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Abstract

In this paper, firstly, we gain some basic properties and characterization theorems of the differential and local sub-differential
of the fuzzy mapping, obtain an important result that the local sub-differential of fuzzy mapping is an empty set or a convex
set. Secondly, we generalize the concept of local differentiability of fuzzy mapping, and obtain some basic properties about
the concept. At last, we study the relationships between sub-differential of fuzzy mapping and differential of convex fuzzy
mappings. Moreover, a sufficient condition that a class of fuzzy mapping have convex extension is gained. (©2017 all rights
reserved.
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1. Introduction

In 1972, Chang and Zadeh introduced the concept of fuzzy number in paper [6], from then on, many
scholars conducted in-depth research for fuzzy mapping (fuzzy value function in fuzzy number), and
obtained a series of important conclusions in differential and integral of fuzzy mapping [4, 5, 7, 11].
At same time, by the classical mathematical programming methods, the convexity of fuzzy mapping on
convex sets and its application in fuzzy programming are discussed [1-3, 9], which greatly enriched the
research contents of mathematical programming [10, 13, 16].

Convex fuzzy planning is a kind of fuzzy programming problem, which objective function is convex
fuzzy mapping (fuzzy convex function) and constraint set is convex set. In order to better use the analysis
methods to discuss convex fuzzy programming problem, Wang and Wu [14] gave the concepts of the
differential and gradient of fuzzy mapping in 2003. At the same time, the concept of sup-differential and
sup-gradient of fuzzy mapping was first given, and the characterization theorem which the differentiabil-
ity (sub-differentiability) of fuzzy mapping was gained; in addition, in the application of sub-differential
in convex fuzzy planning, two important conclusions were obtained. But, the basic properties of the
sub-differential of fuzzy mapping were not studied. So, in 2005, Zhang [16] gave some concepts of sub-
gradient, sub-differential, differential of convex fuzzy mapping and so on, study the application of convex
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fuzzy planning, and obtained some corresponding important conclusions. Convex fuzzy mappings have
a promising application prospect in fuzzy planning, but the difficulty of its application is that few fuzzy
mappings have convexity. So the convex extension of normal fuzzy mapping is such a very meaningful
work, which enables us to study of optimization problem on the fuzzy mapping by the principle of fuzzy
convex analysis.

On convexification for fuzzy mapping, a method of changing normal fuzzy mapping into convex
fuzzy mapping is given via the epigraph of fuzzy mapping [8, 17], and a characterization theorem of
convex fuzzy mapping is obtained. The second purpose of this paper is to study convex extension
problem of fuzzy mapping by means of the methods of convex fuzzy mapping. Firstly, in Section 3, we
discuss some basic properties of differential and sub-differential (referred to the local sub-differential in
this paper) of fuzzy mapping given by Wang and Wu [14]. Secondly, in the fourth section, the concept
of sub-differentiability of fuzzy mapping is generalized, and its basic properties are discussed. At last, in
Section 4, some convex continuation problems of fuzzy mapping are studied, a sufficient condition that
the convex extension of fuzzy mapping exists is gained.

2. Preliminaries

First, we recall some definitions and results about fuzzy numbers (see [14, 15]).
Let R be the real numbers field. A fuzzy set u on R is called a fuzzy number, if it has the following
properties:

(1) uis upper semi-continuous;

(2) uis normal, i.e., there exists an xy € R such that u(xg) = 1;

(3) uwis convex, i.e., u(Ax + (1 —A)y) < min((u(x),u(y)) whenever x,y € Rand A € [0,1];
4) [ ={xJu(x) >0}isa compact set.

Let Fp denote the family of all fuzzy numbers and Jy is called fuzzy number space.
For any « € R, define a fuzzy number « by

. 1, t=q«,
oc(t){ 0, t#u«

forany t € R.
For r € [0,1], the r-level set of fuzzy number u is the nonempty bounded closed interval [u]" =
[ (), u* (r)].
We call
u={(u(r),u"(r), M0 <r <1

is the parametric expression of u.
For any u,v € Jy and A € R, the addition and scalar multiplication on Jy can be represented as:
U+ v = {(w (1) +vi (7), 0 (1) + (1), 7)I0 < 7 < 1,

(r
v J ), (1), 1o <T < 1), A0,
YT {w ()Au*( Lrlo<T<1}, A<O,

for any r € [0, 1].

(W+ V) (1) = wa (1) +vi (1), (W4 V)" (1) =u(r) + V7 (1),

) Au(r), A=0,
(Au)(r) = { AF(H), A>0,
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wpy ) AUT(T), A0,
(Aw)™(r) = { M (r), A>0.

Foru,v € F, if
Wy (1) < vi(r) and u*(r) < v*(r) for any r € [0, 1],
then we call u < v.

Theorem 2.1 ([14]). Let u,v,w € F.

MHu<sv <= u+wv+w;
2 u<v=AM<AWAZ0usv=Au<Au A<0.

For u,v € F, define

D(u,v) = sup max{fu,(r) —v. ()], [u*(r) =v*(v)[},
rel0,1]

then (Jp, D) is a complete metric space, and satisfies
Du+w,v+w)=D(u,v), D(Au,Av) =/ A | D(u,v),

for any u,v,w € Jp, A € R.

A subset H of J) is said to be a lower bound if there exists a fuzzy number v € Jy, such that u > v
for any u € H. vy € J is called the infimum of H, if vy is a lower bound of H and satisfies vo > v for any
lower bound v of H, and we denote it as vy = inf{uju € H}.

Theorem 2.2 ([15]). Let a subset M of Jy is lower bounded, then its infimum must exist.
For u; € JFp,u; = {(ui*(r),uf(r),r)lo <r< 1} (i=1,2,---,n), we define
u=(ug,up, -+, Un)

is n-dimensional fuzzy vector in Jy, the set of all n-dimensional fuzzy vectors is denoted by 3.
Let R™ denotes n-dimensional Euclidean space. For

X = (X1/X2/' c /Xn)zy = (yl;yZI' o /yn) S Rn/

we define x <y if and only if x; <y; (i=1,2,---,n). d(x,y) is the Euclidean distance between x and y.
For u = (uj,up,--- ,un), v=(v1,v2,--- ,vn)€ I and A € R, the addition and scalar multiplication on
Jy are defined by

u+v= ('LL] +V1,'LL2 +Vv, -, Un +Vn)/ Au = (}\ull)\uZI"' /}\un)/
and we define u =vif and only if u; =v; (i=1,2,---,n).

Theorem 2.3. Let mapping Dy: F3 x I3+ — [0, +00) be defined by

D (u,v) = (Z(D(uwi))p> (p=1).

i=1
Then

(1) Dn(u,v) = Dn(\),U.),'



Y.-E Bao, J.-J. Li, J. Nonlinear Sci. Appl., 10 (2017), 1-17 4

(2) Dn(w,v) 2 0;
(B) Dp(u,v) =0<=u=v;
(4) Dn(uw,v) < Dn(w,w) +Dn(w,v),

where

D(ui,vi) = sup max{| wi,(r) —vi.(r) [,| ui(r) —vi(r) [}.
rel0,1]

Proof. (1) and (2) obviously are established.
B3) Dn(u,v) =0<=D(u,vi)=0(1i=1,2,-- ,n) <= u =vi <= u=v.
(4) By Minkowski inequality,

Dn(uw,v) = (Z(D(ui,vi))r’) p

i=1

< (Z(D(ui,Wi) + D(Wilvi))p> p

i=1
< (Z(D(ui,wi))r’) y (Z(D(wi,vi))r’) " < Dulu,w) + Da(w,v)
i=1 i=1

hence mapping D, is the distance on J'.

In this paper, the fuzzy mapping (fuzzy-valued function) is referred to the mapping projecting of a
nonempty subset M of R™ to fuzzy number space Jp, namely F : M — ). Form the parametric expression
of fuzzy number, that fuzzy mapping can be expressed as:

where for any r € [0,1], F(x)«(r) and F(x)*(r) are defined as real-valued functions on M.
A fuzzy mapping F: M — J is called to be lower bound if there exists a fuzzy number v € JFy, such
that F(u) > vforanyue M. O

Definition 2.4 ([17]). Let F : M — J( be a fuzzy mapping, G = Co(epi(F)), then the fuzzy mapping
defined on CoM
Fc(x) = inf{ul(x,u) € G,u € Fp}

is called the convex hull of F, denoted by Fc = CoF, where
epi(F) = {(x,u)lx € M,u € Fp, F(x) < u}

is the epigraph of F, CoM and Co(epi(F)) are the convex hulls corresponding to M and epi(F), respectively.
We can easily prove that Fc = CoF is the convex fuzzy mapping on CoM, and Fc is called the
convexification fuzzy mapping of F.

Theorem 2.5 ([17]). Let Fc be the convexification fuzzy mapping of fuzzy mapping F: M — F, then

Fe(x) = nilgq{m(xl) +AF() + -+ A F(X™)A; > 0,

m m
X € M(] =12 /m)/Z = 1/Z}\JX] =x}.
=1 =1
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Definition 2.6 ([14]). Let F: M — J; be a fuzzy mapping, x° = (x(l),xg, - ,x%) € int(M). If there exists an
u=(u,up, -, un) € Iy, such that

D (F(x) T2 e I —x |y, F(xY) + D0 I X0 —x? | ui>
lim - hd =0,
x—x0 d(x,x0)

then we say F to be differentiable at x%, and call (uy,uy, -+ ,un) (denoted by VF(xo) = (ug,up,--- ,un))
the gradient of F at x9, where x = (x1,X2, -+ ,Xn).

Definition 2.7 ([15]). Let F: M — F; be a fuzzy mapping. F is lower semi-continuous at a point x° if for
any ¢ > 0, there exists > 0 such that
F(x") < F(x)+¢

holds for all x € M and |x —x°|| < &. F is called to be lower semi-continuous on M if it is lower
semi-continuous at every point of M.

Theorem 2.8. If F be the lower semi-continuous fuzzy mapping on M, then F(x).(r) and F(x)*(r) are lower
semi-continuous real-valued functions on M for any r € [0, 1].

Proof. Let F be the lower semi-continuous fuzzy mapping on M, x” € M, then for any ¢ > 0, there exists
d > 0 such that
F(x") < F(x)+€

holds for all x € M and ||x — x°|| < §. Therefore, for any r € [0, 1], we have

F(x%)u (1) < F(x)(1) + ¢,
F(x9)*(r) < F(x)*(r) +e.
It follows that F(x).(r) and F(x)*(r) are lower semi-continuous fuzzy-valued functions on M. O]

Remark 2.9. Let f : M — (—o0, +00) be a real-valued function, x° € M , then the following conditions are
equivalent:

(1) fis lower semi-continuous at point x;
(2) for any ¢ > 0, there exists 5 > 0 such that f(x") < f(x) + ¢, holds for all x € M and ||x —x°|| < 8.
(3) forany xn e M (n=1,2,---),if [x —x°|| = 0(n — o0), then

f(x%) < lim f(xn).

n—oo

Related concepts of real function can be found in [12].

3. The differentiability and local sub-differentiability of the fuzzy mapping

In this section, we discuss some basic properties of the differential and local sub-differential of the
fuzzy mapping.

Theorem 3.1. Let F, G be fuzzy mappings (M — o), and be differentiable at point x° € int(M), then AF(A > 0)
and F + G are differentiable at point x°, and

VAR (x°) = AVE(xY), V(F+ G)(x°) = VF(x?) + VG(x°).



Y.-E Bao, J.-J. Li, J. Nonlinear Sci. Appl., 10 (2017), 1-17

Proof. (1) Let VF(xo) = (u3,up,--- ,un), then

lim

D (?\F(x) + 2 et | X=X | ), AR + 3

@ X =] ()

X—Xo d(x,x9)

Therefore, we

So

D (F(x) + x| X =¥ | (w3), Flxo) +
=A lim -

T | X =0 | (w))

X—Xg d(x,x9)

have

=0.

VAR (xY) = (Aug, Aug, - -, Aun).

V(AF)(x) = AVF(x?).

(2) Let VF(x%) = (ug,up, - - - ,upn), then

lim

D (F(x) + Xt |0 = X0 | (), Fx0) + Lz | X1 =0 | (1))

X—X0

d(x,x9)

)+ X0 (O = i) (1) — (FOO) 4 oo (ki — X)) (1) |

Therefore, we have

= lim sup max >
HX(’reuﬁ] { d(x,x9)
| () + X O] = x0)u)* (1) = (F(X) + 3 s o (s =)o) (1) |
l : = 0.
d(x,x9)
lim sup (x) (1) = F(x) (1) — 335 (3 — x)ui (1) | =0
x—x0 re0,1] d(X, XO) 2
F * _ 0 * o n L O *
lim sup | FO* (1) — F(x7)"(r) %rl(x xug(r) | _o.
x=x 1g[0,1] d(x,x9)
Let VG(xY) = (vq,v2,- -+, vn), then can similarly obtain
—G(x° Y i —xO )y
lim sup G(x)« (1) — Gx7)(1) OZ'L:l(Xl X3 Vis (1) | —0,
x—=x% 1c10,1] d(x,x9)
lim sup | GO (1) — G(x)* (1) OZ1:1(X1 Xl)"l(r) \ _0
x—=x0 1 c101] d(x,x9)

So

sup
rel0,1]

sup
rel0,1]

| (F(x)x (1) + G(x) 4 (1)) — (F(x?) (1) + G(x2) (7)) — X 1q (xi — x) (wia (1) 4+ v (1)) |
d(x,x9)
| F(x) (1) = F(x0) (1) — 21 (x¢ — xD)u (1) |
g dx,x7)
| G(X)*(T) - G(XO)*(T) - Z?:l (Xi — X?)Vi* (T) ‘
s alx,x0) '
| (F()*(7) 4+ G(x)* (1) — (FX2)* (1) + G(x2)* (1)) — X1 (% — x) (uf (r) + vi(r) |
d(x,x9)
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| F(x)*(r) — F(x2)* (1) — X1y (i —xD)uk(r) |
S rsél[lo% d(x,x%)
| G(x)*(r) — G(X2)*(r) — X1y (xi —xP)vi(r) |
i d(x,x0) |

Thus we can obtain

X—)X

0< l1mD((F+G )+ Z | xi —x9 | (ug +vi), (F+ G)( Z ul—i—vi))

Xi <x X1>X

hm D (F + Z le—x | ug, F(x°) + Z (xix?)ui)

x—x0 o
x1<x Xq{Z2X]

+ lim D (G(x)—i— Z Ixi—xglui,G(xo)_f_ Z (xixg)vi) =0.

x—x0 0 0
Xy <X{ X{Z2X3

Therefore,

x—x0 0
Xi <Xi

lim D ((F+G)(X)+ D = (ui+v), F+G)(X)+ Y (Xixg)(ui+vi)) =0.

XiZX;

So
V(F+G)(xX") = (W +vi,up +va, -+, un +vn) = VF(X?) + VG (xY).

O

Definition 3.2 ([10]). Let F : M — Jj be a fuzzy mapping, X0 = (x(l’,xg,- .- ,x%) € M. If there exist

u=(ug, Uy, - ,un) € J3 and 8 > 0, such that
+ ) I w2 FO+ ) (a
X1<X xigx?

holds for all x € U(x?,8) "M (where U(x?,8) = {x e R™Md(x,x%) < 6}), then we call u = (ug,up,--- ,un) a
sub-gradient at x° of F, and say the set of all sub-gradients of to be sub-differential of F at x° of F (denoted
by 9F(x?)), i.e.,

OF(XY) ={&u = (w,up, -, un) € T

and there exists § > 0, such that

x) + Z le—x |u; > F Z ulforanyxell(x d) N M}

x1<x XLZX

Remark 3.3. In this paper, we define the sub-differential of Definition 3.2 that is local sub-differential at X9,
denoted as OF(x?).

Theorem 3.4. Let F; : M — Fy (i = 1,2) be fuzzy mappings, x° € M, then
(1) d(AF)(x0) = AOF(x forany?x>0
(2) OF1(x) + F2(x%) C O(Fy + F2) (x?).
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Proof. (1) For u = (uy,up,--- ,un) € d(AF)(x0), by Definition 3.2, there exists 6 > 0, such that

)+ Y Ixi—xd g AR+ > (=X,

x1<x XLZXI

for any x = (x1,%2,- -+ ,Xn) € u(x%,8) N M.
By A > 0, we have

u U
F)+ ) = LS 2 F+ ) (e —4)(5):
xi<x? xi>x?
Therefore,
Wy oun) 1 SF(x°
(}\’ )\/ ’ A >_A(u1’u2, /un)eaF(X )

Sou = (ug,up, - ,un) € AF(x0), i.e., d(AF)(x0) € AOF(xD).
We can similarly obtain AOF(x%) € O(AF)(x?). So AdF(x) = (A )( )
(2) Let u € 0F;(x%) + 0F»(x0), then there exist u! € 0F;(x?), u2 € dF»(x?), such that u = u! +u?. By
Definition 3.2, there exist 81,6, > 0, such that

N+ Y = Iu =R+ Y Ix—x |, (3.1)
X1<X Xi>X?
for any x € U(x% 8;) N M
N+ Y I =X =R+ ) Ik, (3.2)
xi<x? xi=x?

for any x € U(x?,8,) N M.
Take & = min{dy, 62}, then by (3.1) and (3.2) we have

(Fi+F))+ Y Ixi—xd |l (ul+ud) > (R +FR))+ ) (x (ul +u?),

x1<x x1>xl

for any x € U(x?,8) N M.
Therefore, we have
u=ul+1u? € d(F + F)(x%).

So

OF1 (x%) + 0F2(x%) < d(Fy + F2) (xY).
Corollary 3.5. If there exists « > 0, such that F1(x) = aF(x) for any x € M, then
d(Fy + F2) (x%) = 0F; (x°) + dF2(x").
Proof. By Theorem 3.4 we only need to prove
d(F1+F2)(x%) € 9F1(x") 4 0F(x").
Letu = (uj,up, -+ ,un) € 0(F; + F2)(x?), then there exists & > 0, such that

Fi+FR))+ ) Ixi—xd luiz (F+R)00)+ D (-,

X1<X? x1>x
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for any x € U(x?,8) N M.
By Fi(x) = aFy(x), for any x € M we have

I+ + ) Ixi—x) w1+ )R+ Y Ix—x] | w,
x1<x x1>x

(1+ +ZIXI—XIu1/( A+ D I —x) g,
x1<x xlgx

for any x € U(x?,8) N M.
Therefore,

Thus, we obtain

u=1u'+u? € 0F(x?) + dF(x°), ie., O(F; + F2)(x?) c OF;(x°) + F,(xY).

[l
Theorem 3.6. Let F: M — Jy be a fuzzy mapping, uw = (uq,up,

-, Un) € F™, then u € OF(x0) if and only if
uy (1) € AF(x9),. (v) and u*(r) € 9F(x° 1) for any € [0, 1], where

W (1) = (w1 (1), u2e (1), - -+, Una (1)), U5 (1) =

forany r € [0,1].

Proof. Letu € OF(xY), then there exists & > 0, such that

)+ D) = = FO)+ ) (x

X1<Xg

—x ulforanyXGU(x SNM

XLZX

4 ) I =X [ (r) S FEOL )+ ) (g =

Xi <Xg

N+ Y = () = FEO )+ Y (e —xDui(r)

xy<x} xi2x?
= F(x)u(r) > FOO)u(r) + ) (3¢ — XD (r)
i=1
FOO* (1) = FO*(r) + ) (xi —xdui(r)
i=1

for any r € [0, 1].

O
Theorem 3.7. Let a fuzzy mapping F : M — g be differentiable at x° € int(M), then F is local sub-differential at
X0, and VF(x°) € 0F(xY).
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Proof. Let F be differentiable at x0 = (x(l), xg, e ,xgl), then there exists u = (ug, Uy, - -+ ,un) € F*, such that

D(F(x) 4 2y <0 [ X — X [y, F(xY) + 20 (Xi— xY)uy)

xh—>n>:0 d(x,x9) =0
So
) LD+ T g 16 =100 1), (FO) £ g O =)o (1)
x1—>n>10 ril[]g,)l] max d(xl XO) ’
| (FO) 4 X o0 X =X Tua)* (1), (F(0) + X 50 06 = xD)ug) * () |
}=0
d(x,x9)

. ()4 (1) = F(x2)u (1) — 211 (i —xDugu (1) |

s %) -
. | FOO)* (1) = FOO)* (1) = 20, O —xQuf(n) |

e ) -

= F(x).(r) = F)u(r) + ) (i —xDuin(r) + o(d(x,x7)),
i=1

for any r € [0, 1].
Therefore, for any r € [0, 1], F(x)«(r) and F(x)*(r) all are n-element differentiable real-valued functions
on M, and

V) (1) = (w1 (1), tu (1), -+, e (1)), VRGOV (1) = (w5 (1), u3(r), -+, wh (1),

So

for any r € [0, 1].
Therefore by Theorem 3.6, we have

O
Theorem 3.8. Let F: M — g be a fuzzy mapping, then OF(x) is convex set or empty set.
Proof. Let OF(x) # @, then for any u!,u? € OF(x) and A € (0,1), by Theorem 3.4, we have
(1—Mu! € 3((1—A)Fy)(x), Au® € d(AF2)(x).
Therefore, there exist 6; > 0, 6, > 0, such that
L=NFW+ D> Jyi—xl@=Auf = (1-NF)+ ) (yi—x)(1—Aul, (33)

Yi<xi YiZXi

for any y € U(xg, 81) "M,

AF(y) + Z |yt —xq | AU > AF(x) + Z (yi —xi)Aus, (3.4)

Yi<xi Yi=zXq
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for any y € U(xp, 82) N M.
Take 6 = min{;, 2}, then by (3.3) and (3.4) we have

Y+ ) lyi—x (1 =Nuf+ M) > Fix) + Z —Aul + A,

Yi<xi yi=

for any y € U(xp, ) N M.
Therefore, we have (1 —A)u! +Au? € 9F(x), i.e., OF(x) is convex set. O]

4. The sub-differentiability of the fuzzy mapping

In this section, in order to discuss the problem of convex extension of fuzzy mapping, we will do some
little change on the previous concept of local sub-differential of fuzzy mapping, and give a new concept
of the sub-differentiability of the fuzzy mapping.

Definition 4.1. Let F : M — Jy be a fuzzy mapping, x0 = (x?,xg,- .- ,x?l) € M. If there exists u =

(u,up, -+ ,un) € F, such that

N+ D Ixi—x w > FE)+ Y x|

xi<x? X12X?

holds for all x = (x1,%2,--- ,xn) € M, then we call u = (uy,uy,--- ,un) a sub-gradient at x? of F, and say
the set of all sub-gradients of F at xY to be sub-differential of x° of F, i.e.,

aF(xo){ lu )+ Z le—x lu; > F Z ul, foranyxeM}

XL<X x1>x

When 9F(x") # @, we say the fuzzy mapping F is sub-differentiable at x°.

Obviously sub-differential ensures local sub-differential, the converse is not necessarily true. So in
the last section Theorems 3.4, 3.6, and 3.7 about local sub-differential are gained. But there is different
conclusion for Theorem 3.8, as follows:

Theorem 4.2. Let F: M — J be a fuzzy mapping, then 0F(x) is closed convex set or empty set.

Proof. Let 0F(x) # @, then 0F(x) the proof is similar to the proof of Theorem 3.8, so we omit it.

We will prove 0F(x) is closed set.

Letu™ = (u™, uy,--- ,ut) € 0F(x) (m=1,2,---) and limy oo Dn (u™, u) = 0, then by Theorem 2.3,
we have

n P
lim Dy (u™u) = (;(D(u?%ui)w) —0p=1)
1
<= lim D(ui",ui) = lim sup max{| ui}(r) —ui(r) | W™ () —ui(r)}=01=12,---,n)
m—00 m— 00 re [0,1]
<~ lim |u}(r)—uw(r)/=0and lim | u{™(r)—ui(r)|=0(i=12,---,n)foranyr e [0,1],
m—+oo m—+oo
< lim uli(r) =ui(r)and lim u™(r) =ui(r)(i=1,2,---,n) forany r € [0,1].
m—+o0 m——+oo

On the other hand, form u,, € 0F(x) (m=1,2,---), we have

+Z |y1—X1|u +Z i —xi)uit(r)

Yi<xi YiZXi
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D4+ > lyi—x [ulm) > Fm)+ D (Yo —x)ul(r), 4.1)
Yi<xi Yi=Xq
D+ Y lyi—x [u™ ) S FR)T M+ Y [y —x)u™ (), (4.2)
Yi<xi Yi=Xi
for any y € M.
Therefore, let m — oo, then by (4.1) and (4.2), we have
Fyem+ D Tyi—xi [ > F0)+ ) (i —xi)u(r),
Yi<xy Yi=Xi
foranyy € M, ie, u = (uy,up, - - ,un) € 0F(x). So 0F(x) is closed set. O

5. Convex extensibility of fuzzy mapping

By means of the convexification method (Definition 2.4), we study the relations between the sub-
differential of fuzzy mappings and the sub-differential of convexification fuzzy mappings, then we will

obtain the sufficiency conditions of existence of convex extension for fuzzy mappings.

Theorem 5.1. Let F. be the convexification fuzzy mapping of F: M. — Fo, x° € M, then F is sub-differentiable at

X0 if and only if F. (x°) = F(x°) and F. is also sub-differentiable at x°.
Proof. Necessity: Let F be sub-differentiable at x°, then there exists

u = (ug, Uy, ..., un) € Iy,

)+ D =l > FEO)+ Y (- xu,

X1<X? x1>x

such that

for any x € M.
So, foranyme N, &5 >0 (j =1,2,...,m), Z]’zl a=1,xeM(=12-,m)and Z]"ll o
by

F(xJ)) + Z ) —xPhu; = F(x°) + Z N,
XJ;<X? J1>X1
we have
; j 0
D aegFO) 43 e ( 3 O —xhue 2 F + 3 Mo 3 0 =),
x)<x? ]12"9
ie.,
) . 0
S i)+ 3 0= 3 iz P+ 3 (5 o -
x<x X{>Xg

On the other hand, for x° = (x(l), xg,- X0, = (xi,x;, ...,xil,) G=1,2,---,m), we know

i 0 j 0(;
Zjnllocjxl =x Zj’llocjx{ =x;(i=1,2,..n).

M oF(xt) > F(x%), thus we obtain

Therefore, }_;

Feb) = Inf, {2 miaiFid)leg > 0,0 € MG =1,2,--,m), I o5 =1, 3 a9 =xo}

> F(x0).

x) =xY,
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By Theorem 2.5, we easily gain F.(x?) < F(x?). So F(x") = F(x").

Now, we will prove that F. is sub-differentiable at x0.

For x € CoM, there exist o5 >0 (j =1,2,---,m), Zjnllocj =1,and ¥ € M (j =1,2,---,m), such that
PERIT-? X =x.

By F is sub-differentiable at X0, there exists u = (ug, Uy, - -+ ,Un) € JFy such that

F(xJ) + Z Ixi —x?lui > F(x) + Z (x{ —xiJui, (j=1,2,---,m) for any x € M.

j 0 j 0
X <X X5 22X

So

D P+ Y Y M —xDw > Fixo)+ Y D) M =D

i 40 i>+0
x;<Xj X5 22X

It follows from the fact x% < x? implies )_ )"; 19 x{ =x;i < xg, that

Z]-‘Loc] )+ Z X} —xi)ug > Flxo) + Z (xi — X))

x<x x{}x?
Therefore, we have
inf{ o F(x))|eey > 0,x) € M 2,---,m), T‘locxj:xo}
meN Z) 1™ )| ) G = )Zl—l j
3 e 3
X<X X1>X

By Fc(x%) = F(x?), we have

Fe(x%) + Z (x —xi)w )+ Z

0
X <X xl>x1

Sou = (uj,uy,---,un) € OF(xY), that is, Fc is sub-differentiable at x°.
Sufficiency: since F. is sub-differentiable at x0, there exists u € g, such that

x) + Z x — XUy = )+ Z —x Ju; for any x € CoM.

xl<x xl>x

It follows from Fc(x°) = F(x%) and M C CoM, that

N+ Y K =xdui = Fe)+ ) 0 —x)wi = Fe6)+ Y (i —x)uy,

xi<x? xi<x? xi>x?

for any x € CoM. Thus we have u € OF(x"), that is, F is sub-differentiable at x.

Theorem 5.2. Let F : M — Jy be a lower semi-continuous fuzzy mapping. If for any convex extreme subset
E (dimE > 0) of CoM, the set B where the sub-differential of F |[gnp exists is dense in EN M, then

(1) The convexification fuzzy mapping F. of F is the extension of F.
(2) The sub-differential of Fc |g is on B.
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Proof. By lower semi-continuity of F, we can easily prove F is a lower bound. Therefore, by Theorems 2.2
and Theorems 2.5 , we can easily prove the convexification fuzzy mapping F. of F must exist.

(1) Let x" € M. If X is an extreme point of M, then have F.(x?) = F(x°).

If xY is not an extreme point of M, then there exist Xl eM, Aj>0(j=12,---,m)and Z;ll Ay =1,

such that
m
Z A =L,
j=1

Let E be the minimum convex extreme subset of CoM containing x°, x
point, so dimE > 0.

Next, we will prove Co(ENM) =E.

By ENM C E, we have

1 ... x™. Since xg is not an extreme

Co(ENM) Cc CokE =E.
Conversely, for y € E C CoM, there exist yeMm, B; >0(G =1,2,---,m) and Z]’ll B; = 1, such that
Yt By =y .
Since E is the extreme subset, y’ € E (j =1,2,---,m), hence
Y eENM(i=1,2,---,m).
Therefore
y € Co(ENM).

So Co(ENM) =E.
Next, we prove that xY € icrE (where icrE is the relative interior point set of E).
Assume x° ¢ icrE, then x° € E/icrE, by the separation theorem of convex sets, there exists

x* € R"™,
such that
<x*,x0>> sup < x*,y >.
yek
Hence

<x* % ><<x* x> (5=1,2,---,m).

It follows from
m

< x¥, Z ?\jxj >=< x*,x" >,
j=1
that
<X, x5 >=< x> (G=1,2---,m).

Let
A={y el <x"y>=< x5, x>},

then we easily prove A C E and A is the convex extreme subset of E. So A is the convex extreme subset
of CoM and containing X0 x1, ..., x™m.

This contradicts E is the minimum convex extreme subset of CoM containing x0,xt, ... x™. Thus
xY € icrE.

Let G: E — Jp(Co(EN M) = E) be the convexification fuzzy mapping of Flgnm, then for any r € [0, 1],
G(x)«(r) and G(x)*(r) are the real-valued convex functions on E . Hence it is continuous at xy € icrE.

Since the set B where the sub-differential of Flg~am exists is dense in E N M. So, for x? € EN M, exists
is {z™} C B such that z™ — x%(m — o). By Theorem 5.1, we have

F(z™) = G(z™) =Fenm(z™).
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Because F is lower semi-continuous, F(x).(r) and F(x)*(r) are lower semi-continuous at x € icrE (by
Theorems 2.8). By Remark 2.9, for any r € [0, 7], we have

F(x%).(r) < lim F(z™).(r) = lim G(z™)«(r) = G(x°).(r),

F(x%)*(r) < lim F(z™)*(r) = lim G(z™)"(r) = G(x")*(r).

Thus we can obtain

So

meN

m m m m
G(x°) = inf {Z?\jF(Xj)?\j >0,X e MNE (j=1,2,---,m),) Aj=1) A XO} <) NFW).
P : ; :

Therefore, we have F(x°) < > AjF(x), thus

N

m m m
F(x°) < inf {Z)\]-F(xj)?\j >0 eM(i=12-,m),) \j=1 A¥ xo},

meN
j=1 j=1 j=1

ie., F(x%) < Fe(x0).

On the other hand, F(x°) > Fc(x%). So F(x%) = F¢(x?). Thus, by M C CoM we have F is the extension
of F.

(2) We now prove that the sub-differential of Fc|g exists on B.

For any x € B, by the known conditions, we have dF|g np(x) # &. Next, we prove

OFcle(x) D OFlgAm (x).

Fory € E C CoM, take y) € M,A; > 0(G =1,2,---,m), and Z]“;l Aj =1, such that y = Z)"ll ?\jyj.
Since E is the extreme subset and y' € E(j =1,2,--- ,m), we have

y; e MNE[f=1,2,---,m).

Hence, for u* = (uf,uy,..., uy) € 0Flgnm(x), we have

Fyh+ Y i—y)uf > F)+ Y (yl—xuf (G=1,2,..,m).

Uji<7<i 912761
So
Z)\jF(U])“‘ Z (Xi_Z}\jUDUZE > F(x) + Z (Z Ayl —xqi)uf,
=1 yl<xi =1 yl<x; 1=1
ie.,
m . . .
D NFY) 4 D a—yuF = F+ ) (Yl - xuf
j=1 yl<xi yl<xi
Therefore,

m m m
inf RTANDY YyeM(i=12--,m),) Ai=1) Ay =
n{réN{jzll(y)pOye (j m), ) A ;)U 9}



Y.-E Bao, J.-J. Li, J. Nonlinear Sci. Appl., 10 (2017), 1-17 16

+ Z (Xi_y x) + Z i—Xi)uw

Xi<Yi 912’(1

Because Fc(x) = F(x) on B C M. Hence, for any y € E, there has

y) + Z (X —yi)u x) + Z i —Xxiu

Xi<Yyi Yi=Xi

Thus, u* € 9F|g (x), so OF|g (x) D OF|gnp (x). By the arbitrariness of x, the sub-differential of Fc|g exists on
B. O]

By Theorem 5.2, we easily obtain the following Corollary 5.3.

Corollary 5.3. Let F: M — JF be a lower semi-continuous fuzzy mapping and M be a convex set. If the set where
the sub-differential is of F |g is dense in E for any convex extreme subset E of M, then F is convex fuzzy mapping.

6. Conclusion

In [14], the concept of sub-differential of fuzzy mapping is introduced by Wang and Wu. In this paper,
we call it the local sub-differential, then we study the basic properties of local sub-differential, obtain
some results which are similar to general sub-differential. These conclusions are helpful to study the
approximation and regulation of sub-differential of fuzzy mapping and related issues. It is well-known
that not every fuzzy mapping can be extended to convex fuzzy mapping. Hence convex extension of gen-
eral fuzzy mapping is a natural and important problem which is helpful to improve the efficiency of the
global optimization method. In this paper, in order to study the convex extension of fuzzy mapping, we
generalize the concept of local sub-differential of fuzzy mapping, which has the basic properties of local
sub-differential. And its sub-differential is an empty set or closed convex set. As an application, based on
the new sub-differential of fuzzy mapping and convex method of fuzzy mapping, we study the relations
between sub-differential of general fuzzy mapping and sub-differential of its convex fuzzy mapping, ob-
tain a sufficient condition that lower semi-continuous fuzzy mapping can be extended to convex fuzzy
mapping. According to these conclusions, we propose a new method to research optimization problems
of general fuzzy mapping.
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