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Abstract

Based on concepts of a-admissible mappings and simulation functions, we establish some fixed point
results in the setting of metric-like spaces. We show that many known results in the literature are simple
consequences of our obtained results. We also provide some concrete examples to illustrate the obtained
results. (©)2016 All rights reserved.
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1. Introduction and preliminaries

As generalizations of standard metric spaces, metric-like spaces were considered first by Hitzler and Seda
[10] under the name of dislocated metric spaces and partial metric spaces were introduced by Matthews [13]
in 1994 to study the denotational semantics of dataflow networks. Many authors obtained (common) fixed
point results in the setting of above spaces, for example see [11, 2, 4] 5] [7H9] [16]. Let us recall some notations
and definitions we will need in the sequel.
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Definition 1.1. Let X be a nonempty set. A function o : X x X — [0, 00) is said to be a metric-like (or a
dislocated metric) on X, if for any x,y, z € X, the following conditions hold:

(01) o(z,y) =0=z=1y;
(02) O’(.Z‘,y) = O'(y,.f);
(03) o(z,2) < o(z,y) +0(y, 2).

The pair (X, o) is then called a metric-like space.
Now, let (X, o) be a metric-like space. A sequence {x,} in X converges to z € X, if and only if

nh_>n010 o(xn,z) =0o(z,x).

A sequence {z,} is Cauchy in (X, o), if and only if lim o(xy,,z,) exists and is finite. Moreover,

n,M—00
(X,0) is complete, if and only if for every Cauchy sequence {z,} in X, there exists z € X such that
ngrfooa(x, xn) =o(x,z) = nynllllg_ooa(xn, Tm)-

Lemma 1.2 ([, B]). Let (X,0) be a metric-like space and {x,} be a sequence that converges to x with
o(x,z) =0. Then, for each y € X one has

lim o(zy,y) = o(z,y).

n—oo

Definition 1.3. A partial metric on a nonempty set X is a function p: X x X — [0, 00), such that for all
z,y,z € X

(PM1) p(z,x) = p(x,y) = p(y,y), then x = y;
(PM2) p(z,z) < p(z,y);

(PM3) p(z,y) = p(y, x);

(PM4) p(z,2) + p(y,y) < p(z,y) + py, 2).

The pair (X, p) is then called a partial metric space.
It is known that each partial metric is a metric-like, but the converse is not true in general.
Example 1.4. Let X = {0,1} and 0 : X x X — [0, 00) defined by
0(0,0) =2, o(x,y)=1 if(x,y) # (0,0).
Then, (X, 0) is a metric-like space. Note that o is not a partial metric on X because o(0,0) £ o(1,0).
In 2012, Samet et al. [I7] introduced the concept of a-admissible mappings.

Definition 1.5 ([I7]). For a nonempty set X, let 7: X — X and o : X x X — [0,00) be given mappings.
We say that T is a-admissible, if for all z,y € X, we have

alz,y) > 1= ao(Tz,Ty) > 1.

The concept of a-admissible mappings has been used in many works, see for example [0, [14]. Later,
Karapinar et al. [11] introduced the notion of triangular a-admissible mappings.

Definition 1.6 ([I1]). Let 7: X — X and a: X X X — [0, 00) be given mappings. A mapping 7' : X — X
is called a triangular a-admissible if

(T1) T is a-admissible;

(T2) afz,y) >1and a(y,z) > 1= az,z) > 1, z,y,z € X.
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Very recently, Khojasteh et al. [I2] introduced a new class of mappings called simulation functions. By
using the above concept, they [12] proved several fixed point theorems and showed that many known results
in the literature are simple consequences of their obtained results. Later, Argoubi et al. [3] slightly modified
the definition of simulation functions by withdrawing a condition.

Let Z* be the set of simulation functions in the sense of Argoubi et al. [3].

Definition 1.7 ([3]). A simulation function is a mapping ¢ : [0,00) X [0,00) — R, satisfying the following
conditions:

(C1) C(t,s) <s—tforallt,s>0;

(C2) if {t,} and {s,} are sequences in (0, 00) such that li_>m tn = li_}m sp = ¢ € (0,00), then

lim sup ¢ (ty,, $n) < 0.

n—oo

Example 1.8 ([3]). Let ¢y : [0,00) x [0,00) — R be the function defined by

On(t,s) = {1 if (t,s) = (0,0),

As—t otherwise,

where X\ € (0,1). Then, () € Z*.

Example 1.9. Let ¢ : [0,00) X [0,00) — R be the function defined by ((¢,s) = 1(s) — ¢(t) for all t,s > 0,
where 1) : [0,00) — R is an upper semi-continuous function and ¢ : [0,00) — R is a lower semi-continuous
function such that ¢ (t) <t < ¢(t), for all £ > 0. Then, ¢ € Z*.

2. Fixed points via simulation functions
The first main result is as follows.

Theorem 2.1. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
that there exist a simulation function ¢ € Z* and o : X x X — [0,00) such that

¢(o(Tx,Ty), M(x,y)) = 0 (2.1)
for all z,y € X satisfying a(z,y) > 1, where

o(z,Ty) + U(y7Tﬂc)}
; .

M (z,y) = max{o(z,y),0(x, Tx),0(y, Ty),

Assume that

(i) T is triangular a-admissible;
(i) there exists an element xo € X such that o(zg, Txg) > 1;

(iii) of {xn} is a sequence in X such that o(zy,xni1) > 1 for alln and x, - x € X as n — oo, then there
exists a subsequence {Ty )} of {xn} such that a(xypy,v) > 1, for all k.

Then, T has a fized point z € X such that o(z,z) = 0.

Proof. By assumption (ii), there exists a point zyp € X such that a(xg, Txo) > 1. Define a sequence {x,,}
by x, = T"xq, for all n > 0.
We split the proof into several steps.
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(Step 1): a(zp,zm) > 1, for all m > n > 0.
We have a(xg,x1) = a(xo, Txg) > 1. Since T' is a-admissible, by the induction we have

oy, Tnt1) > 1, for all n > 0.
T is triangular a-admissible, then
a(Tp,Tpt1) > 1, and a(Tpt1, Tny2) > 1= a(zn, Tni2) > 1.

Thus, by the induction
oy, zym) > 1, forall m >n>0.

(Step 2): We shall prove
lim o(xy,, zp41) = 0. (2.2)

n—o0

By Step 1, we have a(zy, ) > 1, for all m > n > 0. Then, from (2.1))

¢ (O-(xna mn+1)7 M(l‘nfla l‘n)) =¢ (U(Tl‘n,h Tl’n), M(mn*b l’n)) >0,
where

_1,T Tz, _
M(xnflal‘n) :max{o‘(ﬂjnfl,xn),a(:{?n,hTﬂZn,l),U(ﬁn,Tl‘n),O-(mn L xn)l_a(l‘n) T 1)}

O'(l'n—lu xn-{—l) + O'(SUn, xn) }
1 .

= max{a(mn_l, xn)7 U(wn7 xn—l—l)v
By a triangular inequality, we have
O'(xnfla $n+1) + O’(.Tn, xn) < 30‘(1‘71,1, xn) + O'(IEn, 55n+1)
4 - 4

< max{o(zn—1,%n),0(Tn, Tni1)}

Thus
M(ﬂjn—la fl:n) = max{a(xn_l, ﬂfn), U(5Un7 mn—i—l)}-
It follows that
C(0(xn, Tnt1), max{o(zn_1,Tn), 0(Tn, Tnt1)}) > 0. (2.3)

If o(zy, 2pt1) = 0 for some n, then x,, = 2,11 = Txy, that is, x, is a fixed point of T and so the proof
is finished. Suppose now that

o(Tp,xpy1) >0, foralln=0,1,---.
Therefore, from condition ((;), we have

0 < ((o(zn,Tnt1), max{o(xp_1,2n), 0(Tn, Tnt1)})

< max{o(Tn_1,2n),0(Tn, Tnt1)} — 0(Tp, Tpy1), for all n > 1.

Then
(X, Tnt1) < max{o(zp_1,2n),0(Tn, Tns1)}, for allm > 1.

Necessarily, we have
max{o(zn—1,Tn), 0(Tn, Tnt1)} = 0(Tp_1,Ty,), for alln>1. (2.4)
Consequently, we obtain

o(xn, Tnt1) < o(Tp_1,2,), for alln>1, (2.5)
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which implies that {o(zp,zn4+1)} is a decreasing sequence of positive real numbers, so there exists ¢ > 0

such that

nh_{glo 0(Tpy Tny1) = t.

Suppose that ¢ > 0. By (2.3)), (2.4) and the condition ((2),

0 <limsup( (o(xn, Tnt1), 0(Tn_1,25)) <0,

n—o0

which is a contradiction. Then, we conclude that ¢t = 0.

(Step 3): Now, we shall prove that

lim o(xp,xm) =0.
n,Mm—00

(2.6)

Suppose to the contrary that there exists ¢ > 0, for which we can find subsequences {Z,(x)} and {z, )}

of {zy,} with m(k) > n(k) > k such that for every k,

O-(xn(k)vwm(k)) > €.

2.7)

Moreover, corresponding to n(k) we can choose m(k) in such a way that it is the smallest integer with

m(k) > n(k) and satisfying (2.7)). Then
(T (k) Trm(k)—1) < E-
By using (2.7)), (2.8) and the triangular inequality, we get

€< 0($n(k)7 xm(k)) < 0($n(k)7 xm(kz)—l) + O-(:L‘m(k)—la xm(k))

< U(xm(k)fl,xm(k)) +e.

By (2.2)

dm o (Zn(ky, Tmi)) = B0 0 (Zn(k), Tmir)-1) = &

We also have

T (Tn(k)s Tm(k)—1) = O (Zn(k)y Tnk)—1) = T (Tm@E)s Tmk)—1) < 0(Tnk)y—1, Tm(k))s

and
O (Tn(k) =15 Tm(k)) < O(Tnk)—15 Tnk)) + O (Tngk)s o) )-

Letting k& — oo in the above inequalities and by using (2.2)) and (2.9)), we obtain
Hm o (@)1, Tmr)) = €
Moreover, the triangular inequality gives that

‘O-(:L‘n(k)—h mm(k)) - O-($n(k)—1a xm(k)—l)‘ < O-(xm(k)—la xm(/c))

Let again k — oo in the above inequality and by using (2.2]) and (2.10)), we have
o (@) 15 Ty 1) = €

By (2.1) and as a(@p(k)—1; Tmk)—1) = 1 for all k > 1, we get

0 < ¢ (0 (@n)s Ty )s M (T(ky—15 Tmi)—1)) »

(2.8)

(2.9)

(2.10)

(2.11)
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where

M (2 )15 T (k) —1) = M0 (Tr(k)—15 Trn(k)—1)5 T (Tr(k)—1> Tnk))» T (Tm(k)—1> Tm(k) )
O (Tn(k) =15 Tm(k)) + O (Tm@k)—15 Tn(k)) )
1 .

From (29), (210, @T1) and @2)
Hm (@), Tnry) = 0 M (@)1, Tm)1) = €

On the other hand, if z,, = x,, for some n < m, then z,,+1 = Tz, = Txy, = Tpy1. Equation (2.5)) leads
to

0 < o(Tn, Tnt1) = 0(Tm, Tmt1) < 0(Tm—1,Tm) < -+ < 0(Tp, Tnt1),
which is a contradiction. Then x,, # x,, for all n < m. The condition ({2) implies that

0 < Timsup ¢ (0(Zn k), Tm(k))s M (Zp(r) -1, Ty -1)) < 0,

k—

which is a contradiction. This completes the proof of ({2.6]).
It follows that {x,} is a Cauchy sequence. Since (X, o) is complete, there exists some z € X such that

lim o(x,,2) =0(z,2) = lim o(zp,zm) =0. (2.12)
n—00 n,M—00
(Step 4): Now, we shall prove that z is a fixed point of T'.

If there exists a subsequence {zy, } of {z,} such that z,, = z or Tz, = Tz for all k, then o(2,T%2) =
0(2,2n,+1) for all k. Let k — oo and use to get o(z,Tz) = 0, that is, z = Tz and the proof is
finished. So, without loss of generality, we may suppose that x, # z and Tz, # Tz for all nonnegative
integers n. Suppose that o(z,7z) > 0. By assumption (iii), there exists a subsequence {z,)} of {x} such
that a(zy), 2) > 1 for all k. By and as a(z, k), z) > 1 for all k > 1, we get

0<¢ (O'(xn(k:)—l—la TZ), M(xn(k)a Z)) =( (U(Tmn(k)a TZ), M(mn(k)a Z)) )
where
M (21, 2) = max{o(Tpkys 2), 0 (Tn(k), Tnk)+1), (2, T2),

O-(xn(k)a TZ) + O-(Zv xn(k)Jrl)

4 b

By Lemma (1.2 and (2.12)

im o(zpk)41,T2) = im M (2,1, 2) = o(z,Tz) > 0.
k—o00 k—oo

From the condition ({2)

0 < limsup( (U(:L’n(k)+1,T2), M (21, z)) <0,

k—o0

which is a contradiction and hence o(z,Tz) = 0, that is, Tz = z and so z is a fixed point of 7. This ends
the proof of Theorem O

By using the same techniques, we obtain the following result.

Theorem 2.2. Let (X,p) be a complete partial metric space. Let T : X — X be a given mapping. Suppose
there exist a simulation function ( € Z* and o : X x X — [0,00) such that
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C(p(Tx,Ty),Mp(:r,y)) > 0 (213)
for all xz,y € X satisfying a(z,y) > 1, where

p(z, Ty) +p(y,Tx)}
. .

My(z,y) = max{p(z,y), p(x, Tx), p(y, Ty),

Assume that

(i) T is triangular a-admissible;
(ii) there exists an element vo € X such that a(zg, Tzo) > 1;
(iii) of {zn} is a sequence in X such that o(xy,Tni1) > 1 for alln and x, — x € X as n — oo, then there
exists a subsequence {Ty ()} of {xn} such that a(xyyy,x) > 1 for all k.

Then, T has a fized point z € X such that p(z,z) = 0.

Now, we prove the uniqueness fixed point result. For this, we need the following additional condition.
(U): For all z,y € Fix(T), we have a(z,y) > 1, where Fiz(T) denotes the set of fixed points of T.

Theorem 2.3. By adding condition (U) to the hypotheses of Theorem we obtain that z is the unique
fixed point of T.
Proof. We argue by contradiction, that is, there exist z,w € X such that z = Tz and w = Tw with z # w.
By assumption (U), we have a(z,w) > 1. So, by (2.13)) and by using the condition ({2), we get that
0 < C(p(Tz, Tw), Mp(z,w)) = C (p(z, w), max{p(z,w), p(z, 2), p(w, w) })
=( (p(z? w)vp(zv w)) < p(z, w) - p(z? w) =0,

which is a contradiction. Hence, z = w. O

We also state the following result.

Theorem 2.4. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
that there exist a simulation function ¢ € Z* and o : X x X — [0,00) such that

C(o(Tz,Ty),o(x,y)) >0 (2.14)

for all x,y € X satisfying a(x,y) > 1. Assume that
(i) T is triangular a-admissible;
(ii) there exists an element xg € X such that a(xg, Tzo) > 1;
(iii) if {zn} is a sequence in X such that a(xy, Tpy1) > 1 for alln and x, — x € X as n — oo, then there
exists a subsequence {xy iy} of {xn} such that a(z,),r) > 1 for all k.

Then, T has a fized point z € X such that o(z,z) = 0.

Proof. By following the proof of Theorem we can construct a sequence {x,} such that a(z,,x,) > 1
for all m > n > 0. {z,} is also Cauchy in (X, o) and converges to some z € X such that holds. We
claim that z is a fixed point of 7. Similarly, if there exists a subsequence {x,, } of {z,} such that z,, = z
or Tx,, = Tz for all k, so z is a fixed point of T" and the proof is finished. Without loss of generality, we
may suppose that z, # z and Tz, # Tz for all nonnegative integer n. By assumption (iii) and by using
together with the condition (¢ ), again we deduce that

0 < ¢ (o(Tanry. T2),0(Tnmy, 2)) < 0(Tpm)s 2) = 0 (Tng)1, T2).

This implies
o(Tpy+1,T2) < 0(Tpwy, 2), Yk >0.

Letting £ — oo in the above inequality and by Lemma and (2.12), we get
0(z,Tz) <o(z,2) =0,

that is, o(2,7Tz) =0 and so z = T'z. O
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Theorem 2.5. By adding condition (U) to the hypotheses of Theorem we obtain thal z is the unique
fized point of T.

Proof. We argue by contradiction, that is, there exist z,w € X such that z = Tz and w = Tw with z # w.
By assumption (U), we have a(z,w) > 1. So, by (2.14]) and by using the condition ({2), we get that

0<((c(T2,Tw),o0(z,w)) < o(2,w) —o(Tz,Tw) =0,
which is a contradiction. Hence, z = w. O

Example 2.6. Take X = [0,00) endowed with the metric-like o(z,y) = = + y. Consider the mapping

T:X — X given by
2,
T — % ifxe0,1]
r+1 ifx>1.
Note that (X, o) is a complete metric-like space. Define the mapping o : X x X — [0, 00) by

(z.9) 1 ifx,yel0,1]
a(z,y) =
Y 0 otherwise.

Let ((t,s) = s — %—iit for all s,t > 0. Note that T' is a-admissible. In fact, let z,y € X such that

a(z,y) > 1. By definition of «, this implies that x,y € [0, 1]. Thus,

2

y2
(X(TLL‘,Ty) = a(i o

=1
2’2)

T is also triangular a-admissible. In fact, let z,y,z € X such that a(z,y) > 1 and «a(y,z) > 1, this
implies that x,y, z € [0,1]. It follows that a(z,z) > 1.

Now, we show that the contraction condition is verified. Let z,y € X such that a(z,y) > 1. So,
x,y € [0,1]. In this case, we have

(o (T, T o) = olen) - oo
(44 22 +y2)(2® + y?)

15207+ 47)
A1 —2)z +4(1 —y)y + (2 - 2)2° + 20 —2)ay’ + (2 - y)y’ + 2%y _
4+2(a? +y?) N

o(Tz,Ty)

:x—|—y—

0.

Now, we show that condition (iii) of Theorem is verified. Let {x,} be a sequence in X such that
a(xp, Tpy1) > 1for all n and z, — z € X. Then, {z,} C [0,1] and z,, +2 — 2z as n — oo. Thus, x,, — z as
n — oo in (X, |.|). This implies that = € [0,1] and so a(x,,z) = 1 for all n. Moreover, there exists zg € X
such that a(zg,Txo) > 1. In fact, for xg = 1, we have a(1,7T1) = a(l,%) = 1. Thus, all hypotheses of
Theorem are verified. Here x = 0 is the unique fixed point of 7.

On the other, Theorem 5.1 in [I5] is not applicable for the partial metric p(x,y) = max{z,y}. Indeed,
for x = 2 and y = 3, we have

9
C(p(T2.T3),p(2.3) = ((4,3) = — < 0.
Also, the Banach contraction principle is not applicable because, for x = 2 and y = 3, we have
o(T2,T3)=7>5=0(2,3).

Now, we present the following result in the setting of metric-like spaces which generalizes the result
obtained by [15].
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Theorem 2.7. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
that there exist a simulation function ( € Z* and a lower semi-continuous function ¢ : X — [0,00) and
a: X x X —[0,00) such that

C(o(Tz, Ty) + ¢(Tx) + p(Ty), o(x,y) + () + ¢(y)) 2 0 (2.15)
for all x,y € X satisfying a(x,y) > 1. Assume that

(i) T is triangular a-admissible;
(i) there exists an element xo € X such that a(xg, Tzo) > 1;

(iii) if {xn} is a sequence in X such that oy, Tpt1) > 1 for allm and x, — z € X as n — oo, then there
exists a subsequence {xy, iy} of {xn} such that a(z,y,v) > 1 for all k.

Then, T has a fized point z € X such that o(z,z) =0 and p(z) = 0.

Proof. By following the proof of Theorem we construct a sequence {z,} such that a(x,, z,,) > 1 for all
m > n > 0. We shall prove

nh_{glo 0(xn, Tnt1) = 0.

Since a(xp, Ty) > 1 for all m > n > 0, it follows from (2.15)) that

C(0(Txp—1,Txy) + o(Txpn-1) + p(Txp),0(Tn-1,2n) + p(xn-1) + ©(zn)) > 0.

It means that

C(0(Tn, Tny1) + ©(Tn) + ©(Tn41), 0(Tn—1,Zn) + P(Tn-1) + p(zn)) > 0.

If o(zp, 2p41) = 0 for some n, then x,, = 2,11 = Tx,, that is, x, is a fixed point of T and so the proof
is finished. Suppose now that

0(Tp,Tpy1) >0, forall n=0,1,---.
Therefore, from condition ((;), we have

0 < ¢ (0(zn, Tn+1) + 9(xn) + @(Tn+1), 0 (Tn—1, Tn) + ©(Tn-1) + ¢(Tn))
< 0(Tn-1,%n) + P(@n-1) + ©(Tn) = [0(Tn, Tnt1) + ©(2n) + @(Tn41)], for alln > 1.

This leads to
0(Tny Tnt1) + @(xn) + @(Tnt1) < 0(Tp—1,Tn) + @(Xn-1) + p(x,), for alln >1, (2.16)

which implies that {o(zy, zp+1) + @(2n) + @(2n41)} is a decreasing sequence of positive real numbers, so
there exists ¢ > 0 such that

lim [0(2n, Tnt1) + o(zn) + @(Tnta)] =t

n—oo
Suppose that ¢t > 0. From the condition ((2),
0 < limsup ¢ (0(zn, Tpt1) + P(Tn) + @(Tnt1), 0(Tn—1,Tn) + @(Tn-1) + ¥(20)) <0,

n—oo

which is a contradiction. Then, we conclude that ¢ = 0. Since ¢ > 0, we get that

nh_}rglo (@, Tnt1) = 0.

Also,
lim ¢(zy,) =0. (2.17)

n—oo
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From ({2.16)), mention that x,, # z,, for all n < m. Now, we shall prove that

lim o(zy,xm) =0. (2.18)

n,Mm—00

Suppose to the contrary that there exists ¢ > 0 for which we can find subsequences {x, )} and {z, )}
of {zy,} with m(k) > n(k) > k such that for every k

T (Tn (k) Tm(k)) = €- (2.19)

Moreover, corresponding to n(k), we can choose m(k) in such a way that it is the smallest integer with

m(k) > n(k) and satisfying (2.19). By following again the proof of Theorem [2.1] we see that (2.9), (2.10) and
(2.11)) hold. Put ag = o(Zp(k)s Tm(k)) and by = 0 (Tp(k)—15 Tm(k)—1)- By (2.15) and as (@)1, Tm)—1) > 1
for all £ > 1, we get

0 < ¢ (ak + @(@nw)) + L(@Tmm)) bk + @(@nm)—1) + L(Tmp)—-1)) -
By (£9), (E10), @11) and (€T3, we have

[ar + P (@nr) + P(Zm)] = Hm by + @(@nr)-1) + (@mer)-1)] = &

lim
k—o00
From the condition ((2), it follows that

0 <limsup ¢ (ag + @(Tnry) + 2(Mm(k)), b + 2(Tn)—1) + L(Tm)-1)) <0,

k—o0

which is a contradiction. This completes the proof of (2.18]).
Therefore, {xz,} is a Cauchy sequence. Since (X, o) is complete, there exists some z € X such that

nlLIEO 0(xn,2) =0(z2,2) = n’}rilrilooa(xn,xm) = 0.

By referring to (2.17)) and taking into account that ¢ is lower semi-continuous, we have

0 < ¢(z) < liminf p(z,) =0,

n—oo

and so ¢(z) = 0. Now, we claim that z is a fixed point of T". If there exists a subsequence {z,, } of {z,}
such that x,, = z or T'z,, = Tz for all k, then z is a fixed point of T" and the proof is finished. Without
loss of generality, we may suppose that x,, # z and Tz, # Tz for all nonnegative integer n. By assumption
(iil), there exists a subsequence {xy )} of {x,} such that a(x,),2) > 1 for all k. By using and the
condition (1), we deduce that

0 < ¢ (0 (Zny11, T2) + @(@nmy+1) + 0(T2),0(Lnm), 2) + ©(Tnm)) + ¢(2))
< 0(Tn(k)s 2) + P(Tn)) + 0(2) = [0(Tnw)+1, T2) + O(Tn@y+1) + (T'2)].

This implies
o(Znk)+1, T2) + P(Tny+1) + ¢(T2) < 0(Tnky, 2) + (@nk)) +¢(2), VE = 0.
By letting k£ — oo in the above inequality and by taking into account that ¢ > 0 and p(z) = 0,
0(2,T2) + 9(T2) < (2, 2) + p(2) = 0,

that is, 0(z,Tz) + ¢(Tz) = 0 and so o(z,Tz) = 0. This ends the proof of Theorem
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Theorem 2.8. By adding condition (U) to the hypotheses of Theorem we obtain thal z is the unique
fized point of T.

Proof. We argue by contradiction, that is, there exist z, w € X such that z = Tz and w = Tw with z # w.
By assumption (U), we have a(z,w) > 1. So, by (2.15|) and by using the condition ({2), we get that

0<((o(T2,Tw) + p(T2) + p(Tw),0(z,w) + ¢(2) + p(w))
= ((o(z,w) + ¢(2) + p(w), 0(z,w) + ¢(2) + p(w))
<o(z,w) +¢(2) + e(w) — [o(z,w) + ¢(2) + p(w)] =0,

which is a contradiction. Hence, z = w. O

Example 2.9. Take X = [0,00) endowed with the metric-like o(z,y) = x? + y?. Consider the mapping

T:X — X given by
_— 2 ifx e [0,1],
2?2 ifz>1.

Note that (X, o) is a complete metric-like space. Define the mapping o : X x X — [0, 00) by

(1) 1 ifz,y€]0,1],
alz,y) =
Y 0 otherwise.

Let ((t,s) = 3s —t for all s,t > 0 and ¢(z) = z for all z € X. Note that T is a-admissible. In fact, let
x,y € X such that a(z,y) > 1. By definition of «, this implies that z,y € [0, 1]. Thus,
72 2

Y
Tz, Ty) = =
o(Tz, Ty) a(x+1’y+1)

T is also triangular a-admissible.
Let x,y € X such that a(z,y) > 1. So, z,y € [0,1]. In this case, we have

2 2 2 2
2 Y 2 z Y
+ + +
) (y+1) r+1 y+1

1 1
< 1@2 +y7) + 5(95 +y)

1
S§($2+y2+x+y)

- %(a(:c, y) + () + ¢ (y)).

x
z+1

o(Tz,Ty) + ¢(Tz) + o(Ty) = (

It follows that
C(o(Tz, Ty) + o(Tz) + o(Ty),0(x,y) + ¢(x) + ¥(y))

= %(U(af, y) +o(@) +¢) — [o(Tz, Ty) + p(Tx) + ¢(Ty)] > 0.

Now, we show that condition (iii) of Theorem is verified. Let {x,} be a sequence in X such that
a(Tn, Tpy1) > 1 for all n and z,, — = € X. Then, {z,} C [0,1] and 22 + 2% — 222 as n — co. Thus, z,, —
asn — oo in (X, |.|). This implies that = € [0, 1] and so a(zy,x) = 1 for all n. Moreover, there exists z¢g € X
such that a(zg,Txg) > 1. In fact, for xg = 1, we have «(1,T1) = a(l,%) = 1. Thus, all hypotheses of
Theorem are verified. Here, z = 0 is the unique fixed point of 7" and ¢(0) = 0.

On the other hand, Theorem 3.2 in [I5] is not applicable for the standard metric d. Indeed, for x = 2
and y = 3, we have

C(d(Tz,Ty) + p(Tz) + o(Ty), d(z,y) + ¢(z) + ¢(y)) = —15 < 0.
Moreover, o(TV?2, T\/g) =13>5= U(\@, v/3), then T is not a Banach contraction on X.
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3. Consequences

In this section, as consequences of our obtained results, we provide various fixed point results in the
literature including fixed point theorems in partially ordered metric-like spaces.

Corollary 3.1. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
that there exist k € (0,1) and a: X x X — [0,00) such that

o(Tx, Ty) < kmax{o(x,y),o(x,Tx),0(y,Ty), o(z,Ty) 1- o(y, T:L‘)}

for all z,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.

Proof. It suffices to take a simulation function ((¢,s) = ks — ¢ for all s, > 0 in Theorem [2.1 O

Corollary 3.2. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
that there exist k € (0,1) and a : X x X — [0,00) such that

o(Tx,Ty) < ko(x,y)
for all x,y € X, satisfying a(xz,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.
Corollary 3.3. Let (X,p) be a complete partial metric space. Let T : X — X be a given mapping. Suppose
that there exist k € (0,1) and a: X x X — [0,00) such that

p(x, Ty) + p(y, Tx)}

p(Tx, Ty) < kmax{p(z,y),p(z, Tx),p(y, Ty), 5

for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that p(z,z) = 0.
Proof. Tt suffices to take a simulation function ((¢,s) = ks —t for all s, > 0 in Theorem OJ

Corollary 3.4. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
that there exist a lower semi-continuous function ¢ : [0,00) — [0,00) with @(t) > 0 for all t > 0 and
a: X x X —[0,00) such that

o(Tx,Ty) < max{o(x,y),0(x, Tx), oy, Ty), o(z,Ty) IJ(y,Tx)}

~ plmax{o(r,y), o(z, Tx), ofy, Ty), Z0TU L IWTE] )

for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.
Proof. Tt suffices to take a simulation function ((¢,s) = s — ¢(s) —t for all s, > 0 in Theorem O

Corollary 3.5. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist a lower semi-continuous function ¢ : [0,00) — [0, 00) with p(t) > 0 for allt >0 and o : X x X —
[0,00) such that

o(Tz,Ty) < o(z,y) — p(o(z,y))
for all z,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.

Proof. Tt suffices to take a simulation function ((¢,s) = s — ¢(s) —t for all s,¢ > 0 in Theorem O
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Corollary 3.6. Let (X,p) be a complete partial metric space. Let T : X — X be a given mapping.
Suppose there exist a lower semi-continuous function ¢ : [0,00) — [0,00) with ¢(t) > 0 for all t > 0 and
a: X x X —[0,00) such that

p(Tx, Ty) < max{p(z,y),p(z,Tx),p(y, Ty), Pz, Ty) —;—p(y, Tx)}

~ plmax{p(z, ). p(a, Ta), ply, Ty), LETI T PO,

for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that p(z,z) = 0.
Proof. Tt suffices to take a simulation function ((¢,s) = s — ¢(s) — t for all s,¢ > 0 in Theorem O

Corollary 3.7. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist a function ¢ : [0,00) — [0,1) with lim;_,,+ ¢(t) < 1 for allT >0 and o : X x X — [0,00) such
that

o(Tz,Ty) < p(max{o(x,y),o(x,Tx),0(y,Ty), o(xz,Ty) l—a(y,Tq:) N

max{o(z,y),o(x,Tx),o(y, Ty), o(z,Ty) 1’ o(y,T) 1

for all z,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.
Proof. Tt suffices to take a simulation function ((¢,s) = sp(s) —t for all s,¢ > 0 in Theorem O

Corollary 3.8. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist a function ¢ : [0,00) — [0,1) with lim;_,,+ p(t) < 1 for all™ >0 and a : X x X — [0,00) such
that

o(Tz,Ty) < p(o(z,y))o(z,y)
for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.
Proof. It suffices to take a simulation function ((¢,s) = sp(s) —t for all s,t > 0 in Theorem [2.4 O
Corollary 3.9. Let (X, 0) be a complete partial metric space. Let T : X — X be a given mapping. Suppose

there exist a function ¢ : [0,00) — [0,1) with lim+ o(t) <1 forallr >0 and o : X x X — [0,00) such that
t—r

p(Tz, Ty) < p(max{p(z,y),p(z, Tz),p(y, Ty), p(z, Ty) —;—p(y, Tzx) 1

max{p(z, y), p(e, T), p(y, Ty), L2 LY ;rp(y, Tz),,

for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.
Proof. 1t suffices to take a simulation function ((¢,s) = sp(s) —t for all s,¢ > 0 in Theorem O

Corollary 3.10. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist an upper semi-continuous function ¢ : [0,00) — [0,00) with p(t) < t for allt > 0 and « :
X x X — [0,00) such that

o(Tx,Ty) < p(max{o(z,y),o(x,Tx),0(y,Ty), o(x,Ty) ZU(y,Tm) 1

for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.
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Proof. Tt suffices to take a simulation function ((¢,s) = ¢(s) — ¢ for all s,¢ > 0 in Theorem O

Corollary 3.11. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist an upper semi-continuous function ¢ : [0,00) — [0,00) with p(t) < t for allt > 0 and « :
X x X —[0,00) such that

o(Tz,Ty) < ¢(o(z,y))
for all z,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.
Proof. It suffices to take a simulation function ((¢,s) = ¢(s) —¢ for all s, > 0 in Theorem O

Corollary 3.12. Let (X,p) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist an upper semi-continuous function ¢ : [0,00) — [0,00) with p(t) < t for allt > 0 and « :
X x X —[0,00) such that

plz,Ty) -;p(% Tz) 1

p(Tz, Ty) < p(max{p(z,y),p(x, Tz),p(y, Ty),

for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that p(z,z) = 0.
Proof. Tt suffices to take simulation function ((¢,s) = ¢(s) — t, for all s,¢ > 0 in Theorem O

Corollary 3.13. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist k € (0,1) and a lower semi-continuous function ¢ : X — [0,00) and a : X x X — [0,00) such
that

o(Tz,Ty) + ¢(Tz) + ¢(Ty) < klo(z,y) + () + o (y)]
for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.

Proof. Tt suffices to take a simulation function ((¢,s) = ks —t for all s,¢ > 0 in Theorem O

Corollary 3.14. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist two lower semi-continuous function ¢,v : X — [0,00) with ¥(t) > 0 for all t > 0 and « :
X x X —[0,00) such that

o(Tx, Ty) + o(Tx) + ¢(Ty) < o(z,y) + ¢(x) + (y) — Y(o(z,y) + o(x) + ()
for all x,y € X, satisfying a(x,y) > 1. Then, T has a fized point z € X such that o(z,z) = 0.
Proof. Tt suffices to take a simulation function ((¢,s) = s — ¢(s) —t for all s,¢ > 0 in Theorem O

Remark 3.15. We can obtain other fixed point results in the class of metric-like spaces via a-admissible
mappings by choosing an appropriate simulation function. Moreover, if we take a(x,y) = 1 we can obtain
known fixed point results in the literature.

Corollary 3.16. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exists a simulation function ¢ € Z* such that

((o(Tz,Ty),M(z,y)) =0
for all x,y € X, where

M(z,y) = max{o(z,y),0(z,Tz), oy, Ty), o(z,Ty) Z o(y, Tx) N

Then, T has a fized point z € X such that o(z,z) = 0.
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Proof. Tt suffices to take a(x,y) =1 in Theorem O

Corollary 3.17. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exists a simulation function ( € Z* such that

¢ (o(Tx, Ty), o(z,)) > 0
for all x,y € X. Then, T has a unique fized point z € X such that o(z,z) = 0.

Corollary 3.18 ([15], Theorem 5.1). Let (X, o) be a complete partial metric space. Let T : X — X be a
given mapping. Suppose there exists a simulation function ¢ such that

C(p(Tx,Ty),p(z,y)) >0, for allz,y € X.

Then, T has a unique fixved point z € X such that p(z,z) = 0.

Corollary 3.19. Let (X,0) be a complete metric-like space. Let T : X — X be a given mapping. Suppose
there exist a simulation function ( € Z* and a lower semi-continuous function ¢ : X — [0,00) such that

C(o(Tz,Ty) + ¢(Tz) + ¢(Ty),0(x,y) + () + ¢(y)) =0, for allz,y € X.
Then, T has a unique fixved point z € X such that o(z,z) =0 and p(z) = 0.
Proof. 1t suffices to take a(z,y) =1 in Theorem O

Corollary 3.20 ([I5], Theorem 3.2). Let (X,d) be a complete metric space. Let T : X — X be a mapping.
Suppose there exist a simulation function ¢ and a lower semi-continuous function ¢ : X — [0,00) such that

C(o(Tx, Ty) + p(Tx) + p(Ty),0(z,y) + o(x) + ¢(y)) >0, for allz,y € X.
Then, T has a unique fized point z € X such that p(z) = 0.

Now, we give some fixed point results in partially ordered metric-like spaces as consequences of our
results.

Definition 3.21. Let X be a nonempty set. We say that (X, o, <) is a partially ordered metric-like space
if (X, 0) is a metric-like space and (X, <) is a partially ordered set.

Definition 3.22. Let T': X — X be a given mapping. We say that 7T is non-decreasing if
(x,y) e X x X, e Sy=Tzx < Ty.

Corollary 3.23. Let (X,0,=X) be a complete partially ordered metric-like space. Let T : X — X be a given
mapping. Suppose there exists a simulation function ¢ € Z* such that

¢(o(Tz,Ty), M(x,y)) = 0
for all x,y € X satisfying x <y, where

M (z,y) = max{o(z,y),0(x,Tx),0(y, Ty), o(z,Ty) ‘i‘ o(y,Tx) N

Assume that

(i) T is non-decreasing;
(ii) there exists an element xy € X such that xo < T'x;
(iii) if {zn} is a sequence in X such that x,, < xp 41 for alln and x, — © € X as n — oo, then there exists

a subsequence {Tpuy} of {xn} such that x4y X for all k.
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Then, T has a fized point z € X such that o(z,z) = 0.

Proof. Let a: X x X — X be such that

(2.7) 1 if z=<y;
oz, y) =
Y 0 otherwise.

Then, all hypotheses of Theorem are satisfied and hence T has a fixed point. O

Corollary 3.24. Let (X,p, <) be a complete partially ordered partial metric space. Let T : X — X be a
given mapping. Suppose there exists a simulation function ( € Z* such that

C (p(T‘Tv Ty)? Mp(xv y)) Z 0

for all x,y € X satisfying x <y, where

p(z, Ty) + p(y, Tx) .

M(z,y) = max{p(z,y), p(z, Tx), p(y, Ty), 5

Assume that

(i) T is non-decreasing;
(ii) there exists an element xy € X such that xo < T'xp;
(iii) if {zn} is a sequence in X such that x,, < xp 1 for alln and x, — © € X as n — oo, then there exists

a subsequence {Tpuy} of {xn} such that x,q) X for all k.
Then, T has a fized point z € X such that p(z,z) = 0.

Corollary 3.25 ([3], Theorem 3.7). Let (X, d, <) be a complete partially ordered metric space. Let f : X —
X be a given mapping. Suppose the following conditions hold:
(i) f is non-decreasing;
(i) there exists xg € X such that zog < fxo;
(iii) if {an} is a non-decreasing sequence with x, — z, then x, = z for all n € N;
(iv) there exists a simulation function ¢ such that for every (z,y) € X x X with x <y, we have

C(d(fx, fy), M(f,z,y)) >0,

where

M(f,z,y) = max{d(z,y),d(z, fx),d(y, fy), d(z, fy) "; d(y, fz) 1.

Then, {f"xo} converges to a fized point of f.

Corollary 3.26. Let (X,0,=) be a complete partially ordered metric-like space. Let T : X — X be a
given mapping. Suppose there exist a simulation function ¢ € Z* and a lower semi-continuous function
¢ : X —[0,00) such that

C(o(Tz,Ty) + p(Tx) + o(Ty), 0(z,y) + o(x) + ¢(y)) > 0

for all x,y € X satisfying x < y. Assume that

(i) T is non-decreasing;
(ii) there exists an elements xg € X such that xo < Txo;
(iii) of {xn} is a sequence in X such that v, = xpy1 for alln and x, — v € X asn — oo, then there exists
a subsequence {Tpuy} of {xn} such that x,q) X for all k.

Then, T has a fized point z € X such that o(z,z) =0 and p(z) = 0.
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