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Abstract

A discrete matrix spectral problem is proposed, the hierarchy of discrete integrable system is inferred,
which are Liouville integrable. And the Hamiltonian structures of the hierarchy are constructed. A family of
finite-dimensional completely integrable systems and a new integrable symplectic map are provided in terms
of the binary nonlinearity of spectral problem. In particular, two explicit formulations are acquired under
the condition of the bargmann constraints. After that, the symmetry of the discrete integrable systems is
given on the basis of the seed symmetry and its prolongation. Moreover, the solution of the discrete lattice
equation can be gained by the way of the infinitesimal generator. (©2016 All rights reserved.
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1. Introduction

In the last several years, with the deepening of theoretical research on the discrete integrable systems
such as the Toda lattice, Ablowitz-Ladik lattice the differential-difference KdV equation and so on [0, [,
10, 19, 211, 23, 26], many people have made many outstanding research results which are widely used in
photology and hydromechanics. After studying the integrable systems, we find that the discrete integrable
systems can better explain the natural phenomenon than the continuous integrable system from the aspects
of nature. There are two very important issues, one of which is to find a new Lax integrable nonlinear
lattice systems and discuss their Hamiltonian structures [1}, 4, 5], 1), 14} 17, 18, 22] and the other is to obtain
integrable symplectic map, which has been proposed and developed in Refs. [3] 20 24 25 27]. We can
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solve the discrete integrable system through various methods, such as Béacklund transformation, Darboux
transformation, Hirota approach, the inverse scattering method, etc. Lie symmetry provides a systematic
approach to the purpose of reducing the order of the differential equations. Usually, the standard method
is used to solve the differential equation. However, using lie point symmetry can simplify solution, and
it can also be used to solve the equation. For differential equations, it is important to study the group-
invariant solution and symmetry reduction, because it provides a powerful tool for the study of differential
equations. And for some equations, it can greatly reduce the calculation of the equation, which can be used
to solve the equation. In this paper, we will use the symmetry theory to solve the discrete integrable systems
12, 7, 18, [12], 13| [15] [16].
General discrete integrable systems are as follows:

Ea(xn—la Tny Tn+1, Un—1, Un, un-l—l) = 07 a = 17 27 e 7N7 (11)
where
a(Eaa Eb)
a(xn—i-la Un+1)

Set infinitesimal generator v as follows:

p
v="> &l
i=1

a(Eav Eb)

det( a(xn—laun—l)

) #0, det( ) % 0.

! )
+ O; ¢a(x7 u)ain/
and

V_V+ZZ¢O<8UJ

a=1 J

Here Pr(™y is the infinitesimal generator of nth order prolonged space, where n indicates the highest order,

in which »
¢J (@, u(n) Z §itlai) Z giui,zﬁ
=1

where ui,ua,i satisfies ui ey (n > 1), uq,i = Oug/Ox;; and operator D is the total derivative, which is
the differential operator of prolonged space,

OP dua | oP
Z Gua ox; Z Z aTg *Uqi
where J = (J1,~'- ,Jk) and DJ :DJIDJ2"'DJ]€.

Substituting prolongation operator Pr(™v into Eq. and handling the coefficients of all u,, 11+,
we gain a linear independent expression and get the extension of the solution through setting the coefficient
as zero.

In this paper, we would like to consider a new hierarchy of integrable nonlinear lattice equation which
is inferred from a new discrete spectrum problem. Then, we will construct its Hamiltonian structure and
test its properties of Liouville integrability. After that, a new integrable symplectic map and a family of
finite-dimension completely integrable systems would be given according to the binary nonlinearization of
the spectral problem. At the end of the paper, we use the symmetry theory and the gateaux derivative to

solve the symmetry and the infinitesimal generator of the discrete Lattice equation. We explain our results
by some figures.

2. A new discrete integrable hierarchy and its Hamiltonian structure

Consider the following discrete spectrum problem,
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A A 1
ESOZUCPa U:U(uv)‘):<1 q>a 90:< ) (21)
» 115 P2

The shift operator and the difference operator are defined as follows

(Bf)(n) = f(n+1), (E7'f)(n)=f(n—1), neZ
(Df)(n) = f(n+1) = f(n) = (E-1)f(n), nez,

where fU) = Eif, j € Z, X is the spectral parameter, \; = 0.
We give a static discrete zero curvature equation for obtaining the discrete integrable systems

(ET)U — UT =0, (2.2)

A A\B
r=(2 )

We have four equations from Eq. (2.2)) as follows:

and choose

AAW 4 AL BM — AA - AgC =0,

AgAD + A1+ 9B — N2B + \gA =0,
ACH — 1AW + 4) — (1+ )C =0,
AqCH — M B — (1+ 1)(AM — 4) = 0.

(2.3)

Furthermore, substituting A = >> A,A"™,B= Y ByA "™,C= Y C,\ ™ into Eq. (2.3)), we have

m=0 m=0 m=0

1
ciV =0, By=0, AV — Ag+ ];Bg” —¢Cy =0,

and
AR = A + 1BG) — ¢C =0,
q(Aﬁi) +A4,)+ 1+ %)Bg) — By =0,
Oy — (AR + Ap) — (1+ 9)C, =0,

@Cpia = 3B = (1L (A = Ap) =0, m 2 0.

(2.4)

1
By setting Ag = 3 By = 0, the coefficients A,,, By, Cr, (m > 1) can be obtained according to the Eq. (2.4). A set

of coefficients are as follows

_ 4 _ _
Al - p(71)7 Bl =4q, Cl — p(fl)u
For any integer m > 0, we let f = > fnA™ and denote fi = > f,,A™, choose
meZ m>0

n

(n) _ Ay ABp, n—m 1(n) _ yn (n)
Ty _Z(Cm _Am>/\ , T = A" — Ty,

m=0

and rewrite Eq. (2.2) into
Mo —or = —r™)u +or™.

A direct calculation reads that

0 AB,
o —or() = ( ! ) .

1 1
_Cv(z+)1 %Bn+1 - quLﬁl
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Let T(") = F(f), then the discrete zero curvature equation meets the following Lax integrable system
{ = Gt (2.5)
qt = Bnya-
According to Eq. (2.4]), we acquire the recurrence operator L as follows
I E‘l(l—i-%)-l—%(E—i—l)(E—l)_lE_l E-Y{E+1)(E-1)"!
- ~L(BE+1)(E - 1) (1+2)+ LB+ 1)(E-1)
We rewrite System ([2.5)) into
Cn+1 C %
( q ) =7 B0, |=JL" BEH =gt | Yo |, (2.6)
P )t 2 —7 -
where )
of 0 —E-
T=p ( E 0
When we take n = 1, system (2.6]) reduces to
P = 5 —a%, 27)
4 =q"V - L.

p

For purpose of constructing the Hamiltonian structure of system (2.6)), we define

B _
voroo X M1+ 9)A- T AB-qA
A1+ )C+ LA —qC-A

OU _ (1 g\ dU_( 0 0\ _(0
ox \0 0 )9 \ -5 —% )9 \0

(V.55) = (14 DA +0) = F + KA,
V%’,{ = 5(294 = AB + ¢*C),

We have

D= >
N——

Therefore,

and (A, B) = Tr(AB), where A and B are the same order square matrix. By applying the discrete trace identity

5 oU AN AN
w2 or) = 0 () ) (waw) e

we obtain that

By comparing with the coefficient of A="71, we get

When n =1, let € = 0, then we have
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Cni SH. A
(1) - H, = — ntl
( BnJrl > Su s £dn n+1 )

p2

and

where J is a Hamiltonian operator. Hence, Eq. (2.6) can be written as the Hamiltonian structure.

oH,
(;) =T (2.8)
nt
Furthermore, we test the following result
(JL)* = —-JL,
where
E+1)(E-1)"tE! (E+1)(E-1)"tE"t—(p? VEL
K L — q*(E + 1)( ap(E +1) ) (p* +aqp
ap(E+1)(E —1)7" + (p* +qp) PE+1)(E-1)7!
{f[m,f{l}J —0, m,l>1, (2.9)
~ 5Hm 5ﬁm (5Hl ~ ~
— = /) = = > 1.
= 3 (o o = S ) = () =0 2

oo

Hence, the conserved densities {f{m} are the involution with respect to Poisson bracket (2.9) and we conclude
m=1

that each nonlinear difference-differential equation of the discrete hierarchy is Liouville integrable.

3. A new integrable symplectic map and representation of solutions for Eq. (2.7)

In the subsection, we will discuss the symmetry constraint of Eq. (2.5). Consider the adjoint spectral problem of

Eq.

E =0T v=( 1), (3.

and the auxiliary problem
Ur,, = —(Vin(a, \) T (3.2)
In terms of the compatibility condition of Eq. (2.6) and Eq. 2.7) (E~ %), = E~1(3y,,), we gain

ET'WUL = (ET'UT) (V)T — (B (Vi) )(ETTUT). (3.3)

It is easy to test that Eq. (3.3) and U;,, = (EV,,)U — UV, are equivalent. Hence, Eq. (3.3)) is the another kind of
zero curvature representation of the discrete soliton Eq. (2.8), where (3.1) and (3.2)) are regarded as the adjoint Lax
pairs of discrete soliton Eq. (2.8]).

Assuming A\;, Ay, -+, Ay are n different eigenvalues of the spectral problem (2.1), we gain
(200 ) =ven (2,
Epo; P2;
E~ 'y VT Y1 (384
— =(EU ) Aj ) 1 S . S N7
(Fa0y ) =E ot (00 )<
< i ) = Vin(a, Aj) ( oL >,
Y25 ) P25
) ey (Y 1 N o
— : <7<
(1/’21' )tm m (@ j)<¢2j>’ =J =4

(Berj, Epay) = (015, 92;)U(a,2)T,  1<j<N,

(B, Etgj) = (1), 2;)U(a, A;)"", 1<j<N.



H. H. Dong, T. T. Chen, L. F. Chen, Y. Zhang, J. Nonlinear Sci. Appl. 9 (2016), 5107-5118 5112
According to Ref. [3], we infer
3\ q 1 ¢ q )
5—; = P = ey ety - eitey, 1SG SN,
O\ .
Tq] = o1, 1<j<N,
where (., .) denotes the inner product in R™. By making use of the discrete Bargmann constraint
§Hy 5N
TS =T T
7=0
where a; =1, 1 < j < N. That is,
5Hy ¢ 1 ¢ q
Sy 2 (@1, ¥1) — 2 (@1, Vs) + 2 (Pg, ¥1) — 2 (Pg, Uy),
§Hy
270 _ (@, @
6q < 2, 1> )
where
®; = (¢i, iz, 5 oin) T, Wi = (War, iz, -, tan)T, i=1,2.
We obtain two explict constraints
q= A_l <q)15 \1]2> )
b A2 4 A (Do, Ts) — (B, o) (Do, Uy) — A(Dy, T,) (3.6)
A <©27\Ij1> ’
or
q= A_l <(b17 \112> )
_ 3.7
{p=—A1<‘I’17‘If2>- (3.7)
Substituting Egs. (3.6) and (3.7) into Eq. (3.4), we obtain a discrete Bargmann system
Eg1j = Njd1; + Njqda2; = Ap1j + (@1, ¥a) oy,
1 q
E¢oj = ];lej +(1+ ];)¢2j
= NP2, U1)(A? — A(Dy, Uy) — (D1, W) (Do, Uy) + A(D2, Ua)) by
(L (@1, Wo) (o, W) (A? = A (D1, Uy) — (By, W) (Do, U1) + A(D2, Wa)) ')y,
5 1 L a 1 (3.8)
1y = /\7( + 5)%3‘ - mwzj
= A1 4 (D, Wa) (Do, W) (A? — A{Dy, Wy) — (D, Wa) (Do, Uy)
+ A(DPo, Ua)) " H)ahyj — (Do, Uy ) (A — A(D1, Uy) — (D, Uo) (Do, Uy) + A(Do, Ua)) Lehyy,
Etpoj = —qip1j + oy = —A7 NP1, Wo)ihy;j + 1oy,
or
E®yj; = \jo1j + Njqda; = A1y + (1, Vo) oy,
1
E®y; = ~¢15+ (1 + 2)¢2j = —A (D1, V3) oy,
P b (3.9)

1 q 1 1
BV = — (14 Dby — iy = — (@, 0 |
1j y (1+ p)ﬂflg )\jp%] (P1, Vo) 1hay,

EVy; = —qip1j + to; = —A"H D1, Ua)ihyj + oy
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Let fi = fi(®1, P2, V1, U3), gi = gi(P1, P2, ¥y, ¥y), 1 < i < 2N. We present
fi = A4 (P, W) (o, W) (A% — A(Dy, Uy) — (Dy, W) (Do, Uy) + Ao, W) )by
— (Do, W1) (A% = A(Dy, U1) — (B, Uo) (Do, Uy) + A(Do, W) "0,
fnej = —A"H®y, Uo)thyj + 1oy,
9; = Ag1j + (P1, Vo) o,

gN+j = MPo, Wy ) (A% — A(Dy, Uy) — (D1, Uo) (Do, Uy) + A(Do, U)) ' by

+ (14 (D, W) (Do, Uy ) (A% — A(Dy, Uy) — (B1, Ua) (Do, Uq) + A(D2, Us)) ™) ay,

or

fi = —(®1,¥2) 1oy,
Ineg = —A"H @y, W)y + oy,
gj = Ap1j + (D1, ¥a) o,

gntj = —AM®1, W) gy, 1< < N.

We define Poisson bracket as

af ag 8f ag
{f.9}= ZZ(&/}” Dij &pij@lﬂz‘j)

=1 j=1
af Og of Og
_Z(<aqz "5, >_<a¢i’a\pi>)

on any pair of functions f = f(®1, Do, Uy, Vy) and g = g(Pq, P2, Uy, Us). Let

H(U,, Uy, @1, P2) = (EV,, EVy, E®y, EDy),
then, via a direct calculation, we infer
{fis fi} = 19,95} =0, {fi, g5} = dij, 1 <4,j <2N,

we define Egs. (3.8)) and (3.9) as an integrable symplectic map. Then we take the binary nonlinearization of the Lax

pairs and the adjoint Lax pairs into account. According to the Eq. (2.4), the following values could be selected as

o1 . -
A0:§7BO:COZ()7A1:0’

By = A" 2(®1,U5), Cppy = A (B, Uy), (3.10)
m—1 _ Am-—1
A~m:A (P, 1) — A <¢)2,‘I’2>7m21'
2
Let
- A \B = [ A, ABn i
(e )= (e M)
and

- -1 - ~ -~ mo -
F, =detT = §tr1"2 =A?’+ ABC = § (A Ay i + AB;Cry), (3.11)
0
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then we have

e L AMTHD, W) — AT Dy, Wy) e
Fo= 1 F1=0,Fy = (@1 >2 2, T2) +; (N72(Dy, W) A (D, Uy)
Ai71<©1,\:[/1>—A <<I)2,\I/2> A™ i 1<(I)1, > A i 1<(I)2,\I/2>
+ 2 2 )

We could obtain a family of finite-dimensional integrable systems and an integrable symplectic map via the binary

nonlinearity of the isospectral problem. Bringing Eq. (3.10) into Eq. (3.5), we have

< QDU: ) — V(m)(%)\j)’B ( 8013: > ’
izj m 2 J (3.12)
1 — — VT N, 1j i =1.9.... N

< ng >tm (U, J)|B < ij > ) J ) 4y 5 4V,

where subscript B stands for Egs. (3.6) and (3.7).

Rewriting Eq. (3.12)) as the Hamilton systems, we infer

I(Fn+1) O(Fmt1)

D(A? + BC) = U, =——-—"= & =——T"-7=1 2.
( + C) 0, tm 0, ) tm o, 5 0 ,
Setting
Fj = @115 + @ajtha;, 1<j<N,
we have
- _ dF’j _
{Fm+17 FJ}ZW:()? 1§]<Nam>07 {Fu J}:Ov 1<Z,j<N

Therefore, we get

8f7 Am_l\I/l ml mol
mo_ Crp1-iN' 2T AAmTTE
9%, 3 + Z +1— 2+ ; 1
oF A, R el
m 2 m—1i m—i—1
= — By i A0 N U,
9%, 2 Z 1+

i=1

According to Eq. (3.11)), the following conclusions can be drawn directly

8}~7m+1 . Am'_l\lll

0P, 2
$1=D5=0

aFm+1 _ _AmillIJQ

0P, B 2
P1=P5=0

N
Set > 1/)% # 0, we suppose that ®1 = (11,912, - - o1n) 7T is satisfied with the following nonlinear equation
=1

w1111 + w1212 + - pintin =0,

A1 + Aotz + - F Aveinin =0,
(3.13)

)\i\PlsOnZ/Ju + )\é\]718012¢12 + 4t )\%71901N7/11N =0.
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Through the observation of Vandermode determinant

SRS
AN—I )\N—l )\N—l
1 2 N

we know @1 = (¢11,¢12, - @1n)T is only decided by Eq. (3.13)). In addition, we obtain the following proposition by

direct calculation

OF;
— 0, i=1,2, jl=1,2---N.
a@il ¢g 51 J
P11 -0 0 M1 e MY
oF, oFy  OF oF ' o : o
dot [ 285 S e o — det 0 T %);quv %);%1]/\1[11\7
R G S R 1 B
0 o ton —3ANUan o —3ANtYan
D VIR Cil
N a 1 A AN-1
y e
= (([Twween (20| = 72 0 7™
7=1 =1 1 Ay - AN

That is, Fm-{-h 1<m <N, Fj, 1 < j < N are functionally independent in some region of R*V.

4. The symmetry of the discrete integrable system

In this section we use the symmetry theory to find the solution to Eq. (2.7). The vector fields of the general form

are

vy = T(t)0; + ¢n(t,P(n))5p(n>, vo = T(t)0; + Un(t, q(n))3q<n)~

So as to obtain the Lie algebra of local Lie point symmetries of Eq. , we present the first prolongation of vy, vo,

that is,

1
Priyy =7()0+ > ¢i(t,pD)0y0 + ¢M s, ¢ = Dig(t, p) — [Dyr(t)]p,

i=—1

1
PriMuy = ()0 + Y it ¢)0y0 + vy, $ = —Dyp(t, q) + [Dyri ()4,

i=—1
where D; stands for the total derivative operator. Substituting Pr(™ v into Eq. (2.7), we have

2 2 2
D 2p N, P 2q . q
(P(—l)p2(,1) - Qop(fl) + o + (‘pp - T)(p(,l) - q(l)) + ¢p(,1) - ¢(1) - wt - (?/Jq - Tl)(q(l) - p(,l)) =0. (41)

Substituting the second derivative 9,0,(-1 and 9,0, into Eq. (4.1), we infer

1
7SOPPW = 0, 'l)[)qq = 0.
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It is easy to get that
pp =0, Pgq =0,

which infer the following result

¢ =ap, ¢ =0bq. (4.2)

Substituting Eq. (4.2 into Eq. (4.1), we gain

2 p2

2
I AV N )] T
a(_l)p(il) 2ap(71) + (2a T)(p(il) q‘“") +2b

2
D baya™ = (2b— 1) (@M ~

'S )
2D

inferring the special coefficient relation of the Eq. (4.3)), we have

T = a(,l),
7, = 4b,
b(l) =2b—2a+ a(—1),

where the coefficients a(y), b(1) are constants.
Since the solution of the Eq. (2.7) could be obtained on the basis of the symmetry theory with the help of the

infinitesimal generator, we can rewrite Eq. (2.7) into the following form.

2

__r o
Pt = p(_l) q )
2
_ o _ 9
“@=4a0 " (4.4)

prXalp] = 7(t)pe + ¢ =0,

prXalql = 11(t)qe + = 0.

If we take some appropriate initial values
a = 3b, b(l) = 72[), a(-1) = 21), 7:1 = 4b, T = 2b, (45)

and set the step length p — p(~1) = ¢(1) — ¢ = h, we obtain the solution of Eq. (2.7))

2

ap p
(B Ty
q (T+p7h) :
b 2 (2 _ 2 py2 2 (4.6)
—(T 4 = e (T ),
T p—h p—h T p—h

according to Eqgs. (4.4) and (4.5)).

5. Conclusion

In this paper, we prove that Eqs. and are an integrable symplectic map through the binary nonlin-
earization method, and we know that F‘m+1, 1 <m <N, Fj, 1 < j < N are functionally independent in some region
of R*N. According to the symmetry theory, we gain the seed symmetry and the infinitesimal generator by the seed
symmetry and the recursion operator. And we gain the infinitesimal generator of the discrete lattice equation based

on the Lie point symmetry theory.
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The explanation of the p and ¢ with the time variable ¢ is given in Figs. According to the figures, by
adjusting the step size, we find that the longer the step length, the greater the minimum, and the smaller the

maximum. Meanwhile, the convergence rate of the graphics is becoming slower.

-30

Figure 1: the left figure indicates the solution of the ¢ and the right is the solution of the p, based on the Eq. (4.6), with the
step length h = 0.1.

Figure 2: the left figure indicates the solution of the ¢ and the right is the solution of the p, based on the Eq. (4.6)), with the

step length h = 0.5.

-30
-15 -1 -05 o 05 1 15

Figure 3: the left figure indicates the solution of the ¢ and the right is the solution of the p, based on the Eq. (4.6), with the
step length h = 1.

Our plan of the future work is that using Backlund transformation or Darboux transformation to research these
discrete integrable systems. Moreover, we would try to create the potential of the spectral problem r; to get more

explicit equation. It can be better to research the essence of nature.
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