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Abstract

In this paper, we establish some integral inequalities of Simpson’s type for (a,m)-convex functions.
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1. Introduction
The following definition is well-known in the literature.

Definition 1.1. A function f: I C R = (—o00,00) — R is said to be convex if

fltz + (1 =t)y) <tf(x) + (1 =) f(y)
holds for all z,y € I and ¢ € [0, 1].
In [10] the concept of m-convex functions below was innovated.

Definition 1.2 ([I0]). For f :[0,b] - R, and b > 0 and m € (0, 1], if

fltz+m(l —t)y) <tf(x)+m(l—1)f(y)

is valid for all z,y € [0,b] and t € [0, 1], then we say that f is an m-convex function on [0, b].
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Definition 1.3 ([6]). For f:[0,b] = R, b > 0, and (a, m) € (0,1]?, if
Oz +m(l = Ny) < Xf(z) +m(1 =A%) f(y)

is valid for all z,y € [0,b] and X € [0, 1], then we say that f(x) is an («, m)-convex function on [0, b].

Theorem 1.4 ([3, Theorem 2.2]). Let f: I° CR — R be a differentiable mapping on I° and a,b € I° with
a <b. If | f'| is convex on [a,b], then

’f )+ f(b /f

Theorem 1.5 ([7, Theorem 1 and 2]). Let f: I C R — R be differentiable on I° and a,b € I with a < b.
If |f'|9 is convex on [a,b] and q > 1, then

‘f )+ 1B 1 /f ’ (If’( )\q+|f’(b)lq>1/q’

2
’f<a+b> _a/f Vda

In [4], the following Hermite-Hadamard type inequality for m-convex functions was proved.

—a)(|f'(a)[ + 1/ (0)])
g .

and

< <\f’( a)|? ;r \f’(b)f1>1/q.

Theorem 1.6 ([4]). Let f : Ry — R be m-convex and m € (0,1]. If f € Li([a,b]) for 0 < a < b < oo, then

’ . fla) +mfb/m) mf(a/m)+ f(b)
b—a/a f(x)d$<m1n{ 5 , 5 }

Theorem 1.7 (|2, Theorem 2.2]). Let f : Ry — R be an m-convez function withm € (0,1]. If0 < a <b < 0o
and f € Li([a, b)), then

p(E) < L [ ntaim) AL [AOIO) | S 4 S/

Theorem 1.8 ([5, Theorem 3.1]). Let I O Ry be an open real interval and let f : I — R be a differentiable
function on I such that f" € L([a,b]) for 0 < a < b < oo. If |f'|7 is (o, m)-convex on [a,b] for some given
numbers m,a € (0,1] and ¢ > 1, then

‘f(a);rf(b) _bia/abf(:c)dx

ct@) s sl ()] ol ()

”1_m+1>1<a+2><0‘+21a>’ =T <a+1>1<a+2><a +2a+2_2la)'

For more information on this topic, we refer to recent papers [11 [8 9, TTHI3] and closely related references
therein.
In this paper, we establish some integral inequalities of Simpson’s type for («, m)-convex functions.

q 1/q
+v1|f'<b>|q} }

where
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2. A lemma

To establish some new Simpson’s type inequalities for (a,m)-convex functions, we need the following
lemma.

Lemma 2.1. Let f : I CR — R be a differentiable function on I° and a,b € I° witha < b. If f' € L1([a, b)),
then

;[f<>+6f<“+b>+f ] /f )da
I s ) (gt )
Proof. By integration by parts, we have
[
e ) e o)
S P R e

2w ()] -t [ s,

and
/Olcl—t)f’(ta;rbﬂl—t)b)dt
_ b2 Ki t)f(ta;—b (1—t)b>:+/01f<ta;b+(1—t)b>dt}
__bfa[ if<a+b>—f( )] bfa 01f<ta;b+(1—t)b>dt
-2 [ () 0] - L e
The proof is completed. O

3. Some new integral inequalities of Simpson’s type
In this section, the integral inequalities of Simpson’s type related to (a, m)-convex function are discussed.

Theorem 3.1. Let f : Ry = [0,00) — R be a differentiable function on Ry, a,b € Ry with a < b, and
f' € Li(la,b]). If |f|7 is (o, m)-convez on [0, 2] for (a,m) € (0,1]% and q > 1, then

1 a+b

‘8[f(a>+6f( ! )+f } /f Ve
b—al5 1-1/q 3a+2+22a+1a_22a+2 ,

(o)

9 x 220t _ 9 302 4 1] x 22%q + 5 x 22?02
220t (v + 1) (o + 2)

q

+m
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fa+b\|? 1/a
()]
3X22a+1a+22o¢+2+1 f/ a+b q
22083 (o + 1) (a + 2) 2

2204 £ 3% 2% +5x2°%* 2] (b
220t (v + 1) (a + 2)

q11/q
+m ] }
Proof. Since | f'|7 is an (a, m)-convex function on [0, %], from Lemma and Holder’s integral inequality,
we have

Lfroro(e5?) 0] ity o
T I o
(LR Ao) LU0t
(L) L0
(3 (LRl (e (52)
LA D] )

b—a 5 1-1/q 3a+2 + 220¢+1a _ 22a+2 q
SO
2m

m

_t‘

q 1/q
Ja

+m

9 x 220+l _ 9% 30+2 4 1] x 22%q 4+ 5 x 22?02
f’ 2 q11/q
2203 (o + 1) (e + 2) 220t (v + 1) (o + 2) m '

4 \16 22043 (q + 1) (a + 2)
2204 (o + 1) (a + 2)
3X22a+1a+22a+2+1 , atb q 22a+1+3x22aa+5x22o¢a2_2
2
The proof of Theorem [3.1] is thus completed. O

Corollary 3.2. Under the assumptions of Theorem[31], if ¢ =1, then

@ rer (U +s0)] - 1 [ as

b—a 3a+2 4 22a+1 22a+2
= 4 [ 2203 (v + 1) (a + 2) £ @)
9 x 22aFl 9 % 3292 4 11 x 22%q + 5 x 22902
22et4 (a4 1)(a + 2)
3 x2%atlg 4 92042 4 1| a4+ b 220+l 4 3 x 220q + 5 x 22902 — 2
2203 (0 + 1)(a + 2) ( 2 )| " 220+4(0 1 1)(a + 2)

Corollary 3.3. Under the assumptions of Theorem [3.1], if « = m =1, then

’é[f(a)JrGf(a;b) +f(b)} — b—la/abf(w)dm
5(b—a) {[19\f’(a)‘q+41‘f’(“2+b)‘qr/q

+m

fa+b
(%)

Gl

- 64 60
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. AL| f (%) | + 19| £/ (b) |17 M
60 ’
Corollary 3.4. Under the assumptions of Theorem[3.1] if « =m = q =1, then

‘;[ﬂa)%f(a;b) } /f Jdo| < ® [19|f’ a)| + 82|/ (“5) | + 19] £/ (b) \.

120
Theorem 3.5. Let [ : Ry — R be a differentiable function on Ry, a,b € Ry with a < b, and [’ € Ly([a,b]).
If |7 is (o, m)-convez on [0, L] for (a,m) € (0,1]% and q > 1, then

];[ﬂ )+6f<a+b> +f<b>} —b_lajabfmdw

< b—al(qg— 1)( 3(2¢-1)/(a-1) 4. 1) 1 1/q
=y 22(2q71)/(q71)(2q — 1)

1 N ma |, [a+b a1/a
X{[a+1f(a) oz+1f<2m>}

1 |, (a+b\|" ma |,/ b\|Y
e () s G

Proof. Since |f'|? is an («, m)-convex function on [O, %], by Lemma and Holder’s integral inequality, we

have
s[r@ror(“50) + 10 —bi/bﬂx)dx

gb;a[/olg’ ’(ta—l—(l—t) ;l))‘dt

e
[t oo

4
.

4

h— 113 a/(g=1) 1-1/q
< Z
<L)
q 1/q
x{/ <ta—|— 1—t)a;b> dt]
1-1/q
+</ f—t dt)

< ath (1—t)b> thr/q}

[( — )(3(2q D/(a=1) 4 1)]11/61

22(2¢-1)/(a=1)(2¢g — 1)
(a+b
()

x Zh (t“\f m (1 —17)
o[ (e (“”) ()
] 1/a

o
IER

+m (1 —t%)

b—a q—1)(3(2‘1 D/(q— 1)+1) 1-1/q
4 [ 22(2¢-1)/(a=1)(2¢ — 1) ]

ma |, [(a+b
Artror 25 (57)
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el 2 ()T

a+1
Theorem [3.5] is proved. O

7 ma

a+1

Corollary 3.6. Under the assumptions of Theorem [3.5], if « =m =1, then

1 a+b 1 b b—a (q _ 1)(3(211*1)/0171) + 1) 1-1/q
‘8 |:f(a) + 6f< 9 ) + f(b):| — b—a/a f(!E) d!L" < 1 |: 22(2(171)/((171)(2(] — 1) :|

. {[\f’w)\% \f’(“;b)\q]l/q

2

L [‘f/(a;b)’(;"‘ }f’(b)\qr/q}'

4. Applications to means

In this final section, we apply some inequalities of the Hermite-Hadamard type for (o, m)-convex func-
tions to construct some inequalities for means.
For two positive numbers b > a > 0, define

a+b 2ab b—a

Aa,b) = H(a,b) = ——, I(a,b) = ——
(a7 ) 2 ) (a7 ) a+b7 (0’7 ) lnb_lna‘)

pstl _ gs+1 ]1/5
) )

and Lg(a,b) = [(s%—l)(b—a

for s #£ 0,—1. These means are respectively called the arithmetic, harmonic, logarithmic and generalized
logarithmic means of two positive number a and b.

Let f(z) = x® for x > 0,5 >1, ¢ > 1, and (s — 1)g > 1. Then the function |f'(z)|? = 5725~ is convex
on (0,00). Applying Corollary to |52z~ 17 yields:

Theorem 4.1. Letb>a>0,s>1,q>1, and (s—1)qg > 1. Then

‘A(as, b%) + 3A%(a, b)

- - Ii(et)

_ Bs(b—a) [ [19al"17 1 41[A(a, b))*~ e 1/q+ 41[A(a, b)) 5= D7 4 19p(s—Da7 /e
= 64 60 60 '

Furthermore, if s > 2, then

‘A(as, b%) + 3A%(a, b)

o 1 s—1 2MA s—1 1 s—1
: —Lz(a,b)‘ < 5s(b a)[ 9a*"' + 82[A(a,b)]*~' + 19b ]

32 120

Taking f(z) = z° for x > 0, s > 1, ¢ > 1, and (s — 1)¢ > 1 in Corollary derives the following
inequalities for means.

Theorem 4.2. Letb>a>0,s>1,q>1, and (s—1)g > 1. Then

’A(as, b®) + 3A4%(a, b)
4

s(b—a)[(qg— 1)(3(2‘1—1)/(q—1) +1) 1-1/q
4 [ 22@0—1)/(a=1) (29 — 1) ]

{ |:a(sl)q + [A(a, b)](sl)q:| 1/q [[A(a, b)](sfl)q + b(sl)q:| 1/‘1}
X + .
2 2

—Li(a,w] <
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