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1. Introduction

Vector equilibrium problem, as a generalization of the equilibrium problem [7] and the vector variational
inequality [16], plays a very important role in many fields such as mathematical physics, economics theory,
operations research, management science, engineering design and others. The existence theory concerned
with solutions for the vector variational inequalities and the vector equilibrium problems has been extensively
studied by many authors under quite different conditions (see, for example, [4l 5], 8 12} 14} 15 17, 18] 26,
28, [30], 32] 35] and the references therein).

On the other hand, the stability analysis in connection with the solution mappings to vector equilibrium
problems is an important topic in vector optimization theory. Recently, the lower semicontinuity and the up-
per semicontinuity of the solution mappings to parametric vector equilibrium problems have been intensively
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studied in the literature, for instance, we refer the reader to [1H3, OH11] 13} 19] 20} 22] 23] 27, 29, 311 B3] B34].
We note that, in order to get the semicontinuity of the solution mappings for the parametric vector equi-
librium problems, the authors of [3, O-111 [19] 20} 291 3T, 34] employed the monotonicity of mappings or the
information about the solution mappings. It is worth mentioning that the monotonicity of mappings may
yield that the set of solutions is a singleton and the assumptions involving information of solution mappings
are not reasonable from the view of real problems. Therefore, it is important and interesting to discuss the
semicontinuity of the solution mappings for a parametric generalized vector equilibrium problem (for short,
PGVEP) under some new conditions.

The rest of the paper is organized as follows. Section [2| presents some necessary notations and lemmas. In
Section |3, we obtain a new scalarization result and a new density result for a generalized vector equilibrium
problem. Then we establish the lower semicontinuity of strong efficient solution mapping, weakly efficient
solution mapping and efficient solution mapping to (PGVEP) by using the scalarization methods and the
density result. In Section [l we discuss the upper semicontinuity of strong efficient solution mapping and
weakly efficient solution mapping to (PGVEP). Moreover, we establish the Hausdorff upper semicontinuity
of efficient solution mapping to (PGVEP), which is a generalization of Theorem 5.4 of [24] from the finite
dimensional space to the infinite dimensional space.

2. Preliminaries

Throughout this paper, unless otherwise specified, let A, W, A, X and Y be five normed vector spaces.
Assume that C' C Y is a closed, convex, pointed cone with nonempty interior, P C A is a convex, pointed
cone, and Ry = {x € R:z > 0}. Let Y* be the topological dual space of Y and C* be defined by

C*={feY":f(c) >0, Vce C}.
Denote the quasi-interior of C* by C#, i.e.,
C*={feY*:f(c)>0, Veec C\{0}}.
Let D be a nonempty subset of Y. The cone hull of D is defined as
cone (D) ={td:t>0,d € D}.

Denote the closure of D by cl (D) and the interior of D by intD. A nonempty convex subset B of the
convex cone C' is called a base of C if C' = cone (B) and 0 ¢ cl(B). It is easy to see that C# # () if and only
if C' has a base. Let e be a fixed point in intC',

B ={feC": f(e) =1},

and

B#:{fec#:f(e):1}.

Then it is easy to see that B* is a weak* compact base of C*, B¥ is a base of C# and B* = cl (B#)
with respect to the weak* topology.

Let K be a nonempty subset of X and §: X = Aand F: X X A x X =2 Y be two set-valued mappings.
We consider the following generalized vector equilibrium problem consisting of finding zg € K such that

(GVEP) F(x0,u,y)N(—=Q) =0, YueS(x),Vy<€K,

where QU {0} is a cone in Y.
Let W (F, S, K) denote the set of all weakly efficient solutions of (GVEP), i.e.,

W (F,S,K)={z€ K : F(x,u,y) N (—intC) =0, Yu € S (z),Vy € K}.
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and F (F, S, K) denote the set of all efficient solutions of (GVEP), i.e.,
E(F,S,K)={z€ K : F (z,u,y) N (-C\{0}) =0, Vue S(z),Vy € K}.
For any f € C*, let Q (f) denote the set of all f-solutions of (GVEP), i.e.,
Q(f)y={zeK: f(F(x,u,y)) CRy,VueS(z),Vye K}.

Let K be a nonempty subset of X and S : X = Aand F': X X Ax X =2 Y be two set-valued mappings.
Let F: X x AX X XxW =Y and K : A = X be two set-valued mappings. For any (a,\) € W x A, we
consider the following parametric generalized vector equilibrium problem consisting of finding zp € K (\)
such that

(PGVEP) F(zo,u,y,c) N (=) =0, YueS(xg),Vye K (N,

where QU {0} is a cone in Y.
For any (a, A) € W x A, let M (o, A) denote the set of all strong efficient solutions of (PGVEP), i.e.,

M(a,\)={z e K(\): F(z,u,y,a) CC,Vu e S(z),Yy € K(\)},
and W (a, A) denote the set of all weakly efficient solutions of (PGVEP), i.e.,
W (a,\)={z e K(\): F(z,u,y,a) N (=intC) =0, Vu € S (z),Vy € K (\)}.
For any f € C* and (a,\) € W x A, let Sy (o, A) denote the set of all f-solutions of (PGVEP), i.e.,
S, \)={z e K(\): f(F(z,u,y,a)) CRL,Vue S(x),Vye K(\)}.

Definition 2.1. A set-valued mapping ® : A = Y is said to be P-C-increasing, if for any ui,us € A with
u1 — uo € P, one has

Remark 2.2. The special case is as follows: a function f : R — R is said to be R;-R-increasing, if for any
uy, ug € R with ug > ug, one has f (uy) > f (u2).

Definition 2.3. Let D be a nonempty convex subset of X. A set-valued mapping ® : D = Y is said to be

(i) C-concave, if for any x1, 22 € D and t € [0, 1], one has
® (tag + (1 — 1) a2) Ct® (1) + (1 — ) @ (22) + C;
(ii) strictly C-concave, if for any z1,x9 € D with x1 # x5 and, for any ¢ € ]0, 1], one has
D (try + (1 —t)z2) CtP (z1) + (1 —t) @ (22) + intC;
(iii) C-convexlike, if for any x1, 22 € D and, for any ¢ € [0, 1], there exists x3 € D such that
t® (x1) + (1 —t) D (22) C @ (z3) + C.

Now, we give the following example to illustrate that strictly C-concavity is easy to be verified.

Example 2.4. Let Y = R?, C = R% = {(21,22) € R*: 21 > 0,2, >0}, X = R and D = [-1,1]. We
denote by By the closed unit ball in Y. Let a set-valued mapping ® : D = Y be defined as follows

® (z) = (—2? 2cosx) + By.

Then it is easy to check that ® is strictly C-concave.
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Definition 2.5. A set-valued mapping G : T = T3 is said to be

(i) Hausdorff upper semicontinuous (H-u.s.c.) at ug € T, if for any neighborhood V' of 0 € T}, there exists
a neighborhood U (ug) of ug such that for every u € U (ug), G (u) C G (up) + V;

(ii) upper semicontinuous (u.s.c.) at ug € T, if for any neighborhood V' of G (uy), there exists a neighbor-
hood U (ug) of ug such that for every u € U (ug), G (u) C V;

(iii) lower semicontinuous (l.s.c.) at ug € T, if for any x € G (up) and any neighborhood V' of z, there
exists a neighborhood U (ug) of ug such that for every u € U (ug), G (u) NV # 0.

We say that G is H-u.s.c., u.s.c. and l.s.c. on T if it is H-u.s.c., u.s.c. and l.s.c. at each point v € T,
respectively. We say that G is continuous on 7' if it is both u.s.c. and l.s.c. on T

Lemma 2.6 ([0]). A set-valued mapping ® : T = Ty is l.s.c. at ug € T if and only if for any sequence
{un} €T with u, — ug and for any xo € P (ug), there exists x, € ® (uy,) such that x, — xo.

Lemma 2.7 ([21]). Let ® : T = T be a set-valued mapping. For any given ug € T, if ® (ug) is compact,
then ® is u.s.c. at ug € T if and only if for any sequence {u,} C T with u, — ug and for any x, € O (uy),
there exist xg € ® (ug) and a subsequence {xyn, } of {xn} such that z,, — xo.

Lemma 2.8 ([25]). A set-valued mapping G : T = Ty is l.s.c. on T if and only if, for any A C T, one has

U G(u)gd(U G(u)>.

u€ecl(A) ucA

3. Lower semicontinuity

In this section, we establish the lower semicontinuity of strong efficient solution mapping, weakly efficient

solution mapping and efficient solution mapping to (PGVEP).

Lemma 3.1. Let K be a nonempty compact convex subset of X. Assume that
(i) S(-) is l.s.c. and P-concave on K with nonempty compact values;

(i) for any (z,y) € K x K, F (x,-,y) is P-C-increasing;
i)
v)

(iii) for anyy € K, F (-,-,y) is strictly C-concave on K x A;

(i

Then Q (-) is l.s.c. on C*\{0y~}, where the topology on C*\ {0y~} is the weak* topology.

F (-,-,-) is continuous on K x A x K with nonempty compact values.

Proof. Suppose to the contrary that @ (-) is not Ls.c. at fo € C*\ {Oy-}. Then there exist g € Q (fo), a
neighborhood Wy of 0 € X and a sequence {f,} with

w*
fn — fUa

such that
(xo+Wo)NQ(fn) =0, VneN. (3.1)

There are two cases to be considered.
Case 1. Q (fo) is singleton. Let
Tn €Q(fn), VneN. (3.2)
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It clear that x, € K. Since K is compact, without loss of generality, we can assume that x, — = € K.
We claim that z € Q (fo). In fact, if not, then there exist ug € S (zg) and yg € K such that

fO (F (a_jvu()vy(])) 7: RJr-

Then there exists zg € F (Z, ug, yo) such that

fo(20) <0. (3.3)

Since S (-) is Ls.c. at xg, it follows from Lemma that there exists u, € S (z,) such that u, — uo.
Noting that F (-, -, yo) is Ls.c. at (zg,uo), by Lemma [2.6] there exists z, € F (zn, un,yo) such that z, — z.
It follows from

w*
fn — an

that fp, (zn) — fo (20). By this together with (3.3), we have f, (z,) < 0 for n large enough, which contradicts
(3.2). Therefore, € Q (fo). It follows from @ (fo) is singleton that & = ¢ and so z,, — x¢. By this together

with (3.2]), we have
Tn € (zo+ Wo) N Q (fn),

for n large enough, which contradicts (3.1)).

Case 2. Q(fo) is not singleton. Then there exists 2’ € Q (fo) such that 2’ # x¢. Since 2’29 € Q (fo), we
have
fo (F (:L",u,y)) CRy, Yues (a:') , Vy e K, (3.4)

and
Jo (F ($07uay)) C Ry, Vu € S(LL'()), Vy € K. (35)

Since S (+) is P-concave on K, for any t € |0, 1], we have
S (ta’ + (1 —t)zg) CtS (2) + (1 — 1) S (z0) + P.
For any u; € S (tx' + (1 — t) zp), there exist v’ € S (2), ug € S (x0) and py € P such that
up = tu’ + (1 —t) ug + po.
By noting that F (tz’ 4+ (1 — t) xo, -, y) is P-C-increasing, we have
F (t2' + (1 —t) zo,us,y) C F (t2' 4 (1 — t) o, tu’ + (1 — t) uo, y) + C. (3.6)

Since F'(-,-,y) is strictly C-concave on K x A, we have

F (ta' + (1 = t)wo, tu’ + (1 — t)ug,y) CtF (', y) + (1 — t) F (0, uo,y) + intC. (3.7)

Let x (t) := ta’ + (1 — t) zp. Then it is clear that z (t) € K. It is easy to see that there exists to € ]0, 1]
such that x (tg) € xg + Wy. It follows from (3.1) that = (t9) ¢ Q (f). Then there exist u, € S (z (tp)) and
yYn € K such that

In (F (:L’ (tO) 7un7yn)) Z Ry.
Thus, there exists z, € F (x (t9) , un, yn) such that

Fu (20) < 0. (3.8)

Since S (x (tp)) and K are compact, without loss of generality, we can assume that u, — @ € S (z (to))
and y, — yo € K. By Lemma there exist zg € F (x (to),4,yo) and a subsequence {z,, } of {z,} such
that z,, — zo. Without loss of generality, we can assume that z, — zp. It follows that f, (z,) — fo (20)-

By (3.8)), we have
fo (Z()) S 0. (3.9)

On the other hand, from (3.4), (3.5), (3.6) and (3.7), we know that fo (z9) > 0, which contradicts (3.9).

This completes the proof. O
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Lemma 3.2. Assume that, for each x € K, F (z,-,-) is C-convezlike on S (x) x K. Then

W(FS,E)= ] Q)

feB*
Proof. For any x € J;ep- @ (f), there exists fo € B* such that x € Q (fo). Thus,
fo(F(z,u,y)) CRy, Yue S(z), Vy € K. (3.10)
Suppose that © ¢ W (F, S, K). Then there exist ug € S (x) and yo € K such that
F(z,u0,y0) N (—intC) # 0,

and so there exists zg € F' (x,up,yo) such that fo(z9) < 0, which contradicts (3.10). Therefore, we know
that z € W (F, S, K). Next, we show that

W(F,S,K)C | Q)

feB*
Let x € W (F, S, K). Then
F(z,u,y) N (—intC) =0, Yu € S(z), Vy € K.

It is easy to see that

(F(z,S(z),K)+C)n (—intC) = 0.

For each = € K, since F' (z,-,-) is C-convexlike on S (z) x K, we can see that F'(z,S(z),K)+C is a
convex set. By the separation theorem of convex sets, there exists g € Y*\ {0} such that

inf{g(z+c):ueS(x),ye K,z€ F(z,u,y),ce C} > sup{g (c’) :d € —C}.

It follows that g € C* and
g(F(x,u,y)) CRy, Yue S(z), Yy e K.

Since e € intC and g € C*\ {0}, it follows that g (e) > 0. Let 1) = —) We can see that 1) € B* and
U (F (z,u,y)) CR4, Yue S(x), Vy € K.

Thus, z € Q (¢) and so z € J;cp« @ (f). This completes the proof. O

Lemma 3.3. Let K be a nonempty compact conver subset of X. Assume that
(i) S(-) is l.s.c. and P-concave on K with nonempty compact values;

(ii) for any (z,y) € K x K, F (x,-,y) is P-C-increasing;

F (-,-,-) is continuous on K x A x K with nonempty compact values;

)
)
(iii) for anyy € K, F (-,-,y) is strictly C-concave on K x A;
(iv)
)

for each x € K, F (x,-,-) is C-convezlike on S (z) x K.

(v

Then

U encEErsK)cwEs K =Jencd| U ew

feB# feB* feB#
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Proof. Tt follows from Lemma [3.2] and the definitions that

U Q(f)SE(FSK)CW(FSK) =] Q(f
feB# feB*

By Lemma we know that @ (-) is Ls.c. on B* = ¢l (B¥), by Lemma one has

Jencal U ewn],

feBx feB#
and so
UJaepnce@ncw@n=Jemncd|l J
feB# feB* feB#
This completes the proof. O

Theorem 3.4. Let (ap, o) € W x A. Assume that
(i
(ii

) K (\o) is nonempty convex compact and K (-) is continuous at \o;

)
(iii) for any (z,y) € K (o) X K (o), F (z,-,y, ) is P-C-increasing;

)

)

S (+) is continuous and P-concave on K (o) with nonempty compact values;

(iv) for anyy € K (N\o), F (-, -,y, ) is strictly C-concave on K (A\g) X A;

F (-, +) is continuous on K (Ag) X A x K (Ao) X {ag} with nonempty compact values.

(v
Then M (-,-) is l.s.c. at (g, o).

Proof. Suppose to the contrary that M (-,-) is not l.s.c. at (ap, A\g). Then there exist xyg € M (ap, \g) and a
neighborhood Wy of 0 € X such that, for any neighborhood U’ x V' of (g, Ag), there exists (o/, \') € U' x V'
satisfying

(xo + Wo)N M (a’, )\’) = 0.

Hence, there exists a sequence {(an, An)} with (o, A\n) — (o, Ag) such that

(o +Wo) N M (ap, A\p) =0, ¥Yn € N. (3.11)

There are two cases to be considered.
Case 1. M (ap, Ao) is singleton. Let

Tn € M (ap, \n), VneN. (3.12)

It is clear that =, € K ()\,) for all n € N. By Lemma there exist & € K (\g) and a subsequence
{zp, } of {z,} such that x,, — z. Without loss of generality, we can assume that x,, — z. We claim that
Z € M (ap,Ao). In fact, suppose to the contrary that z ¢ M (v, Ag). Then there exist ug € S(z) and
yo € K (Ao) such that

F (%, u0,y0,20) ¢ C.

It follows that there exists zg € F (Z, ug, yo, o) such that
2 ¢ C. (3.13)

Since S (+) is Ls.c. at Z and K (-) is Ls.c. at Ag, it follows from Lemma [2.6] that there exists u,, € S (2y,)
such that u, — wg and there exists y, € K (\,) such that y, — yo. By noting that F (-,-,-,-) is Ls.c.
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at (&, uop,yo,p), by Lemma there exists z, € F (xp,Un,Yn, @n) such that z, — zo. It follows from
(3.13) that z, ¢ C for n large enough, which contradicts (3.12)). Therefore, T € M (g, Ag). It follows from
M (ag, \o) is singleton that Z = xg and so z,, — x¢. By this together with (3.12), we have

Tn € (zo + Wo) N M (ctn, M),
for n large enough, which contradicts (3.11]).
Case 2. M (g, \g) is not singleton. Then there exists @’ € M (ag, A\g) such that ' # xy. Since 2/, xg €

M (ag, \o), one has
F (2 u,y,c00) CC, Yue S(2'), Vye K (X), (3.14)

and
F ($0,u, Y, Oéo) CC, Yyue S (I‘o), Vy e K ()\0) . (315)

Since S (+) is P-concave on K (\g), for any t € |0, 1[, we have
S (ta' + (1 —t)zo) CtS(2) + (1 —1t) S (x0) + P.
For any u; € S (tx' + (1 — t) z), there exist v’ € S (2), ug € S (xp) and py € P such that
up = tu’ + (1 —t) ug + po.
By noting that F (tz' + (1 —t) zg, -, y, ) is P-C-increasing, we have
F (ta' + (1 = t) wo,us, y,c0) € F (ta’ + (1 — t) wo, tu' + (1 — t) uo, y, ag) + C. (3.16)

Since F (-, -,y, ) is strictly C-concave on K (Ag) x A, we have

F (tz' + (1 —t)zo, tu’ + (1 — t) o, y,0) C tF (2, v, y, a0) + (1 — t) F (w0, uo, y, ) + intC. (3.17)

Let z (t) := t2' + (1 —t)xo. Then it is clear that = (¢t) € K (\g). For the above Wy, there exists a
neighborhood Wj of 0 € X such that
Wy + Wy C Wy.

Obviously, there exists ty € ]0, 1] such that x (t9) € z¢o + W7. Thus,
z (to) + Wi C xo + W1+ Wi C zo + Wo. (3.18)

Since z (t9) € K (A\o), by Lemma there exists a], € K (\,) such that z/, — z(ty) and so a, €
x (to) + Wi for n large enough. By noting (3.11)) and (3.18]), we have z, ¢ M (un, \,) and so there exist
yh, € K (\,) and u, € S (2},) such that

F (x;,uﬁl,y;,an) ¢ C.
Thus, there exists 2/, € F (x},,ul,,y,,, o) satisfying
21 ¢ C. (3.19)

Since y,, € K (\,), it follows from Lemma that there exist 3’ € K (\o) and a subsequence {y},, }
of {y,} such that y;, — 3. Without loss of generality, we can assume that y,, — 3. Since u;, € S (27,),
it follows from Lemma that there exist v’ € S (x(t9)) and a subsequence {u], } of {u},} such that

u,, — u'. Without loss of generality, we can assume that u), — «/. By noting the fact that F (-, -, -) is

ng
ws.c. at (z(to), v,y ap), there exist 2 € F (z (to),u,y/, ) and a subsequence {2, } of {z,} such that

2y, — #'. Without loss of generality, we can assume that z;, — 2’. Tt follows from (3.19) that
2 ¢ intC. (3.20)

On the other hand, from (3.14), (3.15), (3.16) and (3.17)), we know that 2’ € intC, which contradicts
(3.20)). This completes the proof. O
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Similar to the proof of Theorem we can get the following lemma.

Lemma 3.5. Let f € C*\ {0} and (ap, \o) € W x A. Assume that

(i

(ii

) K (Xo) is nonempty convex compact and K (-) is continuous at \o;

)
(iii) for any (x,y) € K (Ao) X K (X\o), F (x,-,y, ) is P-C-increasing;

)

)

S (+) is continuous and P-concave on K (X\g) with nonempty compact values;

(iv) for anyy € K (X\o), F (-, -,y, ) is strictly C-concave on K (o) X A;

F(--,-,-) is continuous on K (X\g) x A x K (A\o) X {ag} with nonempty compact values.

(v
Then S¢ (-,-) is l.s.c. at (o, Ao).
Theorem 3.6. Let (g, A\o) € W x A. Assume that

(i

(ii

) K (o) is nonempty convex compact and K (-) is continuous at Ao;

)
(iii) for any (x,y) € K (Ao) X K (o), F (z,+,y, ) is P-C-increasing;

)

)

i)

S (+) is continuous and P-concave on K (X\g) with nonempty compact values;

(iv) for anyy € K (X\o), F (-, -,y, ) is strictly C-concave on K (o) X A;

F (-, +) is continuous on K (Ag) x A x K (A\g) X {an} with nonempty compact values;

(v

(vi) for any x € K (\o), F (x,-,-, ap) is C-convexlike on S (x) x K (Ag).

Then W (-,-) is L.s.c. at (g, o). Moreover, E (-,-) is l.s.c. at (ag, \o).
Proof. Tt follows from Lemma [3.2] that

W (a0, Xo) = U St (a0, Ao)-
feB*

For any xo € W (ap, Ag) and any neighborhood U of xg, there exists fo € C* such that xg € Sy, (a0, Ao)-
It follows from Lemma 3.5|that Sy, (-, -) is Ls.c. at (ap, Ag) and so there exists a neighborhood U (ag) x U (o)

of (a, Ao) such that
UN Sy, (a,A) £0, V(e \) €U (ao) x U(N).

It is easy to see that
Sfo (av )‘) cw (a7 )‘) )

and so

UNW (a,\) #0, V(a,\) €U (o) x U (No) -
Therefore, W (-, -) is Ls.c. at (ag, Ao). It follows from Lemma [3.3] that

U Sf ao,)\g) C E(Ozo,)\g) - W(Ozo,)\o U Sf a(),)\()) Cecl U Sf (Oé(),)\())

feB# feB* feB#

For any x € F (ag, A\g) and any open neighborhood V of z, since

S E(ao,)\o) Cecl U Sf (Ozo,)\o) ,
feB#
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we have

Vol U Srlao ) | #0.

feB#

Then there exists f € B# such that
Vn Sf (g, Ao) # 0.

By Lemmal [3.5] S (-,-) is Ls.c. at (ao, Xo). Thus, there exists a neighborhood U (ag) x U (Ao) of (ao, Xo)
such that
VNSy(aX) #0, V(a,\) € U(ag) x U (o) -

Since f € B, it is clear that
St (a,N) CE (o, N).
Then,
VNE(a,\)#0, V(a,\) €U () x U (No) -

Therefore, F (-,-) is L.s.c. at (ag, A\g). This completes the proof. O

4. Upper semicontinuity

In this section, we establish the upper semicontinuity of strong efficient solution mapping and weakly
efficient solution mapping to (PGVEP) and the Hausdorff upper semicontinuity of efficient solution mapping
to (PGVEP).

Theorem 4.1. Let (g, Ao) € W x A. Assume that K (Xo) is nonempty compact, K (-) is continuous at Ao,
S () is l.s.c. on K (Xo) and F (-, +,-,-) is l.s.c. on K (A\g) X A x K (A\o) x {aw}. Then M (-,-) is u.s.c. at
(v, No). Moreover, W (-,-) is u.s.c. at (g, o).

Proof. Suppose to the contrary that M (-,-) is u.s.c. at (ap,Ag). Then there exist a neighborhood W) of
M (ap, M) and a sequence {(ap, A\p)} with (an, An) — (@, Ag) such that

M (an, A\n) & Wo.

Then there exists
T € M (an, An) (4.1)

such that
xn & Wy, Vn eN. (4.2)

Since x,, € K (\,), by Lemma there exist g € K (A\o) and a subsequence {zy, } of {z,} such that
Zn, — xo. Without loss of generality, we can assume that z,, — xo.
We claim that zo € M (ap, \g). In fact, suppose to the contrary that xg ¢ M (ag, Ag). Then there exist
ug € S (zg) and yo € K (A\g) such that
F (zg,ug, y0,ap) ¢ C.

Then, there exists zg € F (xg, ug, Yo, o) such that
20 §é C. (4.3)

Since S (-) is Ls.c. at zp and K (-) is Ls.c. at Ao, it follows from Lemma[2.6] that there exists u,, € S (2,,)
such that u, — up and there exists y, € K (\,) such that y, — yo. By noting that F(-,-,-,-) is Ls.c. at
(xo,uo, Yo, o), by Lemma there exists z, € F (2, Un, Yn, ) such that z, — zo. It follows from
that z, ¢ C for n large enough, which contradicts . Therefore, zy € M (g, Ag). We can see that
T, = x9 € Wy, which contradicts (4.2]).

By the similar arguments, we can prove that W (-,-) is u.s.c. at (ap, Ag). This completes the proof. [
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Lemma 4.2. Assume that K is a nonempty closed subset of X, S(-) is l.s.c. on K and for any y € K,
F () isl.s.c. on K x A. Then Q (f) is closed.

Proof. Let {z,} C Q (f) with z,, = x¢. Then
f(F (zn,u,y) CRy, Yue S(z,), VeK. (4.4)

It follows from the closedness of K that xp € K. For any u € S (xg), since S (+) is Ls.c. at zp, by Lemma
there exists u,, € S (z,) such that w, — @. For any z € F (x,u,y), by noting that F (-,-,y) is L.s.c. at
(z0, @), by Lemma [2.6] there exists z, € F (zy,un,y) such that z, — z. By (4.4), we have f(z,) > 0. It
follows from f (z,) — f(z) that f(z) > 0. Then

f(F(zo,u,y)) SRy, Vu € S (o), Vy € K,
which means that 2o € @ (f). Therefore, @ (f) is closed. This completes the proof. O]

Lemma 4.3. Let (fo, a0, Ao) € B* x W x A . Assume that K (A\g) is nonempty compact, K (-) is continuous
at Ng, S(-) is l.s.c. on K (X\g) and F (-,-,-,-) is L.s.c. on K (Ao) X A X K (Ao) X {ao}. Then S.(-,-) is u.s.c.
at (fo, o, No), where the topology on B* is the weak* topology.

Proof. Suppose to the contrary that S. (-,-) is u.s.c. at (fo, a9, A\g). Then there exist a neighborhood Wy of
St, (g, Ao) and a sequence {(fpn, an, A\n)} with (fn, an, An) = (fo, @, Ao) such that

St, (an, An) & Wo.

Then there exists
xy € 8§, (n, An), (4.5)
such that
xn & Wy, Vn eN. (4.6)

Since z,, € K (\y), by Lemma there exist g € K (A\o) and a subsequence {zy, } of {z,} such that
T, — xo. Without loss of generality, we can assume that z, — xo.

We claim that zg € Sy, (a0, Ao). In fact, suppose to the contrary that zo ¢ Sy, (o, Ao). Then there exist
ug € S (xo) and yo € K (Ag) such that

fo (F (20, u0, Y0, 0)) ¢ R

Then, there exists zop € F' (x0, uo, Yo, o) such that

f() (Z()) < 0. (4.7)
Since S (-) is Ls.c. at zg and K (-) is Ls.c. at Ao, it follows from Lemma [2.6] that there exists u,, € S (2y,)
such that u, — wug and there exists y, € K (\,) such that y, — yo. By noting that F (-,-,-,-) is Ls.c. at

(20, u0, Yo, ), by Lemma there exists z, € F (zy, Un,Yn, @) such that z, — zp. By noting the fact
that

w*
fn — va

it is easy to see that f,, (z,) = fo (20). By this together with (4.7)), we have f, (z,,) < 0 for n large enough,
which contradicts (4.5)). Therefore, g € Sy, (a0, o). We can see that x,, — xo € Wy, which contradicts
(4.6). This completes the proof. O

Theorem 4.4. Let (o, A\o) € W x A. Assume that
(i) K (Xo) is nonempty convex compact and K () is continuous at Ao;

(ii) S(-) is Ls.c. and P-concave on K (Ag) with nonempty compact values;
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(iii) for any (x,y) € K (Ao) X K (o), F (z,-,y, ) is P-C-increasing;
(iv) for anyy € K (N\o), F (-, -,y, ) is strictly C-concave on K (o) X A;
(V) F () is continuous on K (Ng) x A x K (Ag) X {a} with nonempty compact values;

(vi) for any (a, A) € W x A and for any x € K (\), F (z,-,-, ) is C-convexlike on S (x) x K (A).

Then, E (-,-) is H-u.s.c. at (ag, \o).

Proof. Suppose to the contrary that E (-,-) is not H-u.s.c. at (ag, Ao). Then there exist a neighborhood W
of 0 € X and a sequence {(an, Ap)} with (an, A\n) — (o, Ag) such that

E (an, \n) ¢ E(ap, Ao) + Wy, ¥Yn e N.

Thus, there exists
T € E(an, A\n), (4.8)
satisfying
Tn é E (ao, )\0) + Wy, VYn eN. (49)
From Lemma [3.2] one has
W (o, An) = | Sr (o, An).
feB*
It is clear that
E (an, \n) CW (an, An), YneN.
This together with (4.8) implies that
T € U St (o, Ap), Vn €N,
feB*
and so there exists f, € B* such that
(4.10)

Tn € an (Ozn,)\n) .
Since B* is weak* compact, without loss of generality, we can assume that
fn 2, fo€B *,

It follows from Lemmathat S, (ag, Ag) is closed. Since Sy, (g, Ag) € K (Ag) and K (o) is compact,
we can see that Sy, (ag, Ag) is compact. By Lemma we can see that S.(-,-) is w.s.c. at (fo, @0, No).
By noting (4.10) and Lemma there exist a subsequence {zp, } of {x,} and o € Sg, (o, Ag) such that
T, — xo. 1t follows from Lemma [3.3] that
U Sf (O‘O’ )‘0)

U St (ap, Xo) € E (g, Ag) € W (ap, Xo) = U St (ap, Ag) C cl
feB#

feB# feB*
Thus, one has

zo€ | J Splan, o) S| | Splao Xo) | =cl(E (an, X)) € E (ao, Xo) + Wo.
feB* feB#
This together with z,, — o shows that
Tn, € E(ag, \o) + W,
for k large enough, which contradicts . This completes the proof.

Remark 4.5. Theorem is a generalization of Theorem 5.4 of [24] from the finite dimensional space to the

O

infinite dimensional space.
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