemma 4.3. The inequality
IDst(z1,22,23,24; ™) — 1| = Ry (4.1)

holds for sufficiently large n, where the constant Ry > 0 depends only on f.

We will give the proof of this lemma later. Since the intervals [zs,zs11], s = 1,2,3 (Ko, My, §, Co, %0)-
regularly cover the points in B these intervals along with [f™(zs), f™(zs41)], s =1,2,3 satisfy conditions
(1), (i1) of Lemma 4.1 with constant R; = K. By using the assertion of Lemma 4.1 we obtain

IDst(z1, 22,23, 24; @) — 1| < Cye, (4.2)

IDst(f™ (z1), f™ (22), f'™(z3), £ (z4); @) — 1] < Cue, (4.3)
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where the constant C4 > 0 depends on R; and w.
Since ¢ effects a conjugation to a linear rotation, it is easy to see that

Cr(e(f™(z1)), @(f™(22)), @(f(23)), @(f (24)) = Crl@(z1), ©(22), 9(23), @(z4)). (4.4)
Equations (4.2), (4.3), (4.4) immediately imply that

|DSt(le 23,23, Z4/ ) — 1| C5€/ (45)

where the constant Cs > 0 is independent of € and n. The relations (4.1) and (4.5) cannot hold simultane-
ously for sufficiently small €. This contradiction proves Theorem 1.1.

Proof of Lemma 4.3. Recall that the triple of intervals ([z1,22], [22, 23], [23,24]), (Ko, My, , Co, X0)-regularly
cover a non-trivial subset B = {by,, bi,, ..., by, } of break points. By Definition 3.3 we have z, = 621)

and Bi(?] € lz1,22), s=1,2,..m,s # t. We rewrite Dst(z1,2;,23,2z4; ™) in the form

Dst(z1, 22,23, 24; f HDst (s (z1), £ (z2), £155 (z3), £ (24); F)
s=1
Th—1 (46)
x JI  DstlfP(z1), P(z2), P (23), P (z4); ).
p=0

p#lig,s=1,,m

Now we estimate the first factor in (4.6). The assertion of Lemma 3.2 and the definition of F;(x,y) imply
that

™)1+l
Dt (), 1% (22), % (23), i (29 F) = ())( U4 0z, 2
(r(b1 ) +n(l,) (4.7)
= Fi,(n(li,),0) + 0¢(z1,24),
where
10 (21, z4)| < Calf'ie (z4) — 1 (20D (IF1e (z4) — FY (21)]) + w([F1 (z4) — £ () £),
and

(o(B™) + (1— (B! ))als( D +n(1)
= ) ( +0.(z1,2
M) (1 - o(B™M))Ek (1) +n(ly,) (4.8)
L), E5 (L) + 0s(z1,24), s=1,2,.,m, s#t,

where also
105 (21, z4)| < Clf'ts (zg) — £ (21 D (IF1s (z4) — £155 (1) 4+ (|15 (z4) — 15 (z1)]; 1),

s=1,2,.., m, s#t.
By construction, the interval [z, z4] is T-small and therefore the intervals [f(z1), P (24)],0 <j < 1rh — 1
are pairwise disjoint (except for endpoints). Hence, by using assertion of Corollary 2.3 we have

£ (z4) — P (z1)] S CIA™, 0<j<Tn—1, (4.9)

where Cj is a constant and A = (1 +e~V)~!/2. Because of the properties of modulus of continuity of f,
that is

- w($;f) is non-decreasing function of o;
- w(ad; f) < ([a] +1)w(d; f) for any a > 0 real number, where [-] is an integer part of number,
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and (4.9) we have
w(|fhis (z4) — Yis (20); ) < ([Cl) + Dw(A™; 1), (4.10)

forall 0 < i, < rn —1. In particular, this inequality holds for any s = 1,2, ..., m. Similarly, by monotonicity
of P we have also
W(If1s (z4) — £ (21)]) < W(CIA™), (4.11)

forall 0 < l;, < rn —1 and particularly for any s = 1,2, ..., m. So if we fix €, then there exists N = N(e) > 1
such that the estimate

|95(Z1,Z4)| < Cl)\nﬂ)(clAn) + ([Cl] + 1)(1)()\“;1:/) < €, S = 1,2,..., m, (4.12)

hiolds for all n > N. Suppose that n1(0) and £(0),s =1,2,...,m satisfy the following relations n(0)7>
Qpe¥ = Mg and & (0) < Te v, s = 1,2,...,m. Hence by using the relation (3.5) we obtain that n(li,) > Qo
and &' (1) < T, s = 1,2,...,m. It follows from Lemma 4.2 that

FunL),0) T Fon,)ebag)-af < A1 @.13)

s=1,s#t 8

By combining (4.7)-(4.13), for sufficiently small € > 0 we obtain

A—1|
TR

(Fu (1), 0+00 [T (Fuln(t,) €5 (1)) +05) —A| < (4.14)

s=1,s#t
Now we estimate second factor in (4.6). Since [z, z4] is Tr-small, we have

Th—1

D 1P(za) = F(z1) < 1. (4.15)
=0

We can write the second factor in (4.6) in the following form

Th—1

| TT st (), (), £ (25), P (z0); 1) — 1
p=0
p#£li,,s=1,.,m
Th—1
= ’exp{ > logll + (Dst(P(z1), P (22), P (z3), 7 (z4); f) —1)]}—1‘ (4.16)
—0
p;él-:is:l,..,m
Th—1
< ‘GXP{ D> Dst(fP(z1), fP(z), P (z3), P (z4); f) —1}—1‘-
—0
‘p;él-:is:l,.l,m

By using Lemma 3.1 and inequalities (4.10), (4.11) we obtain

Th—1
D IDst(fP(z1), P (z2), P (23), P (z4); ) — 1]
p;él-ljs::Ol,..,m
Th—1
< > ColfP(ze) = P (z0) (1P (z4) — 7 (1))
p=0

p#lig,s=1,..,m
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Th—1
+ ) (P (za) — £ (P (z))|w (1P (z4) — P (21)]; )
p;élijs::Ol,..,m
Th—1
SYECAY) D P(z) — P (=)l
p;élijs::Ol,..,m
Th—1
+(ICI+ DA™ ) Y (P (za)) — (P (z0)].
p=0

p;élis,s:l,..,m

Because the intervals [fP(z1),fP(z4)], p = 0,1,..,7tn —1, p # L, s = 1,2,.., m cover S! finite times,
rewriting them as a non-overlapping intervals and using (4.15), we obtain
Th—1
> Dst(fP(z1), P (z2), P (z3), P (z4); F) — 1] < Y(CIA™) +K([Ca] + Dvarf’- w(\™ 1), (4.17)
S
p=0
p#li,,s=1,.,m

where K is the number of covers. Hence, for sufficiently large n, the right side of (4.17) is less than € and
from this it follows that the right side of (4.16) is less than e, that is,

Th—1
T DSt (a), (22, £ (2), 17 (20 F) — 1] < e.

p=0
p#lig,s=1,..,m

This inequality with sufficiently small € and (4.14) implies that

Th—1 Tn—1

| TT DstlP (20, 17 (z2), 17 (23), 17 (20); 1) =1| = | ( [T Dst(” (z), £ (22), 17 (23), 17 (2); ) — A)
p=0 p=0
L (A— 1)‘
Th—1
> || TT Dt (20), 7 (z2), 7 (z3), 7 (24); ) — A| ~[A 1]
p=0
3A—1]
> .
4
Hence, from this inequality follows the assertion of the lemma with constant R, = 3|A4_1|. Lemma 4.3 is
proved. O
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