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Abstract

In this paper, we introduce certain new concepts of «a-n-lower semi-continuous and a-n-upper semi-
continuous mappings. By using these concepts, we prove some fixed point results for generalized multivalued
nonlinear F-contractions in metric spaces and ordered metric spaces. As an application of our results we
deduce Suzuki-Wardowski type fixed point results and fixed point results for orbitally lower semi-continuous
mappings in complete metric spaces. Our results generalize and extend many recent fixed point theorems
including the main results of Minak et al. [G. Minak, M. Olgun, I. Altun, Carpathian J. Math., 31 (2015),
241-248], Altun et al. [I. Altun, G. Minak, M. Olgun, Nonlinear Anal. Model. Control, 21 (2016), 201-210]
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1. Introduction and preliminaries

Let (X,d) be a metric space. 2% denotes the family of all nonempty subsets of X, C(X) denotes
the family of all nonempty, closed subsets of X', CB(X) denotes the family of all nonempty, closed, and
bounded subsets of X and K (X) denotes the family of all nonempty compact subsets of X'. It is clear that,
K(X)CCB(X)CC(X)C P(X). For A,Be C(X), let

H(A, B) = max {sup D(z, B),sup D(y, A)} ,
zeA yeB
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where D(x,B) = inf {d(z,y) : y € B}. Then H is called generalized Pompeiu-Hausdorff distance on C'(X).
It is well-known that H is a metric on CB(X), which is called Pompeiu-Hausdorff metric induced by d. For
more details see [3],[11].

An interesting generalization of the Banach contraction principle to multivalued mappings is known as
Nadler’s fixed point theorem [25]. After this, many authors extended Nadler’s fixed point theorem in many
directions (see [10, 12, 24 29] and references therein). In 2012, Samet et al. [28] defined a-admissible
mappings. This notion is generalized by many authors (see [20} 21]). Salimi et al. [27] generalized this idea
by introducing the function n and established fixed point theorems. Next, Asl et al. [8] extended these
concepts to multivalued mappings by introducing the notion of a*-admissible mappings as follows:

Definition 1.1 ([§]). Let 7 : X — 2% be a multivalued map on a metric space (X,d), a: X x X — Ry be
a function, then 7 is an a,-admissible mapping, if

a(y,z) > 1 implies that a.(Ty,Tz) > 1, y,z€ X,

where

a.(A,B) = yejé{l;fEB aly, z).

Hussain et al. [19] modified the notion of a-admissible as follows:

Definition 1.2 ([19]). Let 7 : X — 2% be a multivalued map on a metric space (X,d), a,n: X x X — Ry
be two functions where 7 is bounded, then 7T is an a,-admissible mapping with respect to 7, if

a(y,z) >n(y,z) implies that o.(Ty,Tz) > n(Ty,Tz), y,z€X,

where

(A, B) = yeg}fega(y, z), M(A,B) = yeifelgn(y, z).

Further, Ali et al. [4] generalized Definition in the following way.

Definition 1.3 ([4]). Let 7 : X — 2% be a multivalued map on a metric space (X,d), a,n: X x X — R,
be two functions. We say that T is generalized a,-admissible mapping with respect to n, if

a(y,z) > n(y,z) implies that «(u,v) > n(u,v), forallue Ty, ve Tz.
In 2014, Hussain et al. [16] introduced the notion of a-n continuous mappings as follows:

Definition 1.4 ([16]). Let (X, d) be a metric space, a,n: X x X — [0,00) and T : X — X be functions.
Then 7 is an a-n-continuous mapping on X, if for given z € X and sequence {z,} with

Zn — 2z as n— 00, a(zn,znt1) =120, 2nt1), foralln e N= Tz, = Tz.

After that Hussain et al. [15] generalized Definition to multivalued maps.

Definition 1.5 ([15]). Let 7 : X — 2% be a multivalued map on a metric space (X,d), a,n: X x X — R
be two functions. We say that 7 is a-n continuous multivalued mapping, if for given z € X and sequence
{zn} with z, — z as n — 00, a(zn,2n+1) > N(2n, 2n+1), for all n € N we have Tz, — Tz. That is,
limy, 00 d(2n, 2) = 0 and a(zp, 2nt1) = N(2n, 2n+1) implies lim, o0 H(T 25, T2) = 0.

Recently, Wardowski [31] defined F-contraction and proved a fixed point result as a generalization of
the Banach contraction principle for this contraction. This idea has been extended in many directions (see
[1, 14l 17] and references therein). Hussain et al. [I§] broadened this idea to a-GF-contraction with respect
to a general family of functions G. Following Wardowski and Hussain, we denote by §, the set of all functions
F : Rt — R satisfying the following conditions:
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(F1) F is strictly increasing;
(F2) for all sequence {a,} C R, lim,, o0 ay, = 0, if and only if lim,, o0 F(ay,) = —o0;
(F3) there exists 0 < k < 1 such that lim,_,g+ o*F(a) = 0,
S+, if F also satisfies the following:
(F4) F(inf A) = inf F(A) for all A C (0,00) with inf A > 0,
®, the set of all functions G : RT" — R satisfying:
(G) for all ty,ts,t3,ts € RT with tytotsty = 0 there exists 7 > 0 such that G(t1,ta,t3,t4) = 7.

On unifying the concepts of Wardowski’s and Nadlers, Altun et al. [5] gave the concept of multivalued
F-contractions and established some fixed point results. On the other side, Minak et al. [23], extended the
results of Wardowski as follows:

Theorem 1.6 ([23]). Let (X,d) be a complete metric space, T : X — K(X) and F € §. If there exists
T > 0 such that for any z € X with d(z,T z) > 0, there exists y € FZ satisfying

T+ F(D(y, Ty)) < F(d(z,y)),

where
Fe={yeTz: Fd(zy) <F(D(2,Tz))+0c},

then T has a fized point in X provided o < T and z — d(z,T z) is lower semi-continuous.

Theorem 1.7 ([23]). Let (X,d) be a complete metric space, T : X — C(X) and F € F. If there exists
T > 0 such that for any z € X with d(z,T z) > 0, there exists y € FZ satisfying

T+ F(D(y, Ty)) < F(d(z,y)),

then T has a fized point in X provided o < T and z — d(z,T z) is lower semi-continuous.

Minak et al. [23] also showed that FZ # () in both cases when F € § and F € §.. The aim of the
present paper is to introduce the concept of a-n-semicontinuous multivalued mappings and to prove fixed
point theorem for multivalued nonlinear F-contractions that generalize the results of Altun et al. [6], Minak
et al. [23], Olgun et al. [26] and Hussain et al. [I8]. The following lemmas will be used in the sequel.

Lemma 1.8 ([3]). Let T : X — Y be a multivalued function, then the following statements are equivalent.

1. T is lower semi-continuous.
2. V.CY= T int(V)] is open in X,

where int(V') denotes the interior of V.

Lemma 1.9 ([3]). Let T : X — Y be a multivalued function, then the following statements are equivalent.

1. T is upper semi-continuous.
2. VCY= T V] is closed in X,

where V' denotes the closure of V.

2. Fixed point results for modified a-n-GF-contraction
We begin this section with the following definitions.

Definition 2.1. Let 7 : X — 2% be a multivalued map on a metric space (X,d), a,n: X x X — R, be
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two functions. We say that T is a-n lower semi-continuous multivalued mapping on X, if for given z € X
and sequence {z,} with
lim d(zp,2) =0, a(zn,znt1) = 1(2n, 2n+1), foralln €N,
n—oo
implies
lim inf D(z,, Tz,) > D(2, T z).
n—oo
Definition 2.2. Let 7 : X — 2% be a multivalued map on a metric space (X,d), a,n: X x X — R, be
two functions. We say that 7 is a-n upper semi-continuous multivalued mapping on X, if for given z € X
and sequence {z,} with

lim d(z,,2) =0, a(zn,znt1) = 17(2zn, 2n+1), foralln €N,
n—oo
implies
lim sup D(zp, T zn) < D(2,T 2).
n—oo
Lemma 2.3. Let T : X — 2% be a multivalued map on a metric space (X,d), a,n: X x X = Ry be
two functions. Then T is a-n continuous, if and only if it is a-n upper semi-continuous and a-n lower
semi-continuous.

Proof. Suppose that 7T is a-n upper semi-continuous and a-n lower semi-continuous. Then there exists a
sequence {z,} in X and z € X with

lim d(zp,2) =0, a(zn,2zn+1) > N(2n, 2n+1), foralln e N,

n—oo
implies
ILm inf D(zp, Tzn) > D(2,T z), (2.1)
and
li_>m sup D(zn, Tzn) < D(z,T 2). (2.2)

From and (2.2), we get that D(z,,Tz,) — D(2,Tz) as n — oo. This is possible only when
Tz, — T z. Consequently, 7 is a-n continuous.

Conversely, suppose that 7 is a-n continuous. Then there exists a sequence {z,} in X and z € X
with z, — z as n — oo and a(zp, 2nt1) > N(2n, 2n+1) for all n € N implies Tz, — Tz as n — oo. This
implies that D(z,, T z,) — D(2,Tz) as n — 0o or limy_oc D(2n, T2n) = D(2,Tz). From here it follows
that lim,, oo inf D(z,, T2,) > D(2,Tz) and limy, o0 sup D(zy, T z) < D(z,Tz). Hence T is a-n upper
semi-continuous and a-7n lower semi-continuous. O

Remark 2.4. As semi-continuity is a weaker property than continuity, an -7 upper semi-continuous and a-n
lower semi-continuous mapping need not to be a-n continuous mapping, as shown in the examples below.

Example 2.5. Let X = R with usual metric d. Then (X,d) is a metric space. Define 77 : & — 2%,
a,n: X xX =Ry by

_ [ {0} if 2#0,
le_{[m] if z=0,

{ 1 if z,y#0,

oy, 2) = 0 if z=y=0,

and n(z,y) = %, for all z,y € X.
Firstly, we show that 7; is not lower semi-continuous multivalued map. For this, let V = [-1,1] C 2%,
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then 7, (int(V)) = 7, 1((—=1,1)) = {0} which is not open in R, so by Lemma 71 is not lower semi-
continuous. But 77 is a-n lower semi-continuous multivalued map. Indeed, a(zy, zn+1) = 1(2n, 2n+1) for
sequence z, of non-zero real numbers. Here arises two cases:

Casel. z, —» 2=0.
If z, — 0, then Tiz, = {0} and 71z = [-1,1] such that D(z,, Tiz,) = D(2n,{0}) = 2z, and D(z,T1z) =
D(0,[—1,1]) = 0. This implies that

lim inf D(z,, Tz,) = lim infz, =2=0= D(z,7Tz2).

n—oo n—0o0

Case II. z, — z # 0.
If z,, — z, then T1z, = {0} and 71z = {0} such that D(z,, Tiz,) = D(zn,{0}) = 2, and D(z,T1z) = z. This
implies that

lim inf D(z,, T1z,) = lim inf 2z, = 2 = D(z, T1 2).

On the other hand, in Case I we have
lim H(Tizn, T1z) = 1.
n—oo

Hence 77 is not a-n-continuous multivalued map.

Example 2.6. Consider X the same as in Example Define 75 : X = 2% a,n: X x X — R, by

[ [FL1] if z#£0,
EZ_{ {0} if z=0,

] 0 if 2,y #0,
M%w_{Q if 2=y=0,

and n(z,y) = %, for all z,y € X.

Firstly, we show that 75 is not upper semi-continuous multivalued map. For this, let V = [-1,1] C 2%,
then 7, (V) = 75 *([~1,1]) = R\{0} = (—00,0) U (0, 00), which is not closed in R, so by Lemma T2 is
not upper semi-continuous. But 75 is a-n upper semi-continuous multivalued map. Indeed, a(zp, zp4+1) >
N(zn, 2n+1) for sequence z, = 0 for all n € N. Then z, approaches to z = 0 only. Therefore, If z, — 0, then
Tazn = {0} and T2z = {0}. This implies that

lim sup D(zp, T2zn) = 0 = D(z, T22).
n—0o0

On the other hand,
h_)m H(T2zpn, T2z) = 1.

Hence 73 is not a-n-continuous multivalued map.

Remark 2.7. Let T : X — 2% be a multivalued map on a metric space (X,d). Let f : X — R, defined by
f(2) = D(z,Tz), for all z € X, be a lower semi-continuous mapping. Take a(z,y) = n(z,y), for all z,y € X,
then for z € X and a sequence {z,} with

lim d(zp,2) =0, a(zn,2n+1) > N(2n, 2n+1) for alln e N,

n—oo

we have
lim inf f(z,) > f(2).

and so
lim inf D(z,, T 2,) > D(2,T 2).

n—o0
This shows that T is a-n lower semi-continuous mapping. But if 7 is a-n lower semi-continuous mapping,
then f needs to be lower semi-continuous as shown in Example 2.12] Similarly, if f : X — R is upper semi-
continuous mapping then, 7 is a-n upper semi-continuous mapping but not conversely.
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Theorem 2.8. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let
T:X > K(X), FeF and G € & fulfilling the following assertions:

(1) if for any z € X with D(z,Tz) > 0, there exists y € FZ with a(z,y) > n(z,y) satisfying

G(D(2,T=), D(y, Ty), D(2,Ty), D(y, T=)) + F(D(y, Ty)) < F(d(2,9));

(2) T is generalized au.-admissible mapping with respect to n;

(3) T is a-n lower semi-continuous mapping;

(4) there exists zg € X and yo € T zo such that a(zo,yo0) > 1n(20,Y0)-
Then T has a fized point in X provided o < T.

Proof. Let zp € X, since Tz € K(X) for every z € X, the set FZ is non-empty for any ¢ > 0, then there
exists z; € F2° and by hypothesis a(zo,21) > 1(20,21). Assume that z; ¢ Tz, otherwise 21 is the fixed
point of 7. Then, since T z; is closed, D(z1,T z1) > 0, so from condition (1), we have

g(D(Zo,TZO), D(Zl, Tzl),D(zo, T,Zl), D(Zl,TZO)) + ]:(D(Zl, TZl)) § ]:(d(ZO, Zl)). (23)

Now for z; € X there exists zo € F2' with 29 ¢ T za, otherwise 2z is the fixed point of 7T, since
Tz is closed, so, D(z2,Tz2) > 0. Since T is generalized a.-admissible mapping with respect to 7, then
a(z1, 22) > n(z1, 22). Again by using condition (1), we get

g(D(zl,Tzl)7 D(ZQ,TZQ),D(Zl, TZQ), D(ZQ,TZl)) + ]:(D(ZQ, TZQ)) S F(d(zl, 22)).

On continuing recursively, we get a sequence {z,}nen in X such that z,41 € F2*, zp41 € T 2ni1,
(zn; Znt1) > 1(2n, 2nt1) and

G(D(zn, Tzn), D(znt1, T 2nt1)s D(2n, T 2n41)s D(znt1, T 2n)) + F(D(znt1, T 2nt1)) < F(d(2n, 2n41))-
AS zpi1 € Tn, this implies that
G(D(zn, Tzn), D21, Tang1), D(zn, Tang1), 0) + F(D(znt1, Tzn1)) < Fld(zn, 2n1))- (2.4)
From (G) there exists 7 > 0 such that
G(D(zn, T2n), D(zn+1, T 2n+1), D(2n, T 2n41),0) = 7.

From equation (2.4)), we get that

F(D(zn+1, T znt1)) < F(d(zn, 2nt1)) — 7. (2.5)
Since zp4+1 € FZ*, we have
F(d(zn, 2n+1)) < F(D(2zn, Tzn)) + 0. (2.6)
Combining equations (2.5)) and (2.6) gives
F(D(zn+1, T znt1)) < F(D(zn, Tzn)) + 0 — 7. (2.7)

Since Tz, and T z,41 is compact, there exists z,+1 € Tz, and zp42 € T zp41 such that d(zp, zp41) =
D(zp, Tzn) and d(2n+1, 2n+2) = D(zn+1, T 2nt1), S0 equation ([2.7)) implies

}—(d(zn—i-l, Zn+2>) < F(d(zn, zn—H)) +o—T. (2'8)



I. Igbal, N. Hussain, J. Nonlinear Sci. Appl. 9 (2016), 5870-5893 5876

By using equation ([2.8)), we get

]:(d(szrl) Zn+2)) < f(d(zna 2n+1)) +o0o—T
< F(d(zn-1,2n)) + 20 — 27

< F(d(z0,21)) + no —nt
= F(d(20,21)) —n(r — 0).

By letting limit as n — oo in equation (2.9), we get lim,, o0 F(d(2n+1, 2n+2)) = —00, so by (F2), we
obtain
lim d(zp41, 2n4+2) = 0. (2.10)

n—o0

Now from (F3), there exists 0 < k < 1 such that

nh_{go[d(szrl? Zn+2)]k~7'—(d(zn+1a Zn+2)) = 0. (2.11)
By equation (2.9)), we get
lm [d(2n41, Zn42)]* [F(d(2nt1, 2nt2)) — d(20, 21)] < —n(7 = 0)[d(2n41, 2n42)]" < 0. (2.12)

n—o0

By taking limit as n — oo in equation (2.12)) and applying equations (2.10) and (2.11]), we have

lim n[d(zn+1, Zn+2)]k =0.

n—oo
This implies that there exists n; € N such that n[d(z,41, 2n42)]* < 1, or d(2pi1, Znse) < nll/k, for all
n > ny. Next, for m > n > nq we have
m—1 m—1 1
d(Zn,Zm) < Z d(ziazi-i-l) < Z mﬂ
i=n =n
since 0 < k < 1, Z:’i;l 11% converges. Therefore, d(zy, z,) — 0 as m,n — oo. Thus, {z,} is a Cauchy

sequence. Since X' is complete, there exists z* € X such that z, — z* as n — oo. From equations (2.7) and

(2.10), we have
lim D(zp, T zn) =0.

n—oo

Since T is a-n lower semi-continuous mapping, then
0 < D(2,Tz) < lim inf D(z,, T 2,) = 0.
n—o0

Thus, 7 has a fixed point. O

Theorem 2.9. Let (X,d) be a complete metric space and a,m : X x X — Ry be two functions. Let
T:X = C(X), FEF. and G € & satisfy all assertions of Theorem . Then T has a fived point in X.

Proof. Let zp € X, since Tz € C(X) for every z € X and F € §., the set FZ is non-empty for any o > 0,
then there exists z; € F2° and by hypothesis a(zg,21) > 7(20,21). Assume that z; ¢ Tz;, otherwise 21 is
the fixed point of 7. Then, since T z; is closed, D(z1,7T 21) > 0, so from condition (1) of Theorem we
have

g(D(Zo, TZ()), D(Zl, TZl), D(ZQ, TZl), D(Zl, TZ())) + ]:(D(Zl, TZl)) < ]:(d(Zo, Zl)).

Now for z; € X there exists z9 € FZ' with 29 ¢ Tza, otherwise z9 is the fixed point of T, since
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Tz is closed, so, D(z2,Tz2) > 0. Since T is generalized a.-admissible mapping with respect to n, then
a(z1,22) > n(z1, 22). Again by using condition (1) of Theorem [2.8, we get

G(D(z1,Tz1), D(22,T22), D(21, T 22), D(22, T z1)) + F(D(22, T 22)) < F(d(z1,22)).
On continuing recursively, we get a sequence {z,}nen in X such that z,y1 € FZ*, znt1 € T 2nta,
Oz(Zn, Zn-‘,—l) > n(zrw Zn—l—l) and
g(D(Zn7 Tzn)a D(ZnJrl’ T2n+1), D(Zn, TZTL+1)7 D(zn+1> Tzn)) + f(D(Zn+1, Tszrl))
< }—(d(zna Zn+1))'
The rest of the proof can be completed as the proof of Theorem O
Corollary 2.10. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let

T: X = K(X) and F € § fulfill the conditions (2)-(4) of Theorem and if for any z € X with
D(z,Tz) >0, there exists y € FZ with a(z,y) > n(z,y) satisfying

T+ F(D(y, Ty)) < F(d(2,9)),
then T has a fixed point in X provided o < T.

Proof. Define Gr, : R — RT by G(t1,ta, t3,t4) = Lmin{ty,to,t3,t4} + 7, where L € RT and 7 > 0. Then
Gr € & (see Example 2.1 of [I8]). Therefore, the result follows by taking G = Gy, in Theorem O

Corollary 2.11. Let (X,d) be a complete metric space and a,n : X x X — R4 be two functions. Let
T:X = C(X) and F € §. satisfy all conditions of Corollary[2.10, Then T has a fized point in X.

Proof. By defining same Gy, as in Corollary 2.10] and using Theorem [2.9] we get the required result. O

Example 2.12. Let X = {Qn%l :n € N} U {0} with usual metric d. Then (X,d) is a metric space. Define
T:X—=>K(WX),an: XxX—-Ry, G:R* R and F: Rt — R by

_ [ {5} if 2=
Tz_{ {20} it 2= 0,

: _ 1
2 if Z = zm-T,

Oé(Z,y):{ % if 2207

n(z,y) =1, for all z,y € X, G(t1,t2,t3,t4) = 7, where 7 > 0 and F(r) = In(r). Then

1

5 if 2= 5,
D(Z,Tz):{ 20 ¢ z:20.1

Let D(z,Tz) > 0, then z = Qn%l, so, Tz = {2%} Thus for y = 2% € Tz, we have

F(d(zy) — F(D(=T2) = F (21) _F (;) o,

Therefore, y € FZ for o > 0 with a(z,y) > n(z,y) and

Hence 7 + F(D(y, Ty)) < F(d(z,y)) is satisfied for 0 < o < 7 <In2.
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Since a(z,y) > n(z,y) when z,y € {27},1 in € N}, this implies that a(u,v) =2 > 1 = n(u,v) for all
u € Tzand v € Ty. Hence T is generalized a,-admissible mapping with respect to 7.

Next, let limy, o0 d(2n,2) = 0 and a(zp, 2n+1) > 1(2n, 2n+1), for all n € N, then z, € {2,1%1 in € N}.
This implies that Tz, = {2%} and D(zp, Tzp) = 2%, for all n € N. Here arises two cases:

Casel. z, — 2=0.
Then 7z = {0} and D(z,7Tz) =0. Thus

1
lim inf D(2,, T 2z,) = lim inf <>
n—00 n—00 omn
>0=D(zTz).

1
Case I1. Zp — R = on—T-

Then 7z = {3} and D (2,Tz) = 5. Thus

1
li_>m inf D(zp, T z,) = lim inf(—)

n—00 2n
1
= 27 = D(Z, TZ)

Hence T is a-n lower semi-continuous mapping. Thus, all conditions of Corollary (and Theorem
hold and 0 is a fixed point of T .
On the other hand, define f : X — R, by f(z) = D(z,Tz), for all z € X. Then

lim inf £(2) =0 # £ = f(1)

Hence f is not lower semi-continuous mapping at z = 1. That is, Theorems [I.6] and [I.7] can not be
applied for this example.

Example 2.13. Consider the sequence {S),},cn as follows:

S1 =1,
So=1+2,

1
Sn:1+2+3+...+n:"("2+),

Let X = {S, : n € N} with usual metric d. Then (X,d) is a metric space. Define 7 : X — K(X),
a,n: X xX —-R;, G:R* - R" and F: Rt — R by

Ty — {Snfl,SnJrl} if z= Sn, n> 2,
{z} otherwise,

alz,y) = 3 if ze{S,:n>2},
YT otherwiswe,

n(z,y) = 2, for all z,y € X, G(t1,ta,t3,t4) = Lmin{ty,to,t3,t4} + 7, where 7 = ein, n €N, L € R" and
F(r) =1In(r). Then
In| if z=S,, n>2

D(z,Tz) = { 0 otherwise.
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Let D(z,Tz) > 0, then z = S,,n > 2, s0, Tz = {Sp—1,Sn+1}. Thus for y = S,,_1 € Tz, we have
F(d(z,y)) — F(D(2,Tz)) = F(In]) = F(In]) = 0.
Therefore, y € FZ for o = e”%’ n € N with a(z,y) > n(z,y) and

F(D(y, Ty)) = F(d(z,y)) = F (In = 1]) = F (|n)

This implies that 7 + F(D(y, Ty)) < F(d(z,y)). Since D(z, Ty) = 0, we have,

G(D(2,Tz),D(y, Ty),D(2,Ty),D(y, T=z)) + F(D(y, Ty)) =7+ F(D(y, Ty))
< F(d(z,9))-

Since a(z,y) > n(z,y) when z,y € {S, :n > 2}, this implies that a(z,v) =3 > 2 = n(u,v) for all
u € Tz and v € Ty. Hence T is generalized a,-admissible mapping with respect to 7.

Next, let limy,—y00 d(2n, 2) = 0 and a(zn, 2n+1) > N(2n, 2n+1), for all n € N, then z, € {S,, : n € N;n > 2}.
Here arises two cases:

Case L. 2z, € {S,, : n > 2}.
Then Tz, = {Sn—1, Sn+1} and D(zy, T z,) = |n|, for all n € N.

Subcase 1. z,, = z = S, n > 2.
Then Tz = {Sp—1,Snt+1} and D(z,Tz) = |n|. Thus

Hence condition (1) of Theorem is satisfied for 0 < o = e”% <r=4.

lim inf D(z,, T 2,) = lim inf (|n|)
n—oo n—oo
= |n| = D(2,Tz).

Subcase II. 2z, — z = 57.
Then 7Tz = {51} and D(z,7z) = 0. Thus

nh_}nolo inf D(zp, T2zn) = nh_}nolo inf (|n)

>0=D(zTz).
Subcase III. z, — z = S5.
Then 7z = {S2} and D(z,Tz) = 0. Thus
nl;ngo inf D(zp, Tzn) = nl;rgo inf (|n|)
>0=D(zTz).

Case IL. z, € {S2}.
Then z, approaches to Sy only. Therefore, Tz, = {2z,} and Tz = {z}. This implies that

lim inf D(zp,, T2,) =0 = D(2,Tz).

n—oo

Hence T is a-n lower semi-continuous mapping. Thus, all the conditions of Theorem 2.8 hold and
{S1,S2} is set of fixed points of T.
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As an application of Theorems [2.8 and we get the following results.

Theorem 2.14. Let (X,d) be a complete metric space and a,n : X X X — Ry be two functions. Let
T:X = K(X), FeFand G € & fulfill the conditions (2) and (4) of Theorem 2.8 If for any y, z € X with
a(z,y) > n(z,y) and H(Tz,Ty) > 0 we have

G(D(z,Tz),D(y, Ty), D(z, Ty), D(y, Tz)) + F(H(Tz Ty)) < F(d(z,y)),
then T has a fixed point in X provided T is a-n continuous mapping.

Proof. By Lemma [2.3] we have T is a-n-lower semi-continuous mapping. Also, for z € X and y € FZ with
D(z,Tz)> 0 we have

G(D(z,T=),D(y, Ty), D(2,Ty), D(y, Tz)) + F(D(y, Ty))
<G(D(2,Tz),D(y, Ty), D(2, Ty), D(y, Tz)) + F(H(TzTy))
< Fld(z,y))-
Thus, all the conditions of Theorem are satisfied, so, 7 has a fixed point. O

By similar arguments of Theorem we state the following and omit its proof.

Theorem 2.15. Let (X,d) be a complete metric space and a,n : X X X — Ry be two functions. Let
T:X - C(X), FE€F. and G € & satisfy all assertions of Theorem 2.14. Then T has a fized point in X.

On considering G = Gy, as in Corollary Theorems and reduce to the following corollaries.

Corollary 2.16. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let
T:X — K(X) and F € § fulfill the conditions (2) and (4) of Theorem If for any y,z € X with
a(z,y) > n(z,y) and H(Tz,Ty) > 0 we have

T+ F(H(TzTy)) < Fd(zy)),
then 7 has a fixed point in X provided 7 is a-7n continuous mapping.

Corollary 2.17. Let (X,d) be a complete metric space and a,n : X x X — R4 be two functions. Let
T: X = C(X) and F € §. satisfy all assertions of Corollary[2.16| Then T has a fized point in X.

Theorem 2.18. Let (X,d) be a complete metric space, T : X — K(X), F € § and G € &. If for z € X
with D(z,Tz) > 0, there exists y € FZ satisfying

G(D(2,Tz), D(y, Ty), D(2, Ty), D(y, T=)) + F(D(y, Ty)) < F(d(z,y)),
then T has a fized point in X provided o < 7 and z — D(z,T z) is lower semi-continuous.

Proof. Define a(z,y) = d(z,y) = n(z,y) for all z,y € X. Then a(u,v) = d(z,y) = n(u,v), for all u € Tz
and v € Ty, that is, T is generalized a,-admissible mapping with respect to 1. Since z — D(z,Tz) is
lower semi-continuous, therefore by Remark T is a-n-lower semi-continuous. Thus, all the conditions
of Theorem [2.§ holds. Hence 7 has a fixed point in X O

Theorem 2.19. Let (X,d) be a complete metric space, T : X — C(X), F € Fx and G € &. If for z € X
with D(z,Tz) > 0, there exists y € FZ satisfying

G(D(2,T=),D(y, Ty), D(2,Ty), D(y, Tz)) + F(D(y, Ty)) < F(d(z,y)),
then T has a fized point in X provided o < 7 and z — D(z,T z) is lower semi-continuous.

Proof. By defining a(z,y) and 7n(z,y) the same as in proof of Theorem and by using Theorem we
get the required result. O

Remark 2.20. By taking G = Gy, as in Corollary in Theorems [2.18 and we get Theorems [I.6] and
L7
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3. Fixed point results for a-n-F-contraction of Hardy-Rogers type

In this section we establish certain fixed point results for a-n-F-contraction of Hardy-Rogers type.
Theorem 3.1. Let (X,d) be a complete metric space and a,m : X x X — Ry be two functions. Let
T:X — K(X) and F € § fulfill the following assertions:

1. T is generalized a-admissible mapping with respect to n;

2. T is a-n lower semi-continuous mapping;

3. there exist zg € X and yo € T zo such that a(zo,y0) > 1(20,%0);
4. there exist o > 0 and a function T : (0,00) — (0,00) such that

lim inf7(¢) > o, for all s> 0,
t—st

and for any z € X with D(z,T z) > 0, there exists y € FZ with o(z,y) > n(z,y) satisfying
7(d(z,y)) + F(D(y, Ty)) < Flard(z,y) + a2D(z, T z) + asD(y, Ty)
+asD(2,Ty) +asD(y, T 2)),
where a1, a2, as, aq,as € [0,400) such that a; + az + az +2a4 = 1 and ag # 1.
Then T has a fized point in X.

Proof. Let zy € X, since Tz € K(X) for every z € X, the set FZ is non-empty for any o > 0, then there
exists z; € FZ° and by hypothesis a(zo,21) > 1(20,21). Assume that z; ¢ Tz, otherwise z; is the fixed
point of 7. Then, since T z is closed, D(z1,Tz1) > 0, so, from (4), we have

7(d(20,21)) + F(D(21, T21)) < Flard(20, 21) + a2D(20, T 20) + a3D(z1, T 21)
+ asD(z0, T21) + as D (21, T 20)).

Now for z; € X there exists zo € FZ2! with z9 ¢ T zo, otherwise z9 is the fixed point of T, since
Tz is closed, so, D(z2,Tz2) > 0. Since T is generalized a.-admissible mapping with respect to 7, then
a(z1, 22) > n(z1, 22). Again by using (4), we get

T(d(21,22)) + F(D(22, T 22)) < Fard(z1, 22) + a2 D(z1, T21) + azD(22, T 22)
+agD(z1,T22) + a5 D(2z2, T 21)).

On continuing recursively, we get a sequence {z,}nen in X such that z,11 € FZ*, zpt1 € T 2nt1,

Q(Zn, Zn-‘,—l) > 77(2717 Zn—l—l) and
T(d(Zn, Zn-l—l)) + F(D(Zn-l-lv TZn+1)) < f(ald(zn’ Zn—i—l) + a2D(zn7 Tzn) + GBD(Zn—Ha Tzn—i—l)
+ ayD(2n, T 2n+1) + asD(znt1, T 2n))-

As zp4+1 € T 2y, this implies that

T(d(2n, 2n+1)) + F(D(zn+1, T 2n+1)) < F(ard(zn, 2nt1) + a2D(zn, T2n)

3.1
+ CLSD(Zn—i-h Tzn—i—l) + a4D(zTL7 TZ"'H))' ( )

Since zp4+1 € FZ*, we have
F(d(zn, 2n+1)) < F(D(2zn, Tzn)) + 0. (3.2)

As Tz, and T z,41 is compact, there exist z,+1 € Tz, and zp42 € T znpy1 such that d(z,, zn41) =
D(Zm Tzn) and d(szrla zn+2) = D(Zn+1, TZnJrl)a o equations " and " imply

T(d(zna zn+1)) + ]:(d(zn—l—la zn+2)) < I(ald(zna Zn+1) + QQd(Zn, Zn+1)
+ a3d(znt1, 2nt2) + aad(zn, 2n42)),
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and
F(d(zn, 2n+1)) < F(d(2n, 2n+1)) + 0. (3.3)

Let d,, = d(zn, 2n+1), for n € N, then
7(dn) + Fldnt1) < F((a1 + a2)dy + asdpi1 + aad(zn, 2n+2)
< F((a1 + ag + aq4)d, + (a3 + aq)dp+1).
Assume that there exists n € N such that d,, 11 > d,,, then from , we get
7(dn) + F(dn+1) < F(dnt1).

This is a contradiction to the fact that 7(d,) > 0. Hence d,+; < d, for all n € N. This shows that
sequence {d,,} is decreasing. Therefore, there exists 6 > 0 such that lim,,,o, d,, = 6. Now let 6 > 0. From

(3.4), we get
7(dpn) + F(dn+1) < F(dy). (3.5)

Combining (3.3)) and (3.5 gives

F(dnt1) < F(dp) + 0 —7(dy)
< F(dp-1) + 20 — 7(dy) — 7(dp—1)

(3.6)
< F(dy) + no —7(dp) — 7(dp—1) — - - - — 7(dp).
Let 7(dp,) = min{7(do), 7(d1), -+ ,7(dn)} for all n € N. From (3.6), we get
F(dps1) < F(do) +n(oc —7(dp,)). (3.7)

From (3.6), we also get
F(D(zn41,T 2n+1)) < F(D(20,T 20)) + n(o — 7(dp,)).
Now consider the sequence {7(d,,)}. We distinguish two cases.
Case 1. For each n € N, there is m > n such that 7(dp,) > 7(dp,,). Then we obtain a subsequence {dj, }
of {d,,} with 7(dp, ) > 7(d ) for all k. Since dj, — 0", we deduce that

Py Prjy1

lim inf7(dp, ) > 0.

k—o0

Hence F(dn,) < F(do) +n(o —7(dp,,)) for all k. Consequently, limy o F(dp,) = —oo and by (F2), we
obtain limy_,o, d, = 0, which contradicts that lim,,_, ., d,, > 0.

Pry,
Case 2. There is ng € N such that 7(dp,,) > 7(dp,,) for all m > ng. Then F(dm,) < F(do) +m(c —7(dp,,))
for all m > ng. Hence lim,, o0 F(dy,) = —00, 80 limy, 00 dp, = 0, which contradicts that lim,, oo dp, > 0.

Thus, lim,, o0 dy, = 0. From (F3), there exists 0 < r < 1 such that
By (3.7), we get for all n € N
(dp)" F(dy) — (dp)" F(do) < (dp) n(oc —7(d—pr)) <0. (3.8)

By letting n — oo in (3.8)), we obtain
lim n(d,)" =0

n—oo

This implies that there exists ny € N such that n(d,)" < 1, or, d,, < #, for all n > nq. Rest of the
proof can be completed as in Theorem [2.8
O
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Following the arguments in the proof of Theorem and taking F € §., we obtain the following result.

Theorem 3.2. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let
T:X = C(X) and F € §. satisfy all conditions of Theorem . Then T has a fized point in X.

By taking a1 = 1 and as = a3 = a4 = a5 = 0 in Theorems [3.1] and [3.2] respectively, we get the following.

Corollary 3.3. Let (X,d) be a complete metric space and ca,n : X x X — Ry be two functions. Let
T:X — K(X) and F € § fulfill the following assertions:

T is generalized ou,-admissible mapping with respect to n;
T is a-n lower semi-continuous mapping;
there exist zo € X and yo € T zo such that a(z9,y0) > 1(20,Y0);

Ll o e

there exist o > 0 and a function 7 : (0,00) — (0,00) such that

lim inf7(¢t) >0, foralls>0,
t—st

and for any z € X with D(z,Tz) > 0, there exists y € FZ with a(z,y) > n(z,y) satisfying
7(d(z,y)) + F(D(y, Ty)) < F(d(z,))-
Then T has a fized point in X.

Corollary 3.4. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let
T:X — C(X) and F € §. satisfy all conditions of Corollary . Then T has a fized point in X .

By taking a1 = as = a3 =0and ay = a5 = 1/2 in Theorems andrespectively, we get the following
results for F-contraction of Chatterjea type.

Corollary 3.5. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let
T:X — K(X) and F € § fulfill the following assertions:

1. T is generalized a.-admissible mapping with respect to n;

2. T is a-n lower semi-continuous mapping;

3. there exist zg € X and yo € T zo such that a(zo,y0) > 1(20,Y0);
4. there exist o > 0 and a function T : (0,00) — (0, 00) such that

lim inf7(t) >0, foralls>0,
t—st

and for any z € X with D(z,T z) > 0, there exists y € FZ with a(z,y) > n(z,y) satisfying

D(z,Ty)+ D(y,'Tz))
5 )

(d(zy)) + F(Dy, Ty)) < F (

Then T has a fixed point in X.

Corollary 3.6. Let (X,d) be a complete metric space and ca,n : X x X — Ry be two functions. Let
T:X — C(X) and F € §. satisfy all conditions of Corollary . Then T has a fized point in X.

If we choose a4y = a5 = 0 in Theorems and respectively, we obtain the following results for
F-contraction of Reich-type.

Corollary 3.7. Let (X,d) be a complete metric space and ca,n : X x X — Ry be two functions. Let
T:X = K(X) and F € § fulfill the following assertions:

1. T is generalized a-admissible mapping with respect to n;
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2. T is a-n lower semi-continuous mapping;
3. there exist zg € X and yog € T zo such that «(zo,y0) > 1(20,Y0);
4. there exist o > 0 and a function T : (0,00) — (0, 00) such that

lim inf7(¢) >0, for all s> 0,
t—st

and for any z € X with D(z,T z) > 0, there ezists y € FZ with a(z,y) > n(z,y) satisfying
7(d(z,y)) + F(D(y, Ty)) < F(ard(z,y) + a2D(z, T z) + asD(y, Ty)),
where ai,az,as € [0,400) such that a; + a2 + a3 =1 and ag # 1.
Then T has a fixed point in X.

Corollary 3.8. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let
T: X — C(X) and F € §. satisfy all conditions of Corollary[3.7 Then T has a fized point in X.

As an application of Theorems and we obtain the following.

Theorem 3.9. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let
T:X — K(X) and F € § fulfill the conditions (1) and (3) of Theorem and the following assertions:

1. T is a-n continuous mapping;
2. there exists a function 7 : (0,00) — (0, 00) such that

lim inf7(t) >0, forall s >0,
t—st

and for any y,z € X with a(z,y) > n(z,y) and H(T z,Ty) > 0 satisfying
T(d(z,y)) + F(H(TzTy)) < Flard(z,y) + a2D(z,Tz) + asD(y, Ty)
+ (L4D(Z, Ty) + a5D(ya TZ))a
where a1, ag, as, a4, as € [0,+00) such that a; + a2 + as + 2a4 = 1 and a3 # 1.

Then 7 has a fixed point in X.

Proof. By Lemma [2.3] we have T is a-n-lower semi continuous mapping. Also, for z € X and y € F2 with
D(z,Tz) >0, we have

F(D(y, Ty)) < F(H(Tz Ty)) < Flard(z,y) + a2 D(z, T2) + a3 D(y, Ty)
+asD(z, Ty) + asD(y, Tz)) — 7(d(z,y)).
Thus, all conditions of Theorem are satisfied. Hence 7 has a fixed point. O
By similar arguments of Theorem [3.9] and using Theorem we state the following theorem.

Theorem 3.10. Let (X,d) be a complete metric space and a,n : X x X — Ry be two functions. Let
T:X — C(X) and F € §. satisfy all conditions of Theorem[3.9 Then T has a fized point in X.

Theorem 3.11. Let (X,d) be a complete metric space, T : X — K(X) and F € §. If there exist o > 0 and
a function 7 : (0,00) — (0,00) such that

lim inf7(t) >0, foralls>0,
t—st

and for any z € X with D(z,Tz) > 0, there exists y € FZ satisfying
7(d(z,9)) + F(D(y, Ty)) < Flard(z,y) + a2D(z, Tz) + asD(y, Ty)
+ a4D(z, Ty) + a5D(ya TZ))a

where a1, az, a3, aq,as € [0,+00) such that ay + az + a3 + 2a4 = 1 and a3z # 1, then T has a fized point in
X provided z — D(z,T z) is lower semi-continuous.
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Proof. Define a(z,y) = d(z,y) = n(z,y) for all z,y € X. Then by using Remark and Theorem we
get the required result. O

Theorem 3.12. Let (X,d) be a complete metric space, T : X — C(X) and F € § satisfy all assertions of
Theorem [B11l Then T has a fized point in X.

Proof. Define «a(z,y) = d(z,y) = n(z,y) for all z,y € X. Then by using Remark and Theorem we
get the required result. O

By taking a; = 1 and as = a3 = a4 = a5 = 0 in Theorems and we get the following corollaries.

Corollary 3.13 (Theorem 11 of [6]). Let (X,d) be a complete metric space, T : X — K(X) and F € §. If
there exist o > 0 and a function 7 : (0,00) — (0,00) such that

lim inf7(¢) > o, foralls>0,
t—st

and for any z € X with D(z,Tz) > 0, there exists y € FZ satisfying
T(d(z,y)) + F(D(y, Ty)) < F(d(z,y)),
then T has a fized point in X provided z — D(z,T z) is lower semi-continuous.

Corollary 3.14 (Theorem 10 of [6]). Let (X,d) be a complete metric space, T : X — C(X) and F € F.
satisfy all assertions of Corollary|3.13. Then T has a fixed point in X.

By taking a1 = a2 = ag3 = 0 and a4 = a5 = 1/2 in Theorems and we get the following.

Corollary 3.15. Let (X,d) be a complete metric space, T : X — K(X) and F € §. If there exist o > 0
and a function 7 : (0,00) — (0,00) such that

lim inf7(t) >0, foralls>0,
t—st

and for any z € X with D(z,T z) > 0, there exists y € FZ salisfying

F(d(zry) + F(D. Ty)) < F (D(Z’Ty) * D“””) ,

2
then T has a fized point in X provided z — D(z,T z) is lower semi-continuous.

Corollary 3.16. Let (X,d) be a complete metric space, T : X — C(X) and F € §. satisfy all assertions
of Corollary(3.15] Then T has a fized point in X.

By choosing a4 = a5 = 0 in Theorems and we get the following.

Corollary 3.17. Let (X,d) be a complete metric space, T : X — K(X) and F € §. If there exist o > 0
and a function T : (0,00) — (0,00) such that

lim inf7(t) >0, foralls>D0,
t—st

and for any z € X with D(z,T z) > 0, there exists y € FZ satisfying
T(d(z,y)) + F(D(y, Ty)) < F (ard(2,y) + a2D(z,Tz) + asD(y, Ty)) ,

where ay,az,a3 € [0,4+00) such that a1 + a2 + a3 = 1 and az # 1, then T has a fized point in X provided
z — D(z,Tz) is lower semi-continuous.
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Corollary 3.18. Let (X,d) be a complete metric space, T : X — C(X) and F € §. satisfy all assertions
of Corollary[3.17. Then T has a fized point in X.

Remark 3.19. Corollary is a generalization of Theorem 2.3 of [26]. In fact, if 7 is a constant, then T
is a multivalued JF-contraction and every multivalued F-contraction is multivalued nonexpansive and every
multivalued nonexpansive map is upper semi-continuous, then 7 is upper semi-continuous. Therefore, the
function z — D(z,T z) is lower semi-continuous. On the other hand for any z € X with D(z,7z) > 0 and
y € FZ, we have

7(d(z,y)) + F(D(y, Ty)) < 7(d(2,y)) + F(H(Tz,Ty)) < F(d(z,9)).

Hence T satisfies all conditions of Corollary Similarly, Corollary generalizes Theorem 2.5 of [26].

Remark 3.20. If we take T, a single self-mapping on X, Theorems and reduce to Theorem 1 of
[30].

4. Fixed point results in partially ordered metric space

Let (X,d, =) be a partially ordered metric space and 7 : X — 2% be a multivalued mapping. For
A B € 2% A < B implies that a < b for all @ € A and b € B. We say that 7 is monotone increasing,
if Ty X Tz, for all y,z € X, for which y < z. There are many applications in differential and integral
equations of monotone mappings in ordered metric spaces (see [2] [7), [16], [I7] and references therein). In this
section, from Sections [2| and [3] we derive the following new results in partially ordered metric spaces.

Theorem 4.1. Let (X,d, =) be a complete partially ordered metric space, T : X — K(X), F € § and
G € & fulfill the following assertions:

1. if for any z € X with D(z,T z) > 0, there exists y € FZ with z <y satisfying
G(D(z,Tz),D(y, Ty), D(z, Ty), D(y, T=)) + F(D(y, Ty)) < F(d(z,y));

2. T is monotone increasing;
3. there exist zog € X and yo € T zg such that zg = yo;
4. for given z € X and sequence {z,} with z, — z as n — oo and z, < zp4+1 for alln € N, we have

lim inf D(2p,, Tzn) > D(2,7T 2),

n—o0

then T has a fixed point in X provided o < T.
Proof. Define a,n: X x X — [0,00) by

2 zzy,
0 otherwise,

I z=y,
0 otherwise,

) = { ) = {

then for z,y € X with z < vy, a(y,z) > n(y,z) implies u < v for all w € Tz and v € Ty. Hence
a(u,v) =2 > 1 = n(u,v), for all u € Tz and v € Ty and a(u,v) = n(u,v) = 0 otherwise. This shows
that 7T is generalized a,-admissible mapping with respect to . Thus, all the conditions of Theorem are

satisfied and 7 has a fixed point. O
By similar arguments as in Theorem we state the following.

Theorem 4.2. Let (X,d, =) be a complete partially ordered metric space, T : X — C(X), F € F« and
G € & fulfill all conditions of Theorem A1l Then T has a fized point in X provided o < T.

Theorem 4.3. Let (X,d, =) be a complete partially ordered metric space, T : X — K(X), F € § and
G € & fulfill the conditions (2) and (3) of Theorem[A.1] and the following assertions:
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1. If for any z,y € X with z <y and H(T z,Ty) > 0 satisfying
G(D(z,T=), D(y, Ty), D(2,Ty), D(y, Tz)) + F(H(Tz Ty)) < F(d(z,y));

2. for given z € X and sequence {z,} with z, — z as n — 00 and z, = zpy1 for all n € N, we have

Tzn— Tz,
then T has a fized point in X.

Theorem 4.4. Let (X,d, =) be a complete partially ordered metric space, T : X — C(X), F € F. and
G € & fulfill all conditions of Theorem[L.3l Then T has a fized point in X.

By taking G = Gy, as in Corollary [2.10] Theorems reduce to the following.

Corollary 4.5. Let (X,d, =) be a complete partially ordered metric space, T : X — K(X) and F € §
satisfy conditions (2)-(4) of Theorem [A.1] and if for any z € X with D(z,Tz) > 0, there exists y € FZ with
z Xy satisfying

T+ F(D(y, Ty)) < F(d(z,y)),

then T has a fized point in X provided o < T.

Corollary 4.6. Let (X,d, =) be a complete partially ordered metric space, T : X — C(X) and F € F«
satisfy all conditions of Corollary[4.5] Then T has a fized point in X provided o < .

Corollary 4.7. Let (X,d, =) be a complete partially ordered metric space, T : X — K(X) and F € § fulfill
conditions (2)-(4) of Theorem and if for any z € X with z <y and H(Tz,Ty) > 0 we have

T+ F(H(TzTy)) < F(d(z,y)),
then T has a fized point in X.

Corollary 4.8. Let (X,d, =) be a complete partially ordered metric space, T : X — C(X) and F € F«
satisfy all conditions of Corollary[A7]. Then T has a fized point in X provided o < T.

Theorem 4.9. Let (X,d) be a complete metric space, T : X — K(X) and F € § fulfill the following
assertions:

1. T is monotone increasing;
2. there exist zg € X and yo € T zg such that zg = yo;
3. for given z € X and sequence {z,} with z, — z as n — 00 and z, =X zp41 for all n € N we have

lim inf D(2p, T2n) > D(2,7T 2);

n—o0

4. there exist o > 0 and a function T : (0,00) — (0, 00) such that

lim inf7(t) >0, foralls>0,
t—st

and for any z € X with D(z,T z) > 0, there exists y € FZ with z < y satisfying

7(d(z,y)) + F(D(y, Ty)) < Flard(z,y) + a2D(2,Tz) + asD(y, Ty)
+a4D(2, Ty) + asD(y, T=)),

where a1, ag,as, ay,as € [0,+00) such that a1 + az + ag + 2a4 = 1 and ag # 1.

Then T has a fixed point in X.
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Theorem 4.10. Let (X,d, <) be a complete partially ordered metric space, T : X — C(X) and F € F«
fulfill all conditions of Theorem[£.9] Then T has a fized point in X provided o < T.

Theorem 4.11. Let (X, d, <) be a complete partially ordered metric space, T : X — K(X) and F € § fulfill
the conditions (1) and (2) of Theorem [4.9] and the following assertions:

1. for given z € X and sequence {z,} with z, — z asn — o0 and z, = zy41 for alln € N, we have
Tzn—Tz;
2. there ezist 0 > 0 and a function 7T : (0,00) — (0,00) such that

lim inf7(¢) >0, forall s> 0,
t—st

and for any z,y € X with z <y and H(Tz,Ty) > 0, satisfying
T(d(z,y)) + F(H(T2Ty)) < Flard(z,y) + a2D(2,Tz) + a3D(y, Ty)
+asD(z,Ty) + asD(y, T z)),
where ajy,az,as, aq,as € [0,400) such that a; + az + az + 2a4 = 1 and ag # 1.
Then T has a fixed point in X.

Theorem 4.12. Let (X,d,=) be a complete partially ordered metric space, T : X — C(X) and F € F.
fulfill all conditions of Theorem[A11]. Then T has a fized point in X provided o < 7.

5. Suzuki-Wardowski type fixed point results

In this section we establish certain fixed point results for Suzuki-Wardowski type multivalued F-contrac-
tions.

Theorem 5.1. Let (X,d) be a complete metric space, T : X — K(X) and F € §. If for z,y € X with
tD(z,Tz) < d(z,y) and D(z,Tz) > 0, we have

T+ F(D(y, Ty)) < F(d(z,y)), (5.1)
then T has a fized point in X provided z — D(z,T z) is lower semi-continuous.
Proof. Suppose that G = G, as in Corollary Let z € X with D(2,7z) >0 and y € FZ, 0 < 7. Then
y € Tz, therefore we have 1D(z,Tz) < D(z,Tz) < d(z,y). So, by using (5.1)), we get
G(D(z,T=), D(y, Ty), D(z, Ty), D(y, Tz)) + F(D(y, Ty)) = 7+ F(D(y, Ty))
< F(d(z,9)).
Thus, all conditions of Theorem hold and T has a fixed point. O

Theorem 5.2. Let (X,d) be a complete metric space, T : X — C(X) and F € §x. If for z,y € X with
2 D(2,Tz) <d(z,y) and D(z,Tz) >0, we have

T+ F(D(y, Ty)) < F(d(z,y)),
then T has a fized point in X provided z — D(z,T z) is lower semi-continuous.

Proof. By taking G = Gy, as in Corollary and by using Theorem [2.19] we get the required result. O

Theorem 5.3. Let (X,d) be a complete metric space, T : X — K(X) and F € §. If for z,y € X with
3 D(2,Tz) <d(z,y) and H(Tz,Ty) > 0, we have

T+ F(H(TzTy)) < F(d(z,v)),
then T has a fized point in X.
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Proof. Since every multivalued F-contraction is multivalued nonexpansive and every multivalued nonexpan-
sive map is upper semi-continuous, then 7 is upper semi-continuous. Therefore, the function z — D(z, T 2)
is lower semi-continuous (see the Proposition 4.2.6 of [3]). Also, for z,y € X with $D(z,Tz) < d(z,y) and
D(z,Tz) > 0 we have

T+ F(D(y, Ty)) <7+ F(H(T=Ty))

< F(d(z,9))-
Thus, all conditions of Theorem [5.1 hold and 7 has a fixed point. O

By similar arguments as in Theorem we state the following theorem and omit its proof.

Theorem 5.4. Let (X,d) be a complete metric space, T : X — C(X) and F € §x. If for z,y € X with
2 D(2,Tz) <d(z,y) and H(Tz,Ty) > 0, we have

T+ F(H(TzTy)) < Fld(z,y)),
then T has a fized point in X.

By considering 7 a single-valued mapping in Theorem [5.3] we get the following.

Corollary 5.5. Let (X,d) be a complete metric space, T : X — X and F € §. If for z,y € X with
$d(z,Tz) <d(z,y) and d(Tz, Ty) > 0, we have

T+ F(d(TzTy)) < F(d(zvy)),
then T has a fized point in X.

Remark 5.6. Corollary is a generalization of the Corollary 3.1 of [18]. In fact, let Corollary 3.1 of [I§]
holds, then 3d(z,Tz) < d(z,Tz) < d(z,y). This implies that 7+ F(d(Tz, Ty)) < F(d(z,y)). Hence T
satisfies all conditions of Corollary [5.5]and 7 has a fixed point.

Theorem 5.7. Let (X,d) be a complete metric space, T : X — K(X) be a continuous mapping and F € §.
If there exists a function 7 : (0,00) — (0,00) such that

lim inf7(¢) >0, foralls>0,

t—st

and for z,y € X with $D(z,Tz) < d(z,y) and H(Tz,Ty) > 0, we have

7(d(z,y)) + F(H(T=z,Ty)) < F(ard(z,y) + aaD(z,Tz) + asD(y, Ty)

+ayD(z,Ty) + asD(y, T z)), (52)

where a1, az, a3, ayq, a5 € [0,+00) such that ay +az +as+2a4 = 1 and ag # 1, then T has a fized point in X.

Proof. Let lim;_, .+ inf 7(t) > o for o > 0, and for all s > 0. Also suppose that z € X with D(z,7Tz) > 0 and
y € FZ, 0 < 7. Then lim, ,+infr(¢) > 0 and y € Tz, therefore we have $D(z,Tz) < D(z,Tz) < d(z,y).
So, by using ([5.2)), we get

7(d(z,9)) + F(D(y, Ty)) < 7(d(z,9)) + F(H (T2, Ty))
< Flard(z,y) +aeD(2,T2) + a3D(y, Ty) + asD(2, Ty) + a5 D(y, T 2)).

Since 7 is continuous, then 7 is upper semi-continuous. Therefore, the function z — D(z, T z) is lower
semi-continuous (see the Proposition 4.2.6 of [3]). Thus, all conditions of Theorem hold and 7 has a
fixed point. O
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Theorem 5.8. Let (X,d) be a complete metric space, T : X — C(X) be a continuous mapping and F € Fs.
If there exists a function T : (0,00) — (0,00) such that

lim inf7(¢) >0, foralls>0,

t—st

and for z,y € X with $D(z,Tz) < d(z,y) and H(Tz,Ty) >0, we have

7(d(z,y)) + F(H(Tz,Ty)) < Flard(z,y) + aeD(z, T z) + asD(y, Ty)
+asD(z,Ty) + asD(y, T z)),

where a1, a2, a3, a4, a5 € [0,+00) such that ay + a2 + az +2a4 =1 and az # 1. Then T has a fized point in
X.

Proof. By using the same arguments as in Theorem and by using Theorem we get the required
result. O
6. Applications to orbitally lower semi-continuous mappings

Let zg € X be any point. Then an orbit O(z) of a mapping 7 : X — 2% at a point zj is a set
O(20) = {2n+41 : Znt1 € Tzn, n=0,1,2,..}.

Recall that a function g : X — R is called T-orbitally lower semi-continuous, if for any sequence {z,}
in X with 2,41 € Tz, for all n =0,1,2,---, g(2) < limy, o inf g(2,), whenever lim,,_, 2, = z [9]. Many
authors extended Nadler’s fixed point theorem for lower semi-continuous mappings (see [13, 22], 23] and
references therein). In this section, as an application of our results proved in Sections 1] and [2| we deduce
certain fixed point theorems.

Theorem 6.1. Let (X,d) be a complete metric space, T : X — K(X), F € § and G € &. If for
z € O(w),w € X with D(z,Tz) >0, there exists y € FZ satisfying

G(D(2,Tz),D(y, Ty), D(, Ty), D(y, Tz)) + F(D(y, Ty)) < F(d(,9)), (6.1)
then T has a fized point in X provided o < T and z — D(z,T z) is T -orbitally lower semi-continuous.
Proof. Define a,n: X x X — Ry by

[ 2 if zyeO(w), B
OC(Z,y) - { 0 otherwise, and W(Zay) - 17 VZ,?/ € X.

Then a(z,y) > n(z,y), when z,y € O(w). Since z — D(z,T z) is T-orbitally lower semi-continuous, so
for any sequence {z,} in X with z,11 € Tz, and lim,,_,o d(2y, z) = 0, we have

D(z,Tz) < 1i_>rn inf D(zp, T 2p).

This implies that T is a-n-lower semi-continuous mapping. Now let a(z,y) > n(z,y), then z,y € O(w).
So, for all u € Tz and v € Ty we have u,v € O(w). Therefore, a(u,v) =2 > 1 = n(u,v). This shows that
T is generalized a,-admissible mapping with respect to n. Also, from equation , for any z € X with
D(z,Tz) >0, there exists y € FZ with a(z,y) > n(z,y), we have

G(D(2,Tz),D(y, Ty), D(2,Ty), D(y, Tz)) + F(D(y, Ty)) < F(d(2,9)).

Thus, all the conditions of Theorem are satisfied and so 7 has a fixed point. O
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By similar arguments as in Theorem we state the following theorem and omit its proof.

Theorem 6.2. Let (X,d) be a complete metric space, T : X — C(X), F € F« and G € &. If for
z € O(w),w € X with D(2,Tz) >0, there exists y € F7 satisfying

G(D(2,T=2), D(y, Ty), D(z,Ty), D(y, T=)) + F(D(y, Ty)) < F(d(2,9)),

then T has a fixed point in X provided o < T and z — D(z,T z) is T -orbitally lower semi-continuous.

Theorem 6.3. Let (X,d) be a complete metric space, T : X — K(X), F € § and G € &. If for z,y € O(w)
with H(Tz,Ty) > 0 we have

G(D(2,T=), D(y, Ty), D(2,Ty), D(y, Tz)) + F(H(Tz Ty)) < F(d(z,9))
then T has a fized point in X provided T is orbitally continuous.

Proof. By defining a(z,y), n(z,y) the same as in the proof of Theorem and applying Theorem we
get the required result. O

Theorem 6.4. Let (X, d) be a complete metric space, T : X — C(X), F € F« and G € &. If for z,y € O(w)
with H(Tz,Ty) > 0 satisfying

9(D(2,T=), D(y, Ty), D(2,Ty), D(y, T=)) + F(H(T 2 Ty)) < F(d(z,y)),

then T has a fized point in X provided T is orbitally continuous.

Proof. By defining «a(z,y), n(z,y) the same as in the proof of Theorem and applying Theorem we
get the required result. O

By taking G = Gy, as in Corollary Theorems and reduce to the following.
Corollary 6.5. Let (X,d) be a complete metric space, T : X — K(X) and F € §. If for z € O(w),w € X
with D(z,Tz) > 0, there exists y € FZ satisfying

T+ F(D(y, Ty)) < F(d(z,y)),
then T has a fized point in X provided o < T and z — D(z,T z) is T -orbitally lower semi-continuous.

Corollary 6.6. Let (X,d) be a complete metric space, T : X — C(X) and F € §x. If for z € O(w),w € X
with D(z,Tz) > 0, there exists y € FZ satisfying

T+ F(D(y, Ty)) < F(d(z,y)),

then T has a fized point in X provided o < T and z — D(z,T z) is T -orbitally lower semi-continuous.

Corollary 6.7. Let (X,d) be a complete metric space, T : X — K(X) and F € §. If for z,y € O(w) with
H(Tz,Ty) >0 satisfying
T+ F(H(Tz Ty)) < F(d(z,9)),

then T has a fized point in X provided T is orbitally continuous.

Corollary 6.8. Let (X,d) be a complete metric space, T : X — C(X) and F € Fs. If for z,y € O(w) with
H(Tz,Ty) > 0 satisfying
T+ F(H(T2 Ty)) < F(d(z,y)),

then T has a fived point in X provided T is orbitally continuous.
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Remark 6.9. If we take T, a single mapping from X to X, Theorems [6.3] and [6.4] reduce to the Theorem 4.1
of [I§] and Corollaries and reduce to Corollary 4.1 of [I§].

Theorem 6.10. Let (X,d) be a complete metric space, T : X = K(X) and F € §. If there exist 0 > 0 and
a function T : (0,00) — (0,00) such that

lim inf7(¢t) > o, forall s >0,
t—st

and for any z € O(w),w € X with D(z,Tz) > 0, there exists y € FZ satisfying

7(d(z,y)) + F(D(y, Ty)) < Flard(z,y) + aeD(2, Tz) + azD(y, Ty)
+ayD(z,Ty) +asD(y, Tz)),

where a1, az, a3, aq,as € [0,+00) such that ay + az + a3 + 2a4 = 1 and a3z # 1, then T has a fized point in
X provided z — D(z,T z) is T -orbitally lower semi-continuous.

Proof. By defining a(z,y), n(z,y) the same as in the proof of Theorem and applying Theorem we
get the required result. O

Theorem 6.11. Let (X,d) be a complete metric space, T : X — C(X) and F € s satisfying all conditions
of Theorem [6.10, Then T has a fixed point in X .
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