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Abstract

The purpose of this paper is to propose a new hybrid shrinking iterative scheme for approximating
common elements of the set of solutions to convex feasibility problems for countable families of weak relatively
nonexpansive mappings of a set of solutions to a system of generalized mixed equilibrium problems. A strong
convergence theorem is established in the framework of Banach spaces. The results extend those of other
authors, in which the involved mappings consist of just finitely many ones. (©)2016 All rights reserved.
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1. Introduction

Let E be a real Banach space with the dual E*. We denote by J the normalized duality mapping from
E to 2F" defined by

Je={feE :(x,f)=zl* = I},
where (-,-) denotes the generalized duality pairing. The duality mapping J has the following properties:

(1) if E is smooth, then J is single-valued,;
(2) if E is strictly convex, then J is one-to-one;
(3) if E is reflexive, then J is surjective;
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(4) if E is uniformly smooth, then J is uniformly norm-to-norm continuous on each bounded subset of F;
(5) if E* is uniformly convex, then J is uniformly continuous on bounded subsets of E' and J is single-
valued and also one-to-one (see [6], 13| [15] [1§]).

Let E be a smooth Banach space with the dual E*. The functional ¢ : £ x £ — R is defined by

¢z, y) = ll® = 2, Jy) + l|y|*

for all z,y € E.

Let C be a closed convex subset of E, and let T' be a mapping from C into itself. We denote by F/(T') the
set of fixed points of T. A point p in C is said to be an asymptotic fixed point of T, if C' contains a sequence
{z,} which converges weakly to p such that the strong lim, o0 (2, — Tx,) = 0. The set of asymptotic
fixed points of T' will be denoted by F(T). A mapping T from C into itself is called nonexpansive if
|Tz — Ty|| < ||z — y|| for all z,y € C and relatively nonexpansive ([3, [I7, (19, 22]) if F(T) = F(T) and
o(p,Tz) < ¢(p,z) for all z € C and p € F(T'). The asymptotic behavior of relatively nonexpansive mapping
was studied in [3], 13} 15, [I§].

Three classical iteration processes are often used to approximate a fixed point of a nonexpansive mapping.
The first one is introduced in 1953 by Mann [12] which well-known as Mann’s iteration process and is defined
as follows:

(1.1)

xo chosen arbitrarily,
Tnt1 = nZp + (1 — ap)Tx,, n >0,

where the sequence {«,} is chosen in [0, 1]. Fourteen years later, Halpern [§] proposed the new innovation
iteration process which resemble in Mann’s iteration (1.1]), it is defined by

{xo chosen arbitrarily, (1.2)

Tyl = apu~+ (1 —ap)Tz,, n >0,

where the element u € C is fixed. Seven years later, Ishikawa [9] enlarged and improved Mann’s iteration
to the new iteration method, it is often cited as Ishikawa’s iteration process which is defined recursively
by

g chosen arbitrarily,

Yn = BnTn + (1 - Bn)T$ny (1'3)
Tpt+l = QpTyp + (1 - an)Tyn7 n >0,

where {a,,} and {3,} are sequences in the interval [0, 1].
In both Hilbert space [19] and uniformly smooth Banach space [22] the iteration process(|l.2)) has been
proved to be strongly convergent if the sequence {,} satisfies the following conditions:

(i) an — 05
(il) dopsgan = oo;
(iil) D02 g lamt1 — am| < 00 or limy, o0 aiil =1

By the restriction of condition (ii), it is widely believed that Halpern’s iteration process have slow
convergence though the rate of convergence has not been determined. Halpern [8] proved that conditions (i)
and (ii) are necessary in the strong convergence of for a nonexpansive mapping 7" on a closed convex
subset C' of a Hilbert space H. Moreover, Wittmann [19] showed that converges strongly to Ppyu
when {a,,} satisfies (i), (ii) and (iii), where Ppp)(-) is the metric projection onto F(T).

Both iteration processes and have only weak convergence, in general Banach space (see [7] for
more details). As a matter of fact, process may fail to converge while process can still converge
for a Lipschitz pseudo-contractive mapping in a Hilbert space (see [4]). For example, Reich [I6] proved that
if E is a uniformly convex Banach space with Fréchet differentiable norm and if {a,} is chosen such that
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Yomrgan(l — ay) = oo, then the sequence {x,} defined by converges weakly to a fixed point of T.
However, we note that Mann’s iteration process has only weak convergence even in a Hilbert space
(see [7]).

Some attempts to modify the Mann iteration method so that the strong convergence is guaranteed have
recently been made. Nakajo and Takahashi [14] proposed the following modification of the Mann iteration
method for a single nonexpansive mapping 7" in a Hilbert space H:

xg € C' chosen arbitrarily,

Yn = anp + (1 — an)Txy,

Cn={2€C: |lyn — 2[| < [z — 2[}, (1.4)
Qn={z€C:{(x,—2z,x0—xp) >0},

In+l = PCann (330),

where C' is a closed convex subset of H, Px denotes the metric projection from H onto a closed convex
subset K of H. They proved that if the sequence {«,} is bounded above from one then the sequence {x,}
generated by converges strongly to Pp(r) (x0) where F(T) denotes the set of fixed points of T'.

The ideas to generalize the process from Hilbert space to Banach space have recently been made.
By using available properties on uniformly convex and uniformly smooth Banach space, Matsushita and
Takahashi [13] presented their ideas as the following method for a single relatively nonexpansive mapping
T in a Banach space E:

(120 € C chosen arbitrarily,

yn = J HanJzo + (1 — ap)JTxy),

Co = {2 € C: 6z um) < b2, m)}, (15)
Qn=1{2€C:{(ry—2Jrog— Ja,) >0},

\ xn+1 = ]'_‘[Cann ('IO)

They proved the following convergence theorem.

Theorem 1.1. Let E be a uniformly convex and uniformly smooth Banach space, let C' be a nonempty
closed convex subset of E, let T be a relatively nonexpansive mapping from C into itself, and let {ay} be
a sequence of real numbers such that 0 < o, < 1 and limsup,,_,. an < 1. Suppose that {x,} is given by
(LE), where J is the duality mapping on E. If F(T) is nonempty, then {x,} converges strongly to (7)o,
where Il g7y (+) is the generalized projection from C onto F(T).

In 2007, Plubtieng and Ungchittrakool [I5] proposed the following hybrid algorithms for two relatively
nonexpansive mappings in a Banach space and proved the following convergence theorems.

Theorem 1.2. Let E be a uniformly convexr and uniformly smooth real Banach space, let C' be a nonempty
closed conver subset of E, let T, S be two relatively nonexpansive mappings from C' into itself with F :=
F(T)N F(S) is nonempty. Let a sequence {x,} be defined by

xg € C' chosen arbitrarily,
Y = J HanJzn + (1 — ap)Jz),
n = J_l(@(zl)an + Bg)JT:cn + ,37(13)J5'xn),
Hy ={z€C:¢(z,yn) < é(z,7n)},
Wy, ={2€C:{(x, — 2z Jxg— Jx,) >0},

Tn+1 = Upg,nw, (zo)

(1.6)

with the following restrictions:

(i) 0 < a, <1, limsup,,_,o an < 1;
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() 0< 8L, BN, 8% <1, limy o 8L = 0, liminfym 828 > 0.
Then {x,} converges strongly to I pxgy, where Ilg is the generalized projection from C onto F'.

Theorem 1.3. Let E be a uniformly convex and uniformly smooth Banach space, let C' be a nonempty closed
convex subset of E, let T, S be two relatively nonexpansive mappings from C' into itself with F := F(T)NF(S)
is nonempty. Let a sequence {x,} be defined by

'xo € C chosen arbitrarily,

yn = J HanJzo + (1 — an)Jz),

20 = TV BW T2y + 8P IT, + 8P T52,),
Hy={2€C:d(2,yn) < 0(2,20) + an([|xo]* + 2{2, Jzn — Jx0))},
W, ={2¢€C:{(xy,— 2z Jxog— Jx,) >0},

| Znt1 = U, aw, (o)

with the following restrictions:
(i) 0 < a, <1, limsup,,_ oo o < 1;
i) 0< 8%, Y, B <1, limpseo BY = 0, liminf, e B8 > 0.
Then {xz,} converges strongly to gz, where Ilp is the generalized projection from C onto F.
Recently, Wei-Qi Deng and Shanguang Qian [21] proposed a new hybrid shrinking iterative scheme for
approximating common elements of the set of solutions to convex feasibility problems for countable families

of relatively nonexpansive mappings of a set of solutions to a system of generalized mixed equilibrium
problems. They proved the following convergence theorem.

Theorem 1.4. Let E be a real uniformly smooth and strictly convex Banach space, and C be a nonempty
closed conver subset of E, let {T;},{S;}: C — C be two sequences of relatively nonexpansive mappings with
F = (N2, F(T;) (N2, F(S;)) # 0. Let {x,} be the sequence generated by:
ro=x€C H1=W_1=C,

Un = J HDndzn + 1 — Aad 2],

Zn = J1 (anjxn + BnJT’zn-fn + 'YnJSznxn) )

Hn = {Z € anl manl : ¢(Z7yn) < ¢(zaxn)})
W,={z€ Hy-1(Wp-1: {2y — 2z, Jx — Ja,) >0},

ZTn+1 = Pu,nw, (),

where { A}, {an}, {Bn} and {7} are sequences in [0, 1] satisfying
(1) 0< A <1, Vn=0,1,2,3,..., limsup,_,., A\n > 0;
(2) ap + /Bn + Y = 1, hmnﬁoo Qp = 0, lim SUPy, 00 ﬁn’)/n > 05

and iy s the solution to the positive integer equation n = i, + w, (my, > ip,n =1,2,3,...), that is,
for each n > 1, there exists a unique i, such that

i1 =1, =1,i3 = 2,14 = 1,i5 = 2,16 = 3,07 = 1,48 = 2,19 = 3,410 = 4,411 = 1.
Then {xn} converges strongly to Prx, where Prx is the generalized projection from C onto F.

The purpose of this paper is to propose a new hybrid shrinking iterative scheme for approximating
common elements of the set of solutions to convex feasibility problems for countable families of weak relatively
nonexpansive mappings of a set of solutions to a system of generalized mixed equilibrium problems. A strong
convergence theorem is established in the framework of Banach spaces. The results extend those of other
authors, in which the involved mappings consist of just finitely many ones. In addition, the concept of cycle
of the sequence of mappings was presented in this paper. The results of this article modify and improve the
results of Deng and Qian [21], it also in some sense, improves some results of [23H27, 29].
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2. Preliminaries

Let E be a smooth Banach space with the dual E*. The functional ¢ : E x E — R is defined by

$(z,y) = l|z]|* = 2z, Jy) + Iyl (2.1)

for all z,y € E. Observe that, in a Hilbert space H, (2.1) reduces to ¢(x,y) = ||z — y||?, z,v € H.

Recall that if C' is a nonempty, closed and convex subset of a Hilbert space H and Po : H — C' is the
metric projection of H onto C, then Pp is nonexpansive. This is true only when H is a real Hilbert space.
In this connection, Alber [I] has recently introduced a generalized projection operator Il in a Banach space
FE which is an analogue of the metric projection in Hilbert spaces. The generalized projection Ilg : E — C
is a map that assigns to an arbitrary point z € E, the minimum point of the functional ¢(y,z), that is,
IIcx = &, where T is the solution to the minimization problem

¢(.T,$) = min (Z)(y,-f), (22)
yeC
existence and uniqueness of the operator II¢ follow from the properties of the functional ¢(y,z) and strict
monotonicity of the mapping J. In Hilbert space, Il = P¢. It is obvious from the definition of the functional
¢ that

(Nl = lwl)? < ¢y, x) < (lyll* + l=]*) (2.3)
and

d)(a:,y) :¢(w,z)—|—¢(z,y)—2<x—z,Jz—Jy) (24)

for all z,y € E (see [12] for more details).
This section collects some definitions and lemmas which will be used in the proofs of the main results in
the next section. Some of them are known; others are not hard to derive.

Remark 2.1. If E is a reflexive strictly convex and smooth Banach space, then for z,y € E, ¢(z,y) = 0 if
and only if z = y. It is sufficient to show that if ¢(z,y) = 0 then z = y. From (2.3), we have ||z| = ||y]|.
This implies (z, Jy) = ||z||?> = ||Jy||?>. From the definition of .J, we have Jx = Jy. Since .J is one-to-one,
then we have x =y (see [6, 19, 20] for more details).

Let E be a Banach space, C' a nonempty closed convex subset of £ and T : C' — C' a mapping. We use
F(T) to denote the set of fixed points of a mapping 7. A point p in C' is said to be an asymptotic fixed point
of T if C contains a sequence {z,} which converges weakly to p such that the |z, — T'z,| — 0. The set
of asymptotic fixed points of T' will be denoted by ﬁ(T) A point p in C is said to be a strong asymptotic
fixed point of T' if C' contains a sequence {z,} which converges strongly to p such that ||z, — Tx,| — 0.
The set of asymptotic fixed points of T' will be denoted by ﬁ(T)

Definition 2.2. A mapping T is said to be relatively nonexpansive mapping if the following conditions are
satisfied:

(1) F(T) is nonempty;
(2) g/b\(u,Tx) < ¢(u,z),Vue F(T),zeC,
(3) F(T)=F(T).

If the above conditions (1) and (2) are satisfied, the mapping T is said to be quasi-¢-nonexpansive
mapping. The relative study for the quasi-¢-nonexpansive mappings, we can see [20].

Definition 2.3. A mapping 7T is said to be weak relatively nonexpansive mapping if the following conditions
are satisfied:

(1) F(T) is nonemptys;

(2) ¢(u,Tx) < ¢p(u,z),Vue F(T),xz e C,
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(3) F(T) = F(T).

In [28], the author gives an example which is a weak relatively nonexpansive mapping but not a relatively
nonexpansive mapping.
We need the following Lemmas to prove our main results.

Lemma 2.4 ([12]). Let E be a uniformly convex and smooth real Banach space and let {x,}, {yn} be two
sequences of E. If ¢(xy,yn) — 0 and either {x,} or {yn} is bounded, then ||x, — yn|| — 0.

Lemma 2.5 ([I, 2, 10, 12]). Let C be a nonempty closed convex subset of a smooth real Banach space E
and x € E. Then, xg = ez if and only if

(xo —y,Jr — Jxg) >0 for all ye C.

Lemma 2.6 ([I, 2, 10]). Let E be a reflexive, strictly convex and smooth real Banach space, let C' be a
nonempty closed convex subset of E and let x € E. Then

oy, ex) + p(Ilex, z) < ¢(y,z)  for ally € C.

Lemma 2.7 ([B]). Let E be a uniformly convex Banach space and B-(0) ={z € E : ||z|| < r} be a closed ball
of E. Then there exists a continuous strictly increasing convex function g : [0,00) — [0,00) with g(0) =0
such that

12z + py + vzl < Al + pllyll® + vll20? = Aug(lz — yll) (2.5)
for all x,y,z € B,(0) and A\, pu,y € [0,1] with A+ pu+~v = 1.
It is easy to prove the following results.

Lemma 2.8. Let E be a strictly convex and smooth real Banach space, let C be a closed convex subset of
E, and let T be a weak relatively nonexpansive mapping from C into itself. Then F(T') is closed and convez.

Lemma 2.9. Let {T,,}°°, {T:}5%, be two sequences of mappings such that

n=1»
HTnhnzh > T st
if for each i =1,2,3, ..., {T;}72, contains a subsequence {Ty; 132, such that T,; =T; for allk =1,2,3,....

n=1

Then {T7}2°, is said to be a cycle of the {T,}2° ;.

Example 2.10. Let {7,,}2°, be a sequence of mappings, the following sequences are some cycles of the
{Tn}nis:

TlaT17T2aT17T25T37T15T27T35T47TlaTQ)T37T4)T57 ceey (CyCIG 1)
Tl,TQ,Tl,Tg,TQ,Tl,T4,T3,T2,T1,T5,T4,T3,T2,T1, ey (cycle 2)
TlaT27T15T17T25T37T27T17T17T27T37T47T37T2)T17 e (CyCIG 3)

3. Main results

Now we prove our convergence theorems as follows.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth real Banach space, let C' be a nonempty
closed conver subset of E, let {T,},{Sn} be two sequences of weak relatively nonexpansive mappings from
C' into itself such that F := (N2 oF(T,,)) (NS F(Sn)) # 0. Define a sequence {x,} in C' by the following
algorithm:

xg € C = Cy chosen arbitrarily,

o = J BN Tan + BEIT 2, + DTS2,

Un = J HanJzn + (1 — an)Jz,), (3.1)
Cni1=4{2€C:0(z,yn) < P(z,2,)}, n=0,1,2,...,

Tn+1 = e, 4 (20),

with the conditions
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(i) liminf, o0 8181 >0, 81 + 817 + B3 = 1;
(ii) liminf, o0 67(11) 7(7,3) > 0, 57(11) + 51(12) + 67(13) =1;
(iii) 0 < ap < a <1 for some a € (0,1),

where {T},{Sx} are the cycles of the {T,,},{Sn} respectively. Then {x,} converges strongly to llpxzo, where
[Ir is the generalized projection from C onto F.

Proof. We first show that C,, is closed and convex for each n > 0. From the definition of C,, it is obvious
that C), is closed for each n > 0. We show that C,, is convex for any n > 0. Since

¢(2,yn) < &(z,2n)

is equivalent to
2z, Jan = Jyn) < lnl® = lynl?,

it follows that C,, is convex.
Next, we show that F' C C,, for all n > 0. Observe that

2 = J BTz, + P IT 20 + P TSk,
Hence from the definition of ¢(z,y) and the convexity of || - || we have, for all p € F' that
6, 7) =6 (. T (B0 Tan + BD T T + B TS2,))
=l1pl2 2 {p, B Tan + BRI Tsn + B TS0 )
+ Hﬁ,(f),]xn + B,(LQ)JT;xn + BS’)JSZ:C,L ?

<BWe(p, ) + BPo(p, Tixn) + B d(p, Siay)
<BVo(p,xn) + BPd(p, 20) + B d(p, 24)
=¢(p, wn)

By the similar reason we have, for all p € F' that

Yn = J_l(oanzn + (1 — ap)Jzy),

(P, yn) =0 (p7 J_l(anjzn + (1 - an)Jmn»
<Ipl* = 2 {p, an Tz + (1 = ) Jx)
+ T 2z 4+ (1 — ) Tz ||
<an@(p; 2n) + (1 — an)nd(p, zn)
<an@(p; ) + (1 — ap)nd(p, zn)
=¢(p, Tn).

That is, p € C}, for all n > 0.
Since 41 = I, 20 and C,, C C),_; for all n > 1, we have

¢(Tn, 20) < P(Tn+1,T0) (3.2)
for all n > 0. Therefore {¢(zy,x0)} is nondecreasing. In addition, it follows from Lemma that

¢(xn, 20) = ¢(Ilc, 20, 70) < ¢(p, x0) — O(p, 2n) < (P, x0)

for each p € F C @, and for all n > 0. Therefore, ¢(z,,xo) is bounded, this together with (3.2) implies that
the limit of {¢(zy,x0)} exists. Put
lim ¢(zp,x0) = d. (3.3)

n—o0
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From Lemma [2.6] we have, for any positive integer m, that

¢(xn+m7 xn) = ¢($n+ma HCn$0) < ¢(xn+ma 5L'O) - ¢(ch$0, xO)

(3.4)
= ¢(Tntm, To) — ¢(Tn, 7o)
for all n > 0. Therefore
li_>m O(Tptm,Tn) = 0. (3.5)

From (3.5) and (2.3)), we know that {z,,} is bounded and Lemma [2.7] together with (3.5]) implies

nlgrolo [Zntm — znll = 0.

Then {z,} is a Cauchy sequence, hence there exists a point z* € C such that {z,} converges strongly to x*.

Since 11 =g ,xg € C,, from the definition of C),, we have

n+1

¢($n+1, yn) < Qb(anrlv xn) (36)

It follows from (3.5 and (3.6) that

¢($n+1, yn) — 0.
By using Lemma we have
nlggo [Znt1 — ynll = nlglgo [Zn+1 — 2| =0,
and hence y, — z* as n — oco. Since J is uniformly norm-to-norm continuous on bounded sets, we have
lim (1 — ap)||Jzn — Jzp|| = lim [|[Jy, — Jz,|| = 0.
n—o0 n—o0
Since 0 < oy, < @ < 1, then
lim ||Jz, — Jz,| = 0.
n—oo
Since J~! is also uniformly norm-to-norm continuous bounded sets, we have
lim ||z, — x,|| =0,
n—oo

so that 2z, — 2* as n — oo.
Since {xy} is convergent, then {z,} is bounded so are {z,},{JTx,} and {JS}z,}. From the definition
of ¢(x,y) and
zn = J N (BW Iz, + 8D IT 2, + B TSEay),

we have, for all p € F' that
O(p, 2n) =0(p, T B Tz + BPIT 2, + P TSE2))
=|p|? - 2(p, BV Ty + BPIT 0 + B TSSws)
+ 1180 2y + P IT 2, + BB TS 2, |12

Therefore, by using (2.5 in Lemma for all p € F', we have

6, zn) <IIpll? =2 (p, B Twn + BPITrwn + B0 S50 )

+ BV [ Jznl? + B2 Tyaal® + BE [T S5znl® = B B g (|| J2n — JTaal|)
<Bo(p,zn) + BPd(p, Tiixn) + B ¢(p, Span) — BV BD g(|[J2n — JTjn]))
<BW(p.xn) + BLOp,xn) + BY b(p,x0) — BV BP g(||Jn — JTjwn])
=o(p, Tn) — Bél)ﬁflg)g(luwn - JT;{xn”),
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and hence
Br(zl)ﬁr(?)g (Han - JT:;'TnH) < d)(p,xn) - ¢(p7 Zn) — 0,

as n — oo. By using the same way, we can prove that

as n — oo. From the properties of the mapping g, we have
| Tz, — JT) x| — 0,

as n — oo, and
|Jxy — JS)xn|| — 0,

as n — 0o. Since J! is also uniformly norm-to-norm continuous on any bounded set, we have
[2n — Tranll — 0
:BTL nxn 9

as n — oo, and

|z = Spanll = 0,
asn — 00. Since {1 }°° , {5} }o2, are the cycles of the {17, }0° ), {Sn} 02, respectively, so for any i = 0, 1, ...,
there exist a subsequence {Tz";} C {T} such that T; =T foralln =0,1,.... That is,

as n — oo, and x;, — x*, since T; is a weak relatively nonexpansive mapping, then z* € F(T;), for
all i = 0,1,.... By the same reason we know that z* € F(S;), for all ¢ = 0,1,.... Hence z* € F :=
(M0 F(To) (1 (M0 F(S0).

Finally, we prove that * = IIpzo. From Lemma, we have

o(x*, Mpxg) + ¢(Ilpxo, 0) < P(x™, 20).

On the other hand, since ;41 = g, 14

and C,, D F, for all n, we get from Lemma that,

d(Mpzo, Tpy1) + O(@nr1,20) < d(pxo, o).

By the definition of ¢(z,y), it follows that both ¢(x*,x9) < ¢(Ilpxo,x0) and ¢(z*,x9) > d(lpxo, x0),
whence ¢(z*,x9) = ¢(Ilpzp, x0). Therefore, it follows from the uniqueness of Ilpzg that * = Hpxzg. This
completes the proof. O

Taking «,, = 0, Theorem is reduced to the following result.

Theorem 3.2. Let E be a uniformly convex and uniformly smooth real Banach space, let C' be a nonempty
closed conver subset of E, let {T,},{Sn} be two sequences of weak relatively nonexpansive mappings from
C into itself such that F := (N2 o F(T,,)) (NS F(Sn)) # 0. Define a sequence {x,} in C' by the following
algorithm:
xg € C =CCy chosen arbitrarily,
yn = JHB T+ B I T + BT S5wn),
Cni1=1{2€Cy:0(z,yn) < &(z,2n)}, n=0,1,2,...,
Tpy1 =g, (z0)

(3.7)

with the conditions

(i) liminf, o B85 >0, B + 87 + 6 = 1;
(if) liminf, 0 4787 > 0, B0 4+ 817 4+ 817 = 1,
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where {T},{Sk} are the cycles of {T,,},{Sn} respectively. Then {x,} converges strongly to llpxzg, where
[p is the generalized projection from C onto F'.

Next, we prove a convergence theorem for Halpern-type iterative algorithm.

Theorem 3.3. Let E be a uniformly convexr and uniformly smooth Banach space, let C' be a nonempty

closed convex subset of E, let {T),}72 o, {Sn}o>, be two sequences of weak relatively nonexpansive mappings
from C into itself such that F = (N> F(T,)) (NS oF(Sn)) # 0. Define a sequence {z,} in C' by the

following algorithm:

xg € C'=Cy chosen arbitrarily,

20 = TN BN Tag + B ITEn + BTS2 2,),

Yn = J HanJzn + (1 — an)J ), (3.8)
Coi1={2€Chn:d(z,yn) < (1= )2, 1) + anBP d(2, 20)}, n=0,1,2,...,

Tn+1 = HCn+1$0)

with the conditions

(i) limyeo B = 0, B + 87 4+ 89 = 1;
(ii) limsup, o, BB >0, B + 87 + 57 =1,

where {T)},{S}} are the cycles of the {T},{Sn} respectively. Then {x,} converges to q¢ = Il p)zo.

Proof. We first show that C), is closed and convex for each n > 0. From the definition of C,,, it is obvious
that C), is closed for each n > 0. Next, we prove that C,, is convex for each n > 0. Since

A2, yn) < (1= B2, 2n) + BV (2, 20)
is equivalent to
2 (2, (1= B Jwn + BV Jwo = Tyn ) < (1= BD) |l + B0 o]

It is easy to get C), is convex for each n > 0.
Next, we show that F' C C), for all n > 0. Observe that

2y = J7L (B;UJxO + B Iz, + 55?>Js;;mn) .

Hence from the definition of ¢(x,%) and the convexity of || - ||> we have, for each p € F that

00, 2n) =6 (p, 77 (80 Tw0 + 8P T T3 + B 1830
=[1pl1? — 2 (p, B Txo + BE I Ty + B TS}
- Hﬂ,ﬁ}uxo B Iy + B IS5
<G, x0) + B¢, Triwn) + B0 (p, Shen)

<BWe(p, x0) + BL ¢ (p, x) + B b(p, )
<BMé(p, x0) + (1 — B b (p, ).

By the similar reason we have, for each p € F' that

O(p,yn) =6 (p, J " (andzn + (1 — o) Jzy,))
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+ T zn 4+ (1 — o) T ||
San¢(pa zn) + (1 - O‘n)d)(pa xn)
<an (B 6(p,w0) + (1= B)6(p,wa) ) + (1 = an) 6(p, )

<anB(p.20) + (1= ) é(p.22).

So, p € C,,, which implies that F' C C}, for all n > 0.
Since 41 = Ilg, ;20 € Qn and C), C Cy—1, then we get

d(xn,x0) < d(Tpt1,20), forall n>0. (3.9)
Therefore {¢(zn,x0)} is nondecreasing. It follows from Lemma that
¢($n7$0) = ¢(ch$07$0) < ¢(p7 xO) - gb(p, xn) < ¢(pa$0)7

for each p € F C @, and for all n > 0. Therefore, ¢(z,, o) is bounded. This together with (3.9) implies
that the limit of {¢(xy, zo)} exists. Put

lim ¢(zp,x0) = d. (3.10)

n—oo
From Lemma [2.6] we have, for any positive integer m, that
¢($n+ma xn) :¢($n+ma HCn-TO) < ¢($n+ma I‘o) - gb(HCnl'Oa -730)
:¢($n+ma CCO) - ¢($na $0)7

for all n > 0. Therefore (3.11]) implies

(3.11)

lim ¢(zpsm,zn) =0. (3.12)

n—oo

Since {x,} is bounded, from (3.12)) and by using Lemma we have
nh—>nolo [@n4m — zn| = 0.

Then {z,} is a Cauchy sequence, hence there exists a point z* € C such that {z,} converges strongly to
z*. In particular, we have
lim [|zp41 — 24| =0, (3.13)
n—oo
nh_}ngo d(xnt1,2,) = 0.

Since x, 1 = g, 20 € Cy, from the definition of C),, we also have
¢(xn+17 yn) - 0, ¢($n+1, Zn) — 07

and
|Znt1 = ynll = 0, ||ps1 — zall — 0. (3.14)

as n — oo.
From the definition of ¢(z,y) and

2y = J7L (ﬁg),}xo + 8D Tz, + ﬁ,(f’)JSnxn) :
we have, for all p € F' that
6(p,20) =6 (0,77 (B0 T + B I Twn + B T San ) )
=lpll2 = 2(p, BV Jzo + BRI Ty + B T Sn )

2
B Tz + BAIT 2y + BP TSk

|
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Therefore, from the boundedness of {x,},{zn},{Tz,} and {Sx,}, and by using (2.5) in Lemma we
have

6(p, zn) <IIpll* =2 (p, B Jwo + 8P IT i, + B TS} )

+ BW Tzl + BN I Tyanll + BENTSpxnll* = BPBE g(|| I T 20 — T Sl ])
<BPd(p, x0) + BPd(p, Tizn) + B d(p, Spwn) — BE BD g(|J T2 — JSjn]))
<BM b (p, w0) + BPd(p, xn) + B b (p, 2n) — B B g (I T T 2n — TSianl))
<BMé(p,x0) + (1 — B (p, 2n) — B B g (| T Ty — T Sinl))

which implies that

BB (T Tan — TShanl) < B 6P, w0) + (1= BD)é(p, o) — (b, 20)-
From lim,,_ ﬂy(Ll) =0and z, — %, 2z, — x*, we have
BB g(| I Tywn — TShanal) =
as n — oo. From the properties of the mapping g, we have
\J Tz, — JS) x| — 0, (3.15)

as n — o0o. Since

2 = I (B0 Jn0 + BT Ty + B S )

then we have
Jzn = (ggwxo + D IT z, + ﬁ,(f’)JS;;xn) .

Therefore

20 — 2| = Han — (B Ty + BDIT x, + BB TS 2,)

(Jzy — Jxo) + 8P (Jy — JTEx,) + B (T, — JSExy)

> |82 (T — I Tyma) + B (T — TSjn)l| = 18 (T = Jao)

which leads to

|82 (T — IT0) + B (Tan — ISswa)ll < | = Tzall + 180 (Jwn — Jao)

Since x, — =¥, z, — =¥ and lim,_ . ,BS) = 0, then from above inequality we obtain

B (Jxy — JTEx,) + B (Ja — T SE2,)

=0. (3.16)
On the other hand, by using the property of norm || - ||, we have

= 8P (Jzp — JTi0) + B (Jzn — JShzn)
+ B9 (Jay — JTixn) — B (Jan — JTiay) ||
- H 5@) n ﬁ<3>>(J:cn — JTfay) + B (JTx, — JShan)

O (Jz, — JTixn) + B (Jay — TSy

H Y Jxn — JT 20| — 18 (JT 0 — JSEn)

)
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which leads to the following inequality
(82 + B (T = T T0) + BT T = TSl
Therefore, by using (3.15)) and (3.16) we have

(B2 + BO) (T2 = TTa,)

< ] BD(Jzn — JT ) + B (Jzn — JSE20)

— 0.

This together with the condition (ii) of Theorem implies that
|Jzn — JT) x| — 0.
Since J~! is uniformly norm-to-norm continuous on bounded sets, then we have

|zn — Thznll — 0,

as n — 00. Since {T}2° ), {S;}72 , are the cycles of {T,}22, { S}, respectively, so for any ¢ = 0,1,.. .,

there exist a subsequence {7} } C {7} such that T} =T; for all n = 0,1,.... That is,
i, = Ty, || = 0,

as n — oo, and x;, — x*, since T; is a weak relatively nonexpansive mapping, then z* € F(T;), for all
i =0,1,2,.... By the same reason we know that z* € F(S;), for all ¢ = 0,1,2,.... Hence z* € F :=
(MEZo ' (Th)) N(NEZoF'(Sn))-

Finally, we prove that z* = [Ipxzy. From Lemma [2.8] we have

o(x, pxo) + ¢(Ilpxo, x0) < G(2™, 20).

On the other hand, since x, 1 = Il¢, .,

and C, D F, for all n, we get from Lemma [2.6] that,

d(Ilpxo, Tng1) + ¢(@nt1,20) < ¢(Hpxo, x0).

By the definition of ¢(z,y), it follows that both ¢(x*,x9) < ¢(Ilpxo,x0) and ¢(z*,x9) > ¢(lpxo, x0),
whence ¢(z*,x0) = ¢(Ilpzo, x0). Therefore, it follows from the uniqueness of Ipzg that * = pxzg. This
completes the proof. O

Taking «,, = 1, Theorem is reduced to the following result.

Theorem 3.4. Let E be a uniformly convex and uniformly smooth Banach space, let C' be a nonempty
closed convex subset of E, let {T),}72 o, {Sn}o2, be two sequences of weak relatively nonexpansive mappings
from C into itself such that F' = (ML F (1)) NSy F(Sn)) # 0. Define a sequence {z,} in C' by the
following algorithm:

xg € C=Cy chosen arbitrarily,

yn = TN B Tao + B0 I T, + B T S),
Cni1={2€Cp:0(z,yn) < P(z,2)}, n=0,1,2,...,
Tn+1 = e, To,

(3.17)

with the conditions

(i) limp oo B =0, B + 82 + ¥ = 1;
(i) limsup, ., 8YBY >0, g + 8% + ¥ =1,

where {T;},{Sy} are the cycles of {Tn},{Sn}, respectively. Then {x,} converges to q = Ilg()zo.
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4. Applications

The so-called convex feasibility problem for a family of mappings {T,,} is to find a point in the nonempty
intersection NS F(T7,).

Let E be a smooth, strictly convex, and reflexive Banach space, and C be a nonempty, closed, convex
subset of E. Let {B;};°, : C — E* be a sequence of f;-inverse strongly monotone mappings, {1;}°; :
C — R! a sequence of lower semi-continuous and convex functions, and {6;}2°; : C — R! a sequence of
bifunctions satisfying the conditions:

(A1) O(z,z) = 0;

(A2) 6 is monotone, i.e., O(z,y) + 0(y,z) < 0;

(A3) limsup, o0 Oz + t(z — 2),y) < 0z, y):

(A4) the mapping y — 6(x,y) is convex and lower semi-continuous.

A system of generalized mixed equilibrium problems (GMEP) for {B;}°,,{v;}°; and {6;}°, is to find
an z* € C such that

O(x*,y) + (y — ¥, Bix™) + ¥i(y) — i(z*) >0, VyeC,i=12,..., (4.1)

whose set of common solutions is denoted by @ = N,Q;, where 2; indicates the set of solutions to
generalized mixed equilibrium problem for B;, 8; and ;.
Define a countable family of mappings {S,;}2; : E — C with r > 0 as follows:

1
Sr,i(x) = {Z € C’Tl(:c,y)+;<y—z,Jz—Jy> 207 yGC'}, Vi= 172a"'a (42)

where 7;(z,y) = 0(z,y) + (y — x, Bix) + ¥;(y) — 1i(x). It has been shown by Zhang [28] that
(1) {Si}2, is a sequence of single-valued mappings;
(2) {Sr:}2, is a sequence of relatively nonexpansive mappings;
(3) M2y F(Sri) = 2.

By using Theorems and we can get the following results.

Theorem 4.1. Let E be a uniformly convex and uniformly smooth Banach space, let C' be a nonempty
closed convex subset of E, let {T,,} be a sequences of weak relatively nonexpansive mappings from C into
itself and {Sy;}5°, be a sequence of mappings defined by with F == (NS F(T7)) (NS F(Srs)) # 0.
Define a sequence {x,} in C by the following algorithm:

xg € C = CCy chosen arbitrarily,

2 = T BN Tz + B I T + B TS ),

Yn = J HanJzn + (1 — an)Jzn), (4.3)
Cnt1={2€Cy :0(z,yn) < &(2z,2n)}, n=0,1,2,...,
\ Tn+1 = ch+l(‘r0)7

with the conditions

(i) liminf, o B85 >0, B + 87 + Y = 1;
(ii) liminf,e B85 >0, B + 8% + 87 = 1;
(iii) 0 < ap <a< 1 for some a € (0,1),
where {T*},{Sk} are the cycles of the {T},{Srn}, respectively. Then {x,} converges strongly to gz,

which is some common solution to the conver feasibility problem for {T,} and a system of generalized mized
equilibrium problems for {Sy,,} where Il is the generalized projection from C onto F.
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Theorem 4.2. Let E be a uniformly convex and uniformly smooth Banach space, let C' be a nonempty
closed convex subset of E, let {T,} be a sequences of weak relatively nonexpansive mappings from C' into
itself and {S,;}52, be a sequence of mappings defined by with F:= (N2 F(T,)) (N2 g F(Syi)) # 0.
Define a sequence {x,} in C by the following algorithm:

(290 € C =Cy chosen arbitrarily,
2 = JHBW Tz + B T T, + B ISE 20),
Yn = J N andzn + (1 — ap)Jzy), (4.4)
Coi1 = {2 € Cu: 6(2,90) < (1= anB)6(2,20) + B 6(z,m0)}, n = 0,12,
Tn+1 = Ue,,, Zo,

with the conditions

(i) limoso B = 0, A0 4+ 7 + 577 = 1;
(ii) limsup, . BB >0, BV + 87 + 50 =1,

where {T;},{S;,,} are the cycles of the {T,},{Srn}, respectively. Then {x,} converges strongly to gz,
which is some common solution to the convez feasibility problem for {T,,} and a system of generalized mized
equilibrium problems for {S,,,} where Il is the generalized projection from C onto F.

Remark 4.3.

(1) In [21], the sequences {T;, }>2, and {S;, }7°, are namely the “cycle 1”7 of the {T},}"2, and {S,}>2,
respectively.

(2) In [21], the conditions of Theorem 3.1]and Theorem[4.1]are not sufficient, in fact, in order to use Lemma
and Lemma[2.7] the condition “Let E be a uniformly convex and uniformly smooth Banach space”,
is needed.

(3) In [21], the proof of Theorem is relatively complex. In fact, we can easily prove the iterative
sequence {x,} is a Cauchy sequence without using Lemma

(4) In [21], page 11, line 14, the sentence “{S;;}°; is a sequence of closed relatively nonexpansive map-
pings” should be “{S,;}?2, is a sequence of relatively nonexpansive mappings”, since the relatively
nonexpansive mapping must be closed.
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