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Abstract

The gradient-projection algorithm (GPA) is an effective method for solving the constrained convex
minimization problem. Ordinarily, under some conditions, the minimization problem has more than one
solution, so the regulation is used to find the minimum-norm solution of the minimization problem. In
this article, we come up with a regularized gradient-projection algorithm to find a common element of the
solution set of equilibrium and the solution set of the constrained convex minimization problem, which is
the minimum-norm solution of equilibrium and the constrained convex minimization problem. Under some
suitable conditions, we can obtain some strong convergence theorems. As an application, we apply our
algorithm to solve the split feasibility problem and the constrained convex minimization problem in Hilbert
spaces. (©2016 All rights reserved.
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1. Introduction

Let H be a real Hilbert space with inner product (-,-) and norm || - ||. Let C' be a subset of H, which is
nonempty, closed and convex. Let N and R denote the sets of positive integers and real numbers, respectively.
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A nonlinear operator T : C' — C' is nonexpansive if [|Tz — Ty|| < ||z — y|| for all z,y € C. We use Fiz(T)
to denote the fixed point of 7. A nonlinear mapping A : H — H is monotone if (x —y, Az — Ay) > 0 for all
x,y € H. It can be easily seen that if T' is nonexpansive, then I — T" is monotone.

Firstly, consider the following equilibrium problem (EP), find z € C such that

o(z,y) >0, VYyeC, (1.1)

where ¢ is a bifunction of C' x C into R. Assume the EP is solvable, and denote the solution set of
EP by EP(yp). We also know that the EP is equivalent to variational inequality problem, where a mapping
F:C— H,let p(z,y) = (Fz,y — z) for all z,y € C. We can conclude that EP(¢p) is the solution set of
the variational inequality.

As we all know that the equilibrium problem is widely used in many aspects such as physics, optimization
and economics. Therefore, how to solve the equilibrium problem has became a hot problem. Many authors
proposed different methods, we can see from the references [11], 12, [18], 20} 28].

Secondly, consider the constrained convex minimization problem as follows:

min g(z), (1.2)
where g : C — R is a real-valued convex function. Assume that the constrained convex minimization
problem is solvable, let U denote its solution set. A sequence {x,} generated by the following recursive

formula:
Tnt1 = Po(I — \Vg)zy,, Yn >0, (1.3)

is called the gradient-projection algorithm, where the parameters {\,} are real positive numbers, and P¢
is the metric projection from H onto C. In general, if the gradient Vg is Lipschitz continuous and strongly
monotone, then the sequence {z,} generated by converges strongly to a minimizer of , where the
parameters {\, } satisfy some suitable conditions. However, if the gradient Vg is only to be inverse strongly
monotone, the sequence {z,} generated by converges weakly.

Recently, many authors not only combine the equilibrium problem with a fixed point problem [4] [14! 16,
17, 22], but also combine the constrained convex minimization problem with a fixed point problem [5-7]. So
we can also composite iterative algorithms for finding a common solution of the equilibrium problem and
the constrained convex minimization problem [23 24].

Ordinarily, the gradient-projection method converges weakly, Xu [27] came up with two modifications of
it, then obtained two strong convergence theorems. On the other hand, regularization can be used to find
the minimum-norm solution of the minimization problem.

Thirdly, we consider the following regularized minimization problem:

. o By 2
ggggﬁ(w) = g(x) + 5 |27,

where the regularization parameter § is positive, g is a convex function and gradient Vg is %—ism. Then, a
sequence {z,} generated by the following formula:

Tnt1 = Po(I —AVgg,)xn = Po(I — XN(Vg + ppl))x,, VYn >0, (1.4)

where the regularization parameters 3, is positive, Py is the metric projection from H onto C. X is a
positive number. Then, a sequence {z,} generated by (1.4) converges weakly.
In 2011, Ceng et al. [7] proposed a sequence {x,} generated by the following iterative algorithm:

Tpy1 = Pol0nr f(zn) + (I — 0puF )Ty (2y)],  Vn >0, (1.5)

where f : C — H is an [-Lipschitzian mapping with a constant [ > 0, and F': C — H is a k-Lipschitzian
and 7n-strongly monotone operator with constants k,n > 0. 6, = W, Po(I — M\, Vg) =01+ (1 —6,)T,,
for all n > 0. Then a sequence {x,} generated by (1.5 converges strongly to a minimizer of (1.2)).
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In 2014, Tian and Liu [24] firstly proposed implicit and explicit composite iterative algorithms for solving
equilibrium and the constrained convex minimization problem.
The implicit iterative algorithm:

Tn = Oénf(xn) + (1 - an)Tnum Vn € N. '
The explicit iterative algorithm:
{ SO(Umy)JF%@*UmUn*SCM >0, Vyed, (1 7)
Tn+l1l = anf(xn) + (1 — Oén)Tnun, Vn € N, ’

where u, = Qy, n, Po(I — A\, Vg) = spl + (1 — 8p)Th, Sp = 2_21\"13, {rn}, {an}, {\n} satisfy some suitable
conditions, then a sequence {x,} generated by or converges strongly to a point ¢ € U N EP(yp),
which solves the variational inequality ((I — f)g,p —¢q) >0, for all p € U N EP(y).

Then, in 2014, Lin [30] proposed the following iterative algorithm, for z; € C"

Tnt1 = Jp,(I — p(F + Bpl))Trxn, Yn >0, (1.8)

where J,, T, are the resovent of maximal monotone mapping B, G, p is a constant where 0 < p < 2%:,
Brn € (0,1), and F is %—ism. Then the sequence {x,} generated by converges strongly to Z, where
T = Ppip)y-10)nc-1(0)(0)-

From the article of Lin, we obtain a new condition of parameter p, 0 < p < HLL, which is used widely in
our article. By using this new condition, we obtain some new strong convergence theorems.

In this article, motivated inspired by Tian, Liu and Lin, [24, B0] we come up with a new iterative
algorithm:

{ ‘P(unay) + %<y — Un, Up — mn) >0, vy € C, (1 9)
Tnt1 = Po(I — A(Vg + Bnl)un, Vn €N, '

for finding an element of U N EP(yp), where ¢ : C x C — R, P is the self-mapping on C. Under
appropriate conditions, we can prove that the sequence {x,} generated by converges strongly to a
point ¢ € U N EP(p), where ¢ = Pyngp(,)(0) is the minimum-norm solution of equilibrium and the
constrained convex minimization problem.

Finally, we give concrete examples and the numerical results to illustrate the practical value of our
algorithm in the last section.

2. Preliminaries

In this part, we also introduce some lemmas and some properties that be used in the rest part. Through-
out this paper, let H be a real Hilbert space, and C be a nonempty, closed, and convex subset of H. We
also use the sign ’ —' to denote that the sequence {z,} converges weakly to a point x € C, and we use the
sign ' —' to denote that the sequence {z,,} converges strongly to a point 2 € C, and we use F(T) to denote
the fixed point of T

Solving the equilibrium problem is not an easy thing, we should assume that ¢ : C x C' — R satisfies
the following conditions:

(A1) o(z,2)=0 for all x € C;

(A2) ¢ is monotone, that is to say, p(z,y) + ¢(y,z) <0 for all z,y € C;
(A3) for each x,y,z € C, }in(l) otz+ (1 —t)x,y) < o(x,y);
—>
(

A4) for each x € C,y — ¢(x,y) is convex and lower semicontinuous.

Then, the equilibrium problem can be transformed as the fixed point problem. The following lemma
plays an important role in solving equilibrium problem.
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Lemma 2.1 ([IL [I0]). Let ¢ be a bifunction of C' x C into R satisfying (A1)-(A4). Then for any r > 0 and
x € H, there exists z € C such that

1
QO(Z,y)+;<y—Z,Z—{L‘>ZO, VyEC

Then we define a mapping Q, : H — C as follows:
1
Qr(x):{ZECLp(z,y)—i-;(y—z,z—x)zo, VyeC’}

Then, the following hold:

(1) @, is single-valued;
(2) @, is a firmly nonexpansive mapping, when for all z,y € H,

1Qrz — Qryl? < (Qrz — Qry, = — y);

(3) Fiz(Qr) = EP(p);
(4) EP(yp) is closed and convex.

Takahashi gave the following lemma about equilibrium problem.

Lemma 2.2 ([21]). Let H be a Hilbert space and C be a nonempty, closed, and convex subset of H. Let
@ : C x C — R satisfying (A1)-(A4). Let A, be a set-valued mapping of H into itself defined by

pgod FeH 0@y > {y—wz2, Vyel}, Veel,
v 0, Vo ¢ C.

Then, EP(p) = A;lo and A, is a maximal monotone operator with domA, C C. Furthermore, for any
x € H and r > 0, the resolvent @, of ¢ coincides with the resolvent of A, that is,

Qrx = (I +71Ay) 'z,

Lemma 2.3 ([15]). Let H be a Hilbert space and C be a nonempty closed conver subset of H. Let ic
be the indicator function of C, then ic is a proper lower semicontinuous convex function on H and the
subdifferential Oic of ic is a mazimal monotone operator. Define Qxz = (I + \dic) 'z, for allx € H. We
see that for any x € H and u € C,

u=Q\x < u= Poux.

Then, we introduce some definitions and properties of the operators which are well-known in the litera-
tures.

Definition 2.4 ([25]). A mapping T': H — H is said to be an averaged mapping if it can be written as the
average of the identity I and a nonexpansive mapping, that is,

T=(1-a)l+as,
where o € (0,1) and S : H — H is nonexpansive. Then T is called a-averaged.

Definition 2.5 ([2]). A nonlinear operator B whose domain D(B) C H and range R(B) C H is said to be:

(1) monotone if
(x —y,Bx — By) >0, Vzx,ye D(B);

(2) B-strongly monotone if there exists 5 > 0 such that
(z —y, Bz — By) > fllz —y|*, Vz,ye€ D(B);
(3) v-inverse strongly monotone (v-ism) if there exists v > 0 such that

(x —y, Bz — By) > v||Bx — By||*>, Vz,y € D(B).
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Proposition 2.6 ([3]). Let T : H — H be an operator from H to itself.

(1) T is nonexpansive if and only if the complement I — T is %-ism.

(2) If T is v-ism, then for r >0, rT is Z-ism.

(3) T is averaged if and only if the complement I — T is v-ism, for some v > % Indeed, for o € (0,1), T
is a-averaged if and only if I — T is i—ism.

Recall that Pg is the metric projection from H into C, then for each point x € H, the unique point
Po € C satisfies the property:
| — Pox|| = inf ||z —y| =: d(z, C).
yeC

P has the following characteristics.

Lemma 2.7 ([19]). For a given z € H:

(1) z= Peox if and only if (x — z,z —y) >0, YyeC;
(2) 2= Pex if and only if |z — 2> < |z =yl = ly — 2>, VyeC;
(3) <PC$_PCy7$_y>Z||PC':I"_PCy||27 vw7y€H'

From (3), we can derive that P¢ is nonexpansive and monotone. The inequality in the following lemma
is always used in the process of proof.

Lemma 2.8 ([9]). In an inner product space X,
|z +yll* < [le]? +2(y,x +y), Vz,yeX.

The so-called demiclosedness principle for nonexpansive mapping and the last lemma are often used in
the process of proof.

Lemma 2.9 ([13]). Let T : C — C be a nonexpansive mapping with F(T) # 0. If {x,} is a sequence in
C weekly converging to x and if {(I — T)xy,} converges strongly to y, then (I — T)x = y. In particular, if
y =0, then x € F(T).

Lemma 2.10 ([20]). Let {an} be a sequence of nonnegative real numbers such that
ant1 < (1 - an)an + an5n7 n > 07

where {an 10 and {0, 15, are sequences of real numbers in (0,1) such that

(1) > opioon = oo;
(2) limsupd, <0 or D27 5 anldn| < co.

n—oo

Then lim a, = 0.
n—oo

3. Main results

In this paper, we always assume that g : C' — R is real-valued convex function and the gradient Vg is
%—ism, which implies that AVg is /\iL—ism.

Suppose that the minimization problem is consistent, and let U denote solution set. Let {Q,, } be
a sequence of mappings defined as in Lemma Consider the following mapping G,, on C defined by

Gnr = Po(I = NVg+ 5,1))Qr,xz, YxeCneN,

where A € (0, L%LQ), Brn € (0,1). By Lemma we have
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|Gna — Guyll* = |Pe(I = M(Vg + Bul)@r, — Po(I = A(Vg + Bul))Qr,ylI?
< NI = MVg+ Bul))x — (I = XN(Vg + BaD))yl
= (1= ABn)?llz — yl* + N*| Vg () — Vg(y)|*
=21 = ABu)(z — 9y, Vg(z) — Vg(y))
< (1= A8n)?[lz — yll* + A% V() — Vg(y)|*
~ 221 - 28,1 V9(@) - Vo)l

21 -3 = N Vg(x) - Va(u)|?

< (=282l —yl* = M3

< (1= ABn)? [l = ylI*.

Then we have
Han - GnyH < (1 - Aﬁn)”x - yH

Since 0 < 1—-Aj3, < 1, it follows that GG, is a contraction. Therefore, by the Banach contraction principle,
G, has a unique fixed point z;, € C, such that

zy;, = Poc(I —XVg+ B:1))Qr, 2.

For simplicity, we will write x,, for ) provided no confusion occurs. Next, we prove the convergence of
{zn}, while we claim the existence of the ¢ € U N EP(p), which solves the variational inequality

(=¢;p—q) <0, VpeUNEP(p). (3.1)
Equivalently, ¢ = Pyrgp(y)(0).

Theorem 3.1. Let C' be a nonempty closed convexr subset of a real Hilbert space H and ¢ be a bifunction
C x C into R satisfying (A1)-(A4). Let g : C — R be real-valued convex function and assume that the
gradient Vg is 1-ism with L > 0. Assume that U N EP(p) # 0. Let {z,,} be a sequence generated by

T = Po(I = (Vg + Bul))in, vn €N,

where u, = Qp, Tpn, 0 < A < QJ%L Let {r,} and {8,} satisfy the following conditions:
(i) {rn} C (O,oo),linrgiorolfrn > 0;
(i) {8} © (0,1), lim B = 0, 352, B = o0,

Then {z,} converges strongly to a point ¢ € U N EP(p), where ¢ = Pyngpp(,)(0).

Proof. First, we claim that {x,} is bounded. Indeed, pick any p € U N EP(yp), since u, = Q,Tpn, and
p = Q. p, then we know that for any n € N,

[un = pll = |Qr, 20 — Qr,pll < [0 = pl- (3.2)

Thus, we derive that

[zn = pll = [|Po(I = A(Vg + Bul))Qr,n — Po(I = AVg)Qr,pl|
ST =AMV + Bul))zn — (I = MV + Bud))pll
+ 1 = A(Vg + Bul))p — (I = AVg)p||
< (L= ABn)llzn = pll + ABnllpll-
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Then we have
lzn —pll < lpll;

and hence {z,,} is bounded. From (3.2)) we also derive that {u,} is bounded.
Next, we obtain that ||z, — u,| — 0. Indeed, for any p € U N EP(y), by Lemma we have

Hun - Z)H2 = ||anxn - ansz

1
= 50 = I” + llun = pII* = un = 2n)-
This implies that
lun = plI* < llwn = plI* = llun — 2. (3-3)
Then from (3.3)) we derive that

2 — pl|* = | Po(I = M(Vg + Bul))un — Po(I — AVg)pl|®

= | Po(I = X(Vg + Bul)Jtn — Po(I = N(Vg + Bal))p
+ Po(I = MN(Vg+ Bul))p — Po(I — AVg)p|?

< ||Po(I = A(Vg + Bul))un — Po(I = N(Vg + Bu))p|?
+ 2(Pc(I = XN(Vg + Bul))p — Pc(I — A\Vg)p, z, — p)

< (1= ABn)?[lun — plI* + 22Bapll - 20 — pl|

< Jun = plI* + 2XBullpll - 20 — p|

< flwn = pll* = llun — zall® + 22Bal1pll - |20 — .

Since £, — 0 as n — oo, it follows that

lim ||z, — u,|| =0, as n — oc.
n—oo

Then we show that ||Po(I — AVg)u, — uy|| — 0 as n — oo.

[Pc(I = AVg)un — un| = ||[Po(I = AVg)un — Po(I = AM(Vg + Bpl))un
+ Po(I = MVg + Bnl))un — un|
< |[Pc(I = AVg)uy — Po(I = M(Vg + Bul))un||
+ [ Po(I = AM(Vg + Bul))un — un|
< ABnllunll + |z — uall.

Since (3, — 0 and ||z, — uy,|| — 0, we obtain that
| Po(I — AV g)un — up|| — 0, as n — oo.

Since Vg is %—ism, Po(I — A\Vyg) is a nonexpansive self-mapping on C. As a matter of fact, we have for
each x,y € C

|Pc(I = AVg)z — Po(I = AVg)y||* < (I = AVg)z — (I — AVg)y|?
= ||z —y — A(Vg(z) — Vg(¥))|”
= ||z — y|* = 2X\(z — y, Vg(z) — Vg(y)) + N*|[Vg(z) — Vg(y)|I”

<l — ]2 = A2 ~ VI|Vg(x) - V)

L
< [l — yl*.
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Consider a subsequence {u,,} of {u,}. Since {u,,} is bounded, there exists a subsequence {um]} of

{un,} which converges weakly to ¢g. Next, we show that ¢ € U N EP(p). Without loss of generality, we can
assume that u,, — ¢. Then by Lemma [2.9] we obtain

q=Po(lI = AVyg)q.
This shows that ¢ € U. Next, we show that ¢ € EP(p). Since u,, = Q,, xy, for any y € C, we obtain

1
©(Un,y) + — (Y — Un, un — Tn) > 0.

Tn

From (A2), we have

1
7<y — Un, Un — xn> Z (P(ya un)
n
Replacing n by n;, we have
Up, — T
<y = Un,, = nz> > 90(3/7 Um)

Since M — 0 and u,, — ¢, it follows from (A4) that 0 > ¢(y,q), for all y € C. Let

z=ty+(1—1t)q, Yte(0,1), yeC,

then, we have z; € C and hence ¢(z¢,¢q) < 0. Thus, from (Al) and (A4), we have

0= @(21,2t) < to(ze,y) + (1 =)oz, q) < to(z,y),

hence 0 < ¢(z,y). From (A3), we have 0 < ¢(q,y) for all y € C, and so ¢ € EP(p). Therefore,
g € UN EP(p). On the other hand, we note that

Tn —q= PC(I - )\<v9 + BnI))Q’rnwn - PC’(I - )‘VQ)anq'
Hence, we obtain

lzn — qlI> = [|Po(I = M(Vg + Bnl))@r,zn — Po(I = AV9)Qy, ql?
<A{(I = A(Vg+ Bul))zn — (I — AVg)q,Tn — q)
= (I =MVg+ Bpl))zn — (I = ANVg+ Bul))g, Tn — q)
+ (= ABnq, n — q)
< (1= M8o)llzn — qll* + ABn(—q, 20 — q).

It follows that
l2n = gl < (=g, 20 — q).
In particular,
me - q||2 < <_Q7mni - q>‘
Since ||z, — up|| = 0, un, — g, we have that x,, — ¢. Then we can derive that z,, — g as i — oco.
Next, we show that ¢ solves the variational inequality (3.1). Let & be the minimum-norm solution of

UNEP(p). That is, T = Pyngpp(,)(0). Since {x,} is bounded, there exists a subsequence {z,,} of {z,}
such that z,, — z. As the above proof, we know that z,, — 2z, 2 € U N EP(p). Then, we derive that

|lzn — E”2 = ”PC(I — AVg+ BnI))Qr,vn — Po(I — )\Vg)ansz

<{(I = XVg+6uD)xn—(I—AVg)T,z, — T)
= <(I - )‘(VQ + 571[))-%'71 - (I - /\(Vg =+ BnI))& Ln — 5>
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+ (=A\BnZ, xp — )
< (1= ABp)||zn — Z||? + ABn(—F, ), — T).

Thus,

s — 2| < (=7, 20 — 7).
In particular,

me - %H2 < <_%7 Tn; — E)
Since x,, — z, we have

|z — 5EH2 <(-z,z—1x) <0.

Then, we have z = z. From the arbitrariness of z € U N EP(yp), it follows that ¢ € U N EP(p) is a
solution of the variational inequality (3.1). By the uniqueness of solution of the variational inequality (3.1]),
we conclude that z,, — ¢ as n — oo, where ¢ = Pyngp(e)(0). O

Theorem 3.2. Let C' be a nonempty closed convexr subset of a real Hilbert space H and ¢ be a bifunction
C x C into R satisfying (Al)-(A4). Let g : C — R be real-valued convex function and assume that the
gradient Vg is +-ism with L > 0. Assume that U N EP(p) # 0. Let {z,} be a sequence generated by
z1 € C and
{ (P(unay)+%<y_un7un_xn> >0, Vy € C,
Tpt1 = Po(I — XNVg+ Bpl))un, Vn e N,

where u, = Qr,xn, 0 < A < QJ%L Let {r,} and {3, } satisfy the following conditions:

(i) {rn} C (O,oo),lirginfrn >0, Y07 g1 — ] < 00
(i) (B} € (0,1), i B = 0, 3552, B = 00, 5552, [Bust — Bul < 0.

Then {z,} strongly converges to a point ¢ € U N EP(p), where ¢ = Pyngpp(,)(0).

Proof. First, we show that {z,} is bounded. Indeed, pick any p € U N EP(y). Since u, = Q,,Tn, and
p = Q,,p, then we know that for any n € N,

|un — pll = 1Qr, 20 — Qr,pll < [lzn — pl|. (3.4)
Thus, we derive that

|Zn1 —pll = | Po(I = X(Vg + Bn]))Qp, 2n — Po(I — AVg)Qy, 1
< (I = MVg + Bnl))zn — (I = A(Vg + Bal))pll
+ (I = X(Vg+ Bnl))p— (I — AVg)p|
< (1= ABn)llzn — pll + ABnllp|
< maz{||x, — pll, Ipll}-

By the induction
[2n = pll < maz{z1 —pl|, [Ipll},

and hence {z,,} is bounded. From ({3.4]), we also derive that {u,} is bounded. Next, we show that ||z,+1 —
Znl — 0.

|Zn+1 — znll = [Pe(I = A(Vg + Bnl))un — Po(I = M(Vg + Bn—11))un—1]|
<N =AMVg + Bnl))un — (I = A(Vg + Bn1]))tn-1]|
= [|(I = AVg)(un — tn—1) (3.5)
= ABn(un — Un—1) = AM(Bn — Bn—1)tn—1]



M. Tian, H.-F. Zhang, J. Nonlinear Sci. Appl. 9 (2016), 5316-5331 5325

<N = A(Vg + Bnl))(un — un—1)|| + AlBn — Bn-1l - [[un—1]]
< (1 - )\Bn)Hun - un—l” + )\|6n - 6n—1| : ”un—IH

From up41 = Qr, 1 Tnt1, and u, = Qr, T,, we note that

(P(un-‘rla y) + - <y — Up+1, Un+1 — xn+1> > 07 vy € C, (36)
n—+
and ]
So(unvy) + 7<y — Unp, Up — xn> >0, Vy e C. (37)
n
By putting y = u,, in (3.6) and y = uy+1 in (3.7)), we have
1
QD(UnJrl, un) + 7<un — Un+1, Un+1 — $n+1> > 07 Vy € C»
Tn+1
and

1
O(Un, Upt1) + r—(unﬂ — Up, Uy — Tp) >0, YyeC.
n
So, from (A2), we have
Up — Tp  Unil — Tpil

<un+l — Un, > > 0’

Tn Tn+1

and hence
Tn

<un+1 — Up, Up — Up41 + Untl — Ty — (un+1 - xn+1)> > 0.

Tn+1

Since lim,, oo 7 > 0, without loss of generality, let us assume that there exists a real number a, such
that r, > a > 0 for all n € N. Thus, we have

r
Hun—‘rl - un||2 < <un+1 — Up, Tptl — Tn + (1 - = )(Un+1 - xn+1)>
Tn+1
T
< luns1 = un|{l[#nt1 = zall + 1 = == - [luns1 — ntall},
n+1
thus )
||un+1 - un” < Hxn+1 - $n|| + a‘rn+1 - rn|M17 (38)

where My = sup{||u, — z,|| : n € N}. From (3.5 and (3.8]), we obtain
1
[#n41 = znl| < (1= ABn)([ln — Tn-all + 5’7% — 1| M1) + Al Bn — Br—1] - [[un—1]|
< (1 - )‘Bn)Hxn - xn—l” + (|Tn - Tn—1| + |Bn - Bn—lDMQv

where My = max{\||un—_1]|, (1 — AB,)22}. Hence, by Lemma we have

nlgrolo [Znt+1 — 20| = 0.
For any p € U N EP(yp), as in the proof of Theorem we have

lun = plI* < llzn = pl1? = llun — 24l (3.9)

Then from (3.9), we derive that

1 = pl* = 1Pe(I = M(Vg + Bul))un — Po(I = AVg)p|*
= |[Pe(I = M(Vg + Bul))un — Fo(I = (Vg + Ba1)p
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+ Po(I = X(Vg + Bal))p — Po(I — AVg)p|®
<N Pe(I = MVg =+ Bul))un — Po(I = M(Vg + B.1))p|?
+ 2(Pc(I = X(Vg+ Bu1))p — Po(I — AVg)p, Tpi1 — p)
< (1= ABn)?[lun = pII* + 22Balpll - #ns1 — pl
< un — pl|? + 22Ballp|| - |2n41 — B
< lwn = plI* = lun — zall* + 2XBullp|l - l2nt1 — pll-

Then, we have that

lun = zal* < llzn = pI* = 241 = pII* + 27Ballpll - 2041 — pll
< ([lzn = pll + ll#nta = piDlens = znll + 22Bullpll - 2011 = pll
= [[#nt1 = 2all - Mz + 2ABnllpll - 2041 — pll,

where M3 = sup{||z, — p|| + ||zn+1 — p|| : » € N}. Since 5, — 0 and ||zyn4+1 — 25| — 0, we have

nh_ggo [#n — un|| = 0.
Then, we derive that
a1 = ttnll = st — 2n + 20 = tnll < [2ns1 = @all + 20 — uall
So,
T [lan1 — | = 0.

It follows that
|Pc(I — XNVg+ Bpl))un — ug|| — 0.

Then, we can know that

| Po(I — AV g)uy, — up|| = ||Po(I = AVg)un — Po(I — N(Vg + Bnl))uy|
+ HPC(I - )\(Vg + B’n”)un - unH
< MBullunll + |zn+1 — unll,

since B, — 0, and ||z, +1 — un|| — 0, as n — oo, we obtain that
|Pc(I = AVg)un — un|| — 0, as n — oo.

Now, we show that
lim sup(—q, z,, — q) <0,

n—oo

where ¢ = Pyngpp(,)(0) is a unique solution of the variational inequality (3.1). Indeed, take a subsequence
{xn,} of {z,} such that
lim Sup<_q7 Tn — Q> = hm <_Q7 xnj - Q>

n—00 J—0

Since {x,} is bounded, without loss of generality, we may assume that Tpn; — z. By the same argument
as in the proof of Theorem we have z € U N EP(p). Since ¢ = Pynpp(,)(0), it follows that

limsup(—q, ,, —q) = lim (—q,xn;, —q) = (—¢,2 —q) < 0.

n—00 Jj—00

From

Tpy1 —q= Poc(I = XNVg+ Bul))un —q
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=Po(I = A(Vg + Bnl))Qr,xn — Po(I = AVg)Qr, 4,

we have

201 — qll* = |Pc(I = MV g+ Bul))Qr,zn — Po(I — AVg)Qy, 4l

<(I - A(Vg + Bnl))anxn - (I - )‘VQ)anQafL'nJrl - Q>

(I =XVg+ BnD))xn— (I —XNVg+ Bul))g, xns1 — q)

+ )\ﬁn<_Qa Tn+1 — ‘I>

(1= 28|20 — gl - llzns1 — all + A (—q, Tni1 — q)

1— A8y,
2

<
<

IN

IN

1
”xn - QH2 + §||xn+1 - QHZ + )‘/Bn<_Q7xn+1 - Q>'
It follows that

lzns1 = all* < (1= ABa)llzn — all® + 22Bn(~q, 2ns1 — @)
= (1= ABa)llzn — qll” + 2XB1n,

where 6, = (—¢, Tpn+1 — q)-
It is easy to see that lim A3, =0, > o2 A3, = oo, and limsupd, < 0. Hence, by Lemma [2.10} the
n—oo

n—oo
sequence {z,} converges strongly to ¢, where ¢ = Pyngpy)(0). This completes the proof. O
Remark 3.3.
(i) Ordinarily, the regularization parameters 3, is positive in (L.4), but in Theorem [3.1|and Theorem
0<p, <1

(ii)) 0< A< QJ%L, it is an important condition in Theorem and Theorem

4. Application

In this part, we will illustrate the practical value of our algorithm in the split feasibility problem and
the constrained convex minimization problem.

In 1994, Censor and Elfving [§] come up with the split feasibility problem. Many authors obtained some
results on the split feasibility problem [29]. In this article, the SFP can be mathematically formulated as
finding a point x satisfying the following property:

reC and Az e, (4.1)

where C' and () are nonempty closed and convex subset of real Hilbert spaces Hy and Hs, respectively and
A : Hi — Hs is bounded linear operator.

x* is a solution of SFP if z* € C and Az* — PygAz* = 0. So, in order to find the solution of SFP, we
should consider the constrained convex minimization problem:

1
i = min - || Az — PgAz|®. 4.2
min g(z) = min - || Az — PoAz| (4.2)

It is clear that if z* is the solution of SFP (4.1)), that is, z* solves the minimization problem (4.2 and
the minimum of (4.2)) is 0, then, the gradient of ¢ is Vg, where Vg = A*(I — Pg)A. We can calculate that
Vg is W—ism. So, by applying Theorem we can obtain the following theorem.

Theorem 4.1. Assume that the SFP (4.1) is consistent. Let C' be a nonempty closed convex subset of a
real Hilbert space H and ¢ be a bifunction C' x C into R satisfying (Al)-(A4). Let g : C — R be real-
valued convex function and assume that the gradient Vg is W—ism, where A : Hi — Hj is bounded linear
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operator. Assume that W N EP(¢) # 0, where W denotes the solution set of SFP (4.1). Let {x,} be a
sequence generated by x1 € C' and

A — >
{ (p(unay) + 7 <y Un, Un xn> >0, Vy € C, (43)

ni1 = Po(I — MA*(I — Pg)A+ Bol))un, ¥n €N,

where u, = Qy, Tpn, 0 < A < QJ%L Let {r,} and {8,} satisfy the following conditions:
(i) {rn} C (0700),1inﬂ_l>géf7“n >0, Y00 [Pyt — 7] < 00
() {5} € (0,1), Jim fo =0, 52 fn = 00, 552 s — Bl < o0,

Then {x,} strongly converges to a point ¢ € W N EP(p), where ¢ = Pyyapp(y)(0)-

Proof. In this part, we only need to show that Vg is W—ism, then the Theorem can be obtained by
Theorem [3.2
Vg =A"(1 - Pg)A.

Since Fg is firmly nonexpansive, so Py is %—averaged mapping, then I — Pg is 1-ism, for any =,y € C,
we derive that

(Vy(z) = Vg(y),z —y) = (A"(I — Po)Az — A*(I — Po)Ay,xz — y)
= (I = Pg)Az — (I — P)Ay, Az — Ay)
> ||(I = Pg)Az — (I — Pg)Ayl®
1
AR

_ !A1H2 Vg(@) — Va(y)|>

[lAT((I = Po)Az — (I - Po)Ay)|I?

So, Vg is W-igm. O

5. Numerical results

In this part, we use the algorithms in Theorem [4.1] and Theorem [3.2]to solve a system of linear equations
and a constrained convex minimization problem.
First, we use the algorithm in Theorem to calculate the 4 x 4 system of linear equations.

Example 5.1. Let H; = Hy = R*. Take

2 1 -5 1
1 -3 0 -6
A= 0o 2 -1 2 ’
1 4 -7 6
8
9
b= -5
0

Then the SFP can be formulated as the problem of finding a point z* with the property

" € C and Az™ € Q,
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where C' = R*, @ = {b}. That is, 2* is the solution of the system of linear equations Az = b, and

. —4
—1
1

Let o(z,y) =0, for all y € C. Take Pc = I, where I denotes the 4 x 4 identity matrix. Consider the

parameters 3, = nil forn > 0, A = ﬁ. Then by Theorem and Lemma the sequence {z,} is
generated by

1 1 1
— 2y — A Azy+ —AD— .
Tntl = = g A T g 100(n+1)" "

As n — oo, we have {z,} — z* = (3,4, —1,1)T.

n T x2 3 s E,
0 1.0000 1.0000  1.0000  1.0000 5.74E+00
100 2.3080 -1.7560 -0.9960 -0.3584 2.71E+00
500  2.7484 -3.8529 -1.0611 0.8762 2.95E-01
1000 2.9637 -3.9930 -1.0123 0.9888  4.05E-02
5000 2.9982 -3.9988 -1.0005 0.9990  2.50E-03

10000 2.9991 -3.9994 -1.0002 0.9995 1.20E-03

Table 1: Numerical results as regards Example

From Table[l] we can easily see that with iterative number increasing x,, approaches to the exact solution
x* and the errors gradually approach to zero.

Second, we use the algorithm in Theorem to solve the constrained convex minimization problem.

n Ty FE,

0 0.5000 5.00E-01
10 0.7377  2.62E-01
50  0.9407 5.93E-02

500 0.9945 5.50E-03
1000 0.9973 2.700E-03
5000 0.9995 5.44E-04

Table 2: Numerical results as regards Example

Example 5.2. Let H =R and C = [0, 2]. Consider the problem (|1.2]) and take function
—x

The problem (1.2) can be written as
min _—QC.
z€[0,2] €*
It can be seen that Vg = ze;zl, we can calculate that Vg is %—ism, so, L = 2, and g(x) reaches the
minimum at z*, and 2* = 1. Let ¢(z,y) =0, for all y € C. Take Pc = I, where I denotes the unit function.
Given the parameters 3,, = n%rl, for every n > 0, A = %.

Then by Theorem and Lemma the sequence {z,} is generated by
1, z, 1 Tn

Tt =T = gl T g

).
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As n — oo, we have {z,} — x*.
From Table [2] we easily know that by using the regularization method with iterative number increasing,
xy, approaches to x* and the errors gradually approach to zero.

From the two examples as above, we clearly can know about the practical value of our algorithms in
application.
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