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Abstract

In this paper, to compute the fixed point of self-mapping on general non-convex sets, a modified con-
straint shifting homotopy algorithm for perturbing simultaneously both equality constraints and inequality
constraints is proposed and the global convergence of the smooth homotopy pathways is proven under some
mild conditions. The advantage of the newly constructed homotopy is that the initial point needs to be only
in the shifted feasible set, not necessarily, an interior point in the original feasible set, and hence it is more
convenient to be implemented than the existing results. Some numerical examples are also given to show
its feasibility and effectiveness. (©2016 All rights reserved.
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1. Introduction and preliminaries

Fixed point theory has been broadly implemented in nonlinear analysis, integral and differential equa-
tions, dynamical system theory, game theory, optimization problems and other fields. Recently, lots of results
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on the fixed point theory and algorithms have appeared and attracted many attentions, see references such
as [2, Bl [7, 12HI5, [17]. Among all of the fixed point theorems, the famous Brouwer fixed point theorem
only requires that the self-mapping ¥ : X — X is continuous but not contractive and has been extensively
applied in game theory, equilibrium problems and other across numerous fields of mathematics. In 1976, to
give an innovative proof and compute the Brouwer fixed point in a convex set, Kellogg et al. [6] presented
its constructive proof via a homotopy method for a twice continuous differentiable self-mapping. In 1978,
Chow et al. [3] constructed a single and convenient fixed point homotopy for computing Brouwer fixed point
for a twice continuous differentiable self-mapping in convex set. In 1996, to remove the convex assumption
and numerically solve the fixed point problems under much weaker conditions, Yu and Lin [I6] first proved
an equivalent condition of the existence for fixed point on non-convex bounded sets with only inequality
constraints X = {z : g;(x) < 0,7 = 1,2,...,m} and constructed an interior point combined homotopy for
computing fixed points of a twice continuous differentiable self-mapping as follows:

H(9,t) = (1—t)(x—V¥(z)+ g) Vgi(z)yi) + t(z — z0)

Yg(a) — 1¥0g(a0)

where (2°,4°) € X" x R, y; > 0, t € [0,1], g(z) = (g1(),...,gm(z))T, Y and Y denote the diagonal
matrices whose ith diagonal element are y; and y?, respectively, and the strict feasible set X° = {z : g;(z) <
0,i = 1,2,...,m}. Throughout the paper, let R™, R7' and R, denote m-dimension Euclidean space,
nonnegative orthant and positive orthant of R™, respectively.

In 2008, to solve the fixed point problems on the general non-convex sets with equality constraints and
inequality constraints, Su and Liu [9] generalized the interior point combined homotopy to compute the
fixed point of self-mapping in a broader class of non-convex bounded sets

X ={z:9i(z) <0,hj(z)=0,i=1,2,...,m,j=1,2,...,1}

and the homotopy was constructed as follows:

(L—t)(z — U(z) + i Vgi(@)y:) + il Vhy(x)z + t(x — 20)

H(0,t) = W) I= ) (1.1)

Yg(x) — tY%(a°)
where 0 = (z,y,2) € R" x RT x R', (2%,4°) € X° x RT,, t € [0,1], and the strict feasible set
X0 ={z:gi(x) <0,,hj(x) =0,i=1,2,...,m,j=1,2,...,1}.

In 2013, to relax the bounded condition and weaken the normal cone condition, Zhu et al. [2I] constructed
a modified combined homotopy for computing the fixed point of a self-mapping on the general unbounded
non-convex sets with both equality constraints and inequality constraints and the existence and global
convergence of the smooth homotopy pathway was proven under much weaker pseudo cone condition. Since
the interior point combined homotopy requires that the initial point must be in the original feasible set,
to enlarge the chosen scope of initial points, in 2011, Su et al. [II] presented a boundary perturbation
interior point homotopy method for solving the fixed point problems on the non-convex bounded sets with
only inequality constraints. In 2015, Su and Qian [10] proposed a modified combined homotopy method for
computing the fixed point of a self-mapping by a perturbation on the inequality constraints on the general
non-convex unbounded sets. In 2015, for solving the fixed point problems of self-mapping, Fan et al. [4]
proposed an infeasible interior point homotopy method for enlarging the choice scope of initial points by a
perturbation on equality constraints on the general unbounded sets. In 2016, Zhu and Yang [19] proposed
a more conveniently constraint shifting homotopy method for computing the fixed point of self-mapping on
the non-convex set with only inequality constraints.
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To enlarge the chosen scope of initial points by a perturbation simultaneously both inequality constraints
and equality constraints on the general non-convex sets, it seems reasonable to construct the homotopy
directly instead of (|1.1]) as follows:

(1 —t)(x—P(x) + il Vgi(x)y;) + ‘ZI:1 Vhj(z)zj + t(x — 20)

H(0,t) = h(&) — thiad) . (1.2)

Yg(x) — tY%(a)

Unfortunately, the probability-one regularity of the homotopy (|1.2]) cannot be ensured. The reason is
that the following submatrix may be not full row rank for any ¢ € (0,1] by taking 2° and y° as variate:

= —tI 0
— | (Vh@)T  —(VhE)T 0 ,
Y (Vg(a)T —tYO(Vg(a9)T —tdiag(g(x))

OH(0,2°,4°,t)
(w20, y°)

where Z = (1—-t)(I - V¥ (2)+ >, V2g:i(2)y;) —1—22:1 V2h;(x)z;+tI, and diag(g(z")) denotes the diagonal
matrix with its ith diagonal element g;(z").

Referring to the former results, in this article, a constraint shifting homotopy for computing the fixed
point of self-mapping on the general non-convex sets by perturbing simultaneously both inequality con-
straints and equality constraints is constructed and the existence and global convergence of the smooth
homotopy pathways is proved under some mild conditions.

In Section [2| an equivalent condition of the existence of fixed point will be given and some lemmas
from differential topology which will be used for proving the main result will be presented. In Section [3]
a constraint shifting homotopy for solving the fixed point problems is constructed and the existence and
global convergence of a smooth path from any given initial point in shifted feasible set to a fixed point of
any twice continuous differentiable self-mapping will be proved. In Section [f some numerical examples will
be given to show the feasibility and effectiveness of the proposed method.

2. Preliminaries
Throughout the paper, the general non-convex closed subset X € R" is defined as follows:
X={zreR":gi(x) <0,hj(x)=0, i=1,2,...,m,5=1,2,...,1}. (2.1)

In this paper, to enlarge the chosen scope of initial points to almost all of the Euclidean space, we
construct the shifted constraint functions g;(z,t),i = 1,2,...,m and hj(z,t),j = 1,2,...,l, which are
three times continuous differentiable, and satisfy g;(z,0) = ¢;(z),s = 1,2,...,m and Ej (x,0) = hj(z),j =
1,2,...,1, respectively. For convenience, some denotations are given as follows:

X(t) = {z: gi(z,t) <0, hj(z,t) =0,i=1,2,...,m,j =1,2,...,1},

o~

XO%t) = {x: Gi(x,t) < 0,hj(w,t) =0,i =1,2,...,m,j=1,2,...,1},
OX(t) = X()\X (1),

L(z)={i e {1,2,....m} : Gi(x, 1) = O},

dg(x,1)
ox ’

Vi(z,t) =
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and
Oh(x,t)
ox

To prove our main result in the next section, the following assumptions will be used.

Vh(z,t) =

Assumption 2.1.
(A1) For all ¢t € [0,1], X°(t) # ¢ and Uyeo 1) X () is bounded.

(A2) For all t € [0,1], x € X(), X iep, ) VIi(z, )yi + X2 Vﬁj(ac,t)zj = 0 for y; € R and z; € R implies
i=1
yi=2j=0,i€ Li(x), j=1,2,...,L

(A3) For all t € [0, 1], for any = € 90X (1),

{o+ Y Vaiz thyi+ Y Vhi(z,t)zly; > 0,2 € Ry 0 X (t) = {a}.
i€l (x) Jj=1

To solve the non-convex fixed point problems of self-mapping via the combined homotopy method,
the following theorem which is an equivalent condition of the existence for the fixed point in the general
non-convex sets X is important.

Theorem 2.2. Let X be defined as , and the constraint functions g;(x), i = 1,2,...,m and hj(x),
j=1,2,...,1 be C® mappings. If the conditions (A1)-(A3) hold, then for any C? self-mapping ¥ : X — X,
x € X is a fized point of the mapping ¥ (x) iff there exists a vector (y,z) € R x R, such that (z,y,2) is a
solution of the following system:

x—¥(x)+ Vg(z)y + Vh(x)z =0,
h(z) =0, (2.2)
Yg(z) =0, g(z)<0, y>0.

Proof. When the parameter ¢ = 0, the conditions (A1)-(A3) of Assumption [2.1]are the same as the conditions
of Lemma 2.1 in [9]. Therefore, the proof is omitted here. O

To prove our main results, the following parameterized Sard theorem will be used and given here. Let
U C R" be an open set and ¢ : U — RP be a C* (a > max{0,n — p}) mapping; we say that y € RP is a
regular value for ¢ if
Rangeld¢(x)/0x] = RP, Va € ¢ (y).

Lemma 2.3 ([§]). Let V C R", U C R™ be open sets, and let ¢ : V x U — R* be a C%-mapping, where
a > max{0,m — k}. If0 € R* is a regular value of ¢, then for almost all a € V, 0 is a reqular value of

¢a = Fl(a,-).

3. Main Result

By Theorem computing the fixed point of a C? self-mapping is equivalent to solve the system (2.2)).
Hence, in this paper, to solve the system ([2.2)), for any randomly chosen vector 7 € R™ and any given vector
¢ € Ry, a constraint shifting homotopy equation is constructed as follows:

(1—8)(z — U(z) + VG(z,t)y)  +  Vh(z, )z +tx—2°) + (1 —t)r
H(0,t) = Y§(z,t)  + =0, (3.1
h(z,t)
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where 6 = (x,y,2)T € R* x R x Rl (2% 4% € XO(1) x R, .
For the homotopy equation (3.1]), when ¢ = 0, the homotopy equation H(#,0) = 0 turns to the system
(2.2) and when ¢t = 1, the homotopy equation H(#,1) = 0 can be written as follows:

Vﬁ(a:, 1)z + x— 20
Y/g\(.l', 1) =R + ¢ =0,
h(z,1)

which has a unique simple solution under Assumption [2.I] and can be proved by the following lemma.

Lemma 3.1. Let the homotopy equation H(0,t) = 0 be constructed as (3.1). If gi(z), i = 1,2,...,m
and hj(z), j =1,2,...,1 are all C® functions, and conditions (A1)-(A3) of Assumption hold, then the
homotopy equation H(6,1) =0 has a unique solution

(iL', Y, z) = (xO, yO’ ZO) = (:UO7 _[diag(/g\(xov 1))]_1Ca 0)'

Proof. By the condition (A1), for any parameter ¢ € [0, 1], the set X%(¢) is nonempty. Let (6,1) = (Z,7, 2,1)
be a solution of , i.e., H(é, 1) = 0. Then, by the fact that the given vector ¢ € R, and the vector
7 > 0, we can have 7 € X°(1). Now, we prove Z = 2¥ by the contradiction. If Z # z, by the first equation
Vh(z,1)2+ 2 —2° = 0 of H(6,1) = 0 and condition (A2), we get z # 0, and hence 2" = 7 + Vﬁ(:ﬁ, 1)z,
which contradicts with condition (A3). Therefore, = z° and Vﬁ(i, 1)z = Vﬁ(zo, 1)z = 0. Moreover, we
get Z = 0 from the condition (A2). Finally, by the second equation Y§(z,1) + ¢ = 0 of H((z,7,2),1) =0
and 7 = 2°, we can obtain § = —[diag(g(z?,1))]7'¢. The proof is complete. O

For any given initial point #° € X°(1)x R, x R!, the zero-point set of the homotopy equation H(6,t) = 0
is denoted as follows:

H'(0) = {(0,t) € X°(1) x R, x R' x (0,1] : H(6,t) = 0}.

Theorem 3.2. Suppose that X is defined as (2.1)). If the constraint functions g;(x), i = 1,2,...,m and
hi(x), j = 1,2,...,1 are all C®, and conditions (A1)-(A3) hold, then any C* self-mapping ¥ : X — X
has a fired point in X, and for any 0° € X(1)° x RT, x R, He_ol(O) contains a smooth curve I'go C
X(1) x Rl x R x (0, 1], which begins from (x°,4°, 2%, 1) and terminates in or approaches to the hyperplane
t = 0. Moreover, if (Z,9,2,0) is an ending limit point of the smooth curve g, then w = (Z,9,2) is a
solution to system and the T-component is a fized point of ¥(z) in X.

Proof. Taking (z°,7) as variate and let ﬁ(@,xO,T, t) be the same mapping as H(6,t), we consider the
submatrix of the Jacobian DH (6, x°, 7, 1):

—tI (1—t)Vg(z,t) t(1—1t)I
= 0 diag(g(z,t)) 0
Vh(z®, )" 0 0

OH(0,2°,7,1)
I(x0,y,7)

for all ¢ € (0,1). By the fact that ¢ > 0 and Yg(z,t) + ¢ = 0, we can obtain that the matrix diag(g(z,t))
is nonsingular. By the condition (A2), since for any 2% € X°(1), the matrix VA (2%, ) is full column rank,

0H(0.2°.7.t) is full

we get that the matrix V/f;(:co,t)T is full row rank. Hence, for any ¢ € (0,1), the matrix e

row rank, which implies that DH (0,2° 7,t) is a matrix of full row rank. Since the matrix

0 I 0 Vh(z0,1)
HHOLD _ [ yovgad )7 ding@a,1)) 0
Vh(z?,1)T 0 0

is also nonsingular, we can get that the matrix Dﬁ(@, 20, 7,1) is full row rank for any ¢ € (0,1]. Hence, 0 is
a regular value of the mapping h(6, 2%, 7,t). Therefore, by Lemma for almost all (z°,7) € X%(1) x R™,
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0 is a regular value of H(6,t). Then, for any given 0 € X%(1) x R, x R!, if 0 is a regular value of

H(0,t), by the fact that (6°,1) is a solution of H(6,t) = 0, an L) i nonsingular and the famous implicit
function theorem, we get H 9}1 (0) must contain a smooth curve ]._‘90, which starts from (2,9, 2%, 1), goes
into X°(1) x R, x R' x (0,1) and terminates in the boundary of X (¢) x R x R! x [0, 1].

When t — 0, let (é, t) be an ending limit point of I'go, only the following five cases may hold:

(i X(1) x R x R > {1}, 13, 2)]| < oo

(i € X(f) x RT x R < [0,1], (7, 2)]| = o0
X(f) x ORT x R x (0,1), [[(#, 2)| < oo;

€ X (t) x Ry x RE % (0,1), [|(5, 2)|| < o0;

€ X x Rt x R x {0}, [[(7, )] < oc.

9

) (6,1) €
) (6,1)
) (6,1)
(iv) (6,7)
(v) (61)
By Lemma we have that ° is the unique simple solution of the homotopy equation H(6,1) = 0.

Hence, case (i) is impossible.

Next, we will prove that case (ii) is also impossible by the contradiction. If the case (ii) happens, there
must exist a sequence of points {(z¥,y*, 2% t¥)} C T'po such that t* — ¢ € [0,1], ¥ — & € X(f) and
|l(y*, 2F)|| — oo as k — co. By the first equation of the homotopy equation (3.1, we get

(iii

m l
(L —t9)(@" — W(ah) + > yf Vg, 1) + 3 Vhy(a* 1)k + @b -2 + 1 - r =0, (3.2)
i=1 j=1

When k& — oo, only two subcases are possible:

(1) t=1;

(I1) t€[0,1).
Case (I): t = 1. Rewrite (3.2)) as follows:

!
(1—1tF) Z YEV g (2 7)) + Z (x tkz + zF — 20

i€l () 7=1

= (1 =M= > wVGah ") - £ u(ah) + 2t -2 — 7).
i#0(0)

(3.3)

If ||((1 — t¥)y*, 2%)|| < oo, we assume ((1 — t¥)y*, 2%) — (7, 2), then §; = 0 for i gé I, () by the second
equation of the homotopy equation (3.1)). Now, taking limits in the both sides of | as k — oo, we have

l
lim [(1—tF) Y yfVGi(ah, 5) + Y Vhy(ak, ¢5)2F + oF — 2]

k—o0 -
1€11(Z) Jj=1

= lim (1 —tF)[— Z YV G (2 7)) — aF + W (aF) 4 b — 20 — R 7]

k—o0

i¢11(Z)

= lim [- Y (1—t")yfvgi(a®, ) + (1 - H[W(F) - 2° - f7)

k—o0

i¢11(2)
== > 5VG@E ]+ 1 - 5)[W () - 2° - ir]
¢ (Z)

=0.



Z.Zhu, Y. Li, Y.-C. Xing, X.-Y. Wang, J. Nonlinear Sci. Appl. 9 (2016), 4888-4896 4894

Hence, we get

2 = lim [z* + (1 - Z YV g (F, th) —i—ZVh zF %)z ]

k—oo
i€l (Z) Jj=1

MN

~ B'~1~_ li 1_tk k Ai ktk
T+ \Y ](l‘, )Z]+ki>n;o Z ( )yzv.g (I‘, )

1€11(Z)

<.
I
-

l
F+ Y Vhi(E1)E5+ > 5iVGi(#, 1),
iEIl(f)

.
Il
—

which contradicts with the condition (A3). If ||((1 — t¥)y*, 2¥)|| — oo, the proof is the same as the following
Case (II).

Case (II): £ € [0,1). Without loss of generality, we assume that ((1 — tFyE 2 11 = )k, 2R)|| = (&, B)
with [|(&, )|| =1 and dz =0 for ¢ ¢ I;(Z). Since t € [0,1] and X (¢) is bounded, dividing the both sides of

. by |I((1 — thyyk, 2 )H and taking limits as k — oo, we can get
l o~
D a;vg(E Z Vh(z,t) =0,
i€l (&) j=1

which contradicts with the condition (A2). Therefore, from the above discussions on subcases (I) and (II),
we get that case (ii) is also impossible.

Now, we prove that case (iii) and case (iv) are also impossible By the second equation of the homotopy
equation (3.1)), we have diag(g(z, £))§ +1¢ = 0. Hence, £ > 0 and §j € OR™, ie., y; =0 for some 1 < <m
can not hold simultaneously. So, case (iii) is impossible. If case (iv) holds, then we have that § > 0 and
t > 0. However, since diag(g(Z,?))§ + £ = 0 and the given vector ¢ € R, , we get diag(g(z, t)) < 0, which
implies that ¥ ¢ X (f). Hence, case (iv) is also impossible.

In conclusion, from the above discussions, we have that case (v) is the only possible case. Hence, T'go
must terminate in or approach to the hyperplane at £ = 0 and 6= (Z,7, 2) is a solution to the system .
By Theorem Z is a fixed point of U(z) in X. The proof is complete. O

4. Numerical test

In this section, we will give some numerical examples to numerically trace the smooth curve I'go. By
Theorem , the zero-point set H 9_01 of the homotopy equation determines a smooth curve for any
given initial point #° € X%(1) x RT, x R as t — 0, one can find a fixed point of a C? self-mapping ¥(z)
in X. For the numerical method of tracing the homotopy path I'go, we can use standard Euler-Newton
predictor-corrector procedure (for more details see references, e.g., [1l [16] [I8], 20]).

In the following numerical examples, the shifted constraint functions are constructed as:

(x i (2
fq\i(x,t) _ { gl( )7 f g’L( ) <0, (4‘1)

gi(x) — t2(max{gi(x0)} +10), if gi(xo) >0,

and hj(z,t) = hj(x) — t2h;(2°).

The parameters in homotopy equation are set as (; = 10 and 7 = randn(n, 1), an n vector with
random entries drawn from a normal distribution with mean zero and standard deviation one.

The computations are performed on a computer running the software Matlab R2014a on Microsoft
Windows 7 Professional with Intel(R) 3.20GHz processor and 4.00 GB megabytes of memory. And the
termination tolerance is set as e = 107,
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In the following tables, let CPU denote the computer time, I'T denote the iteration step which is the

summation of the predictor step and the corrector step in the computing process, and & denote the fixed
point of F(X) C X.

Example 4.1. To find a fixed point of self-mapping:
1 1 1
U(zx) = (5331 + %xg,x% + zmg)T,
in the set )
X ={(z1,22) €ER*: =21 =5 < 0,21 —5 < 0,29 — 50 < 0, —zF + 53:3 =0}.
In this example, the initial points are chosen as 2§ = (2,2), 2§ = (5,3), 23 = (~10,—-10) and 2§ =
(—5,20), which are not interior points in the original feasible set. Hence, the combined homotopy interior

point method in [9) 18] fails. But, by the homotopy equation (3.1), we can get the unique fixed point
Z = (0,0) of the self-mapping ¥(X) C X as t — 0. The detailed numerical results are listed in Table

Table 1: The numerical results of Example

2(0) CPU IT i

(2,2)  0.0624 24 107'0x(-3.1075, -1.1740)

(5,3)  0.2652 85 107 7x(-1.1578, -5.9051)
(-10,-10) 0.2184 86 10710x(4.3591, -1.7146)
(-5,20)  0.1560 52 107¥x(-0.0343, -1.6570)

Example 4.2. To find a fixed point of self-mapping:
\If(l‘) = (xlv _‘TZ)T’
in the set
X ={(z1,22) €ER*: —21 =5 < 0,29 — 10 < 0, —x5 — 10 < 0,21 — 23 — 5 = 0}.

In this example, the initial points are chosen as 2§ = (1,1), 2y = (10,5), 2§ = (20,—-20) and 29§ =
(—20,10), which are not interior points in the original feasible set. Hence, the combined homotopy interior
point method in [9) 18] fails. But, by the homotopy equation (3.1), we can get the unique fixed point

Z = (5,0) of the self-mapping ¥(X) C X as t — 0. The detailed numerical results are listed in Table

Table 2: The numerical results of Example

(0 CPU IT i

(1,1) 00624 9 (5, 4.3988x107Y)
(10,5)  0.0312 13 (5, 6.2204x10713)
(20,-20) 0.4524 80 (5, -1.7418x10~1)
(-20,10)  0.1404 50 (5, -4.7762x10716)
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