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Abstract

The purpose of this paper is to introduce the implicit midpoint rule of asymptotically nonexpansive
mappings in Hilbert spaces. The strong convergence of this viscosity method is proved under certain as-
sumptions imposed on the sequence of parameters. Moreover, it is shown that the limit solves an additional
variational inequality. Applications to nonlinear variational inclusion problem, nonlinear Volterra integral
equations, variational inequality problem and hierarchical minimization problems are included. The results
presented in the paper extend and improve some recent results announced in the current literature. (©)2016
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1. Introduction

Let H be a Hilbert space, T : H — H be a nonexpansive mapping and f : H — H be a contraction. The
viscosity approximation method for nonexpansive mapping in Hilbert spaces was introduced by Moudafi
[9], following the ideas of Attouch [2]. Refinements in Hilbert spaces and extensions to Banach spaces were
obtained by Xu [I5].
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The explicit viscosity method for nonexpansive mappings generates a sequence {x,, } through the iteration
process:
Tn+1 = Oénf(fvn) + (1 - Otn)T.%'n, n >0, (1'1)

where [ is the identity of H. It is well known [9, [I5] that under certain conditions, the sequence {z,}
converges in norm to a fixed point ¢ of T' which also solves the variational inequality

<(I_f)q’x_Q> 20, $€F(T)a (12)

where F'(T') is the set of fixed points of T

The implicit midpoint rule is one of the powerful methods for solving ordinary differential equations; see
[3, 4] 7, 10}, 11l 13] and the references cited therein. For instance, consider the initial value problem for the
differential equation y'(t) = f(y(¢)) with the initial condition y(0) = yo, where f is a continuous function
from R? to RY. The implicit midpoint rule is that which generates a sequence {y,} via the relation

1 _ Yn+1 1 Yn
h(yn-i-l yn) = f < 9 ) .

The implicit midpoint rule has been extended [I] to nonexpansive mappings, which generates a sequence
{z,} by the implicit procedure:

Tpt1 = (1 —tp)zy +t,T (W) , n>0. (1.3)
Recently, Xu et al [16] in a Hilbert spaces introduced the following process:
Tn + Tn+1
Tn4+1 = anf(xn) + (1 - an)T # y n > 07 (14)

where T' is a nonexpansive mapping. They proved that the sequence {x,} converges strongly to a fixed
point of T'; which, in addition, also solves the variational inequality (|1.2]).

Motivated and inspired by the research going on in this direction. The purpose of this paper is to
introduce the wiscosity implicit midpoint rule for asymptotically nonexpansive mapping in Hilbert space.
More precisely, we consider the following implicit iterative algorithm:

Ln+1 = Oénf(xn) + (1 - an)Tn <xn+2$n+1> , n=>1 (1'5)

Under suitable conditions, some strong converge theorems to a fixed point of the asymptotically nonex-
pansive mapping are proved. Also, it is shown that the limit solves an additional variational inequality.
Applications to nonlinear variational inclusion problem, nonlinear Volterra integral equations, variational
inequality problem and hierarchical minimization problems are included. The results presented in the paper
extend and improve some recent results announced in the current literature.

2. preliminaries

In the sequel, we always assume that H is a real Hilbert space and C' is a nonempty, closed, and convex
subset of H. The nearest point projection from H onto C, P¢, is defined by

Po(z) == argmin ||z — 2|,z € H. (2.1)
zeC

Namely, Po(x) is the only point in C' that minimizes the objective ||z — z|| over z € C.
Note that Po(x) is characterized as follows:

Po(z) e C and (x— Po(x),z— Po(x)) <0 for all z € C. (2.2)
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Recall that a mapping T : C' — C' is said to be nonexpansive if
[Te =Tyl < [lz —yll, =z,yeC.

Recall that a mapping T': C' — C is said to be asymptotically nonexpansive if there exists a sequence
{kn} C [1,+00) with lim,_,c k, = 1 such that

IT"z — T y|| < kpllz —yl|l, =z,yel, n>1.

The set of fixed points of T is denoted by Fix(T), that is, Fix(T) = {x € C' : Tax = x}.

Note that if T': C' — C is an asymptotically nonexpansive mapping, then Fix(T") is always closed and
convex. Further if, in addition, C' is bounded, then Fix(T") is nonempty.

The demiclosedness principle of asymptotically nonexpansive mappings is quite helpful in verifying the
weak convergence of an algorithm to a fixed point of a asymptotically nonexpansive mapping.

Lemma 2.1 ([6]). (Demiclosedness principle). Let H be a real Hilbert space, C' be a nonempty closed and
convez: subset of H, and T : C — C be a asymptotically nonexpansive mapping with Fix(T) # 0. If {x,} is
a sequence in C such that (i) {z,} weakly converges to x and (ii) (I — T)x, converges strongly to 0, then
z=Tx.

The following lemmas play an important role in our paper.

Lemma 2.2 ([§]). Let H be a real Hilbert space. z,y € H and t € [0,1]. Then
2+ (1 = )l <l + (1= )yl — #(1 — &)1z — ]
It is easy to prove that the following lemma holds:
Lemma 2.3. Let H be a Hilbert space. Then for all u,x,y € H, the following inequality holds
lz —ull* < lly —ull® +2(z — y, 2 — u).
Lemma 2.4 ([14]). Let {a,} be a sequence of nonnegative real numbers satisfying
an+1 < (1 —yp)ap + On, ¥n >0, (2.3)
where {y,} is a sequence in (0,1) and {0,} is a sequence in R such that
(1) 22021 Yn = o005
(2) limsup,,_, fsy—z <0 or Y 02 |6n] < oo;

Then lim,_ o ay = 0.

3. Main results

Theorem 3.1. Let C be a nonempty closed and convex subset of a Hilbert space H, and T : C — C be a
asymptotically nonexpansive mapping with a sequence {kn} C [1,400), lim, o0 kn = 1 and F(T) # 0. Let
f be a contraction on C with coefficient o € [0,1). For an arbitrary initial point zo € C, let {x,} be the
sequence generated by

Tpt1 = anf(xn) + (1 — ap)T" <af:n—i—2xn+1>’ n>1. (3.1)

where {a, } € (0,1) satisfies the following conditions:

(i) limn_>oo Ay = O;
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(i) Y ontoam = oo;

(i) limy oo 2222 = 0;

If the following condition is satisfied
(iv) limp oo ||[T"2n — x| = 0;
then the sequence {x,} converges strongly to T = PF(T)f(i), which solves the following variational inequality:
(I-f)gx—q)>0, VaeF(T).

Proof. We divided the proof into six steps.
Step 1. We prove that {z,} is bounded.

In fact, for any p € F(T'), we have

201 —pll =

Ty + Tntl _
9 b

anflan) + (1 — an)T"<

< =[5 ) g+ anllf (o)
< (1= |25 g (1) = £+ 10) = 91
(1 — an)kny

IN

5 Ulzn =l +llzns1 = pll) + an (@llzn = pll + [ £(p) = pl) -

After simplifying, it follows that

1 —ap)ky

(1- ( (1 — ap)kn + 20y,
2

2

Mzns1 —pl < [z = pll + anllf(p) = pll,

that is,

1—(kp—1)+ kpan 1+ (kp — 1) — anky + 200,

; fensr —pl < : 2 = Pl + anll 7 (9) ~
< TS O 20— ]+ £ 2) -
L 20 )k el )~ |
< U2 gl 4l )~

Also by condition (iii), for any given positive number ¢, 0 < € < 1 — «, there exists a sufficient large
positive integer ng, such that for any n > ng, we have

kn,+1 k2 —
- 1) < 2

1
ki —1<2eay,, and k,—1< < eay,. (3.3)

Since {k,} € [1,+00) and k,, — 1 < eq,, for all n > ng, then we have

1—(kn—1)+kpan > 1 —cap +kpoy =14 (kn —€)an > 14+ (1 — €)ay,. (3.4)
Substituting (3.4) into (3.2)), after simplifying we have
1-(1-2a—¢)ay, 20,
_ < _ . am _
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< (1- 2t o ) -
s(1_ﬁﬁifj5§f)mm—pw+ﬁ1]fjgﬁj(1_;_;vwwﬂm)
< maxf o, = pll =y 1£0) =5l |, ¥ > no

By induction we readily obtain

ln = pll < maX{Hﬂﬁo plly == p) = pll}, Vn > no.

Hence {z,,} is bounded, and so are {f(z,)}, {T"z,} and {T"(L;C"“)}
Step 2. We show that lim, o ||Zn+1 — Zn|| = 0. Observe that

[Znt1 — 2ol < |Tng1 — T + (| T" 20 — 20|

= Janston + 0 - awrn () | 4 77 - )

< (1-—ayp) ’T“ <$n+2$n+1> — T xn|| + anllf(zn) — T x| + || T 20 — x4]|
< (1= anha |25 — | 4l () = T + [T = 0]

< O~ all - anll ) — T+ [T —

< ﬂ—gm)anan — x|l + anM + | T" 2y — x4]|.

Here M > 0 is a constant such that
M > sup{||f(xn) — T"xy|, n > 1}.

It turns out that
(1— (1 — o)k
2

By . ) 1— - a" n = _(kn_;Hk”a” > 1+(1;€)a" for all n > ng . Consequently, we arrive at

Nznt1 — znll < anM + || T2y — 4]

2au, 1
< M T"xy, — x|
Tl = 1+ (1—-¢)an * 1+(1_€)anH Tn = |

[@n41 —
By virtue of the conditions (i) and (iv), we have
nhﬁn;() |Tnt1 — znl| = 0. (3.5)
Step 3. We show that lim,,_,~ ||z, — T2y|| = 0. In fact, since

|xn — T”_1$n| =

(anflf(l‘nfl) + (1 - anfl)Tn_l <WL> - Tn_lxn

2
< ay_1 Hf(xn—l) - Tnflan + (1 - an—l) ‘Tnl (W) _ Tnflxn
< ap-1 Hf(xn—l) - Tn_ll'nH + (1 - an—l)kn—l w — Tn
1 —ap_1)k,—
< ap-1 Hf(iﬂnfl) - Tn_lan + ( n 1) ol H-’Enfl - an >

2
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by condition (i) and ([3.5]), we have

lim ||z, — 7" 'a,|| = 0. (3.6)

n—oo

Therefore
|2 — Tn|l < [|on — T 2| + | T" 20 — Ty

<Nl@n — T xp|| + ki || T 2y — ]| — 0.

Step 4. From Step 3 and Lemma [2.1] it is a straightforward consequence that the following weak
w—limit set of {z,}:

ww(zn) = {x € H : there exists a subsequence of {z,,} weakly converging to =}

is contained in Fiz(T).

Step 5. Now we prove
limsup(f(q) — ¢, 70 — q) <0, (3.7)

n—o0
where ¢ € Fiiz(T) is the unique fixed point of the contraction Ppi,(7)f, that is, ¢ = Ppiy7)f(q)-
As a matter of fact, since {x,,} is bounded, there exists a subsequence {z,,} of {z,} such that {z,,}
converges weakly to a point p and moreover

limsup(f(q) — ¢, zn — q) = lim (f(q) — ¢, zn; — q). (3.8)
n—00 j—00
Since p € Fix(T), by using (2.2), (3.7)), (3.8) and by virtue of Step 4, we can conclude that
limsup(f(q) — ¢, zn —q) = (f(a) —¢.p —q) < 0. (3.9)
n—oo

Step 6. Finally, we prove that x,, - ¢ € F(T) as n — oo.

Indeed, for any n > 1, we set 2z, = a,q+ (1 — ) T" (L;”"“) It follows from Lemma and Lemma
2.3] that

||xn+1 - C_I”2 < ||Zn - CIH2 + 2<$n+1 — Zn, Tn+l — C]>

2
< (1 a7t ety qH 2t — 2Tt — 0)
2,2 || Tn + Tnt1 2
< (1— k2 | I gl 2an(f(en) — @) — 0
Ty + Tyt 2
= (1 - an)zk?l % —q|| + 2an<f(xn) - f(q)a Tnt+1 — q>
+ 200 (f(q) — ¢, Tnt1 — Q)
2
Ty + Tyt
< (- a2k | 2T gl 20, £ (o) = @I s —al
+ 2an<f(Q) —q,Tpy1 — Q>
2
Tn + X
< (1= an)?hy || =57 = df| + 20n0l|zn — qll - [|zasr — g

+ 20 (f(q) — ¢, Tny1 — q)
21.2 1 2 1 2 1 2
< (1 —an)’ky, §Hwn —q||” + §H$n+1 —q|” - ZHxn-I—l — Zn||

+ ana (lzn — all® + l|nt1 — all®) + 200 (f(0) = ¢ Tnt1 — q)
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1—a, 2]{72
< <(2) + oma> (lzn = all® + llznsr = qll?)
+ 205, (f(9) = ¢, Tnt1 — q)
_ (1=20m)k3 + 20ma
= 2
+ 20, (f () = ¢ Tnt1 — ).

(lzn — al* + |ng1 — ql|?) + aZM;

Here M; > 0 is a constant such that
M, > sup {kiHl‘n —q|*,n > 1} )
It follows from (3.3)) that for all n > ng

(1 (1 — 2a,)k2 + 20

- 2
: ) s — QHQ < (1 —2ap)k; + 20

2

+ 200 (f(q) — ¢, Tn41 — @)
1+ (K2 - 1) — 2(K2 — a)ay,
- 2

+ 2000 (f(q) — ¢ Tng1 — @)
- 1+ 2ca, —22(1 — o)y,

+ 20, (f(q) = ¢ Tnt1 — @)
1-2(1-e—a)
o 2
+ 200 (f(q) — ¢, Tny1 — Q).

|zn — QHQ + aiMl

0 — qll* + a7 My

lzn — qll* + a7 M

(e
“lon = ql® + ap My

Since
{— (1 —200)k2 + 200y,  1— (k2 —1)+2(k2 — a)ay
2 N 2
S 1—2ca, +2(1 —a)ay,
- 2
14+2(1—¢—
= + ( c a)an, Vn 2 7”L0,
2
consequently, we arrive at
1-2(1—¢—0a)a 202
s — gl < T2 0, — gl + M,

da,
e e @ — e —a)

1+2(1—e—a)ay,

41 —¢e—a)ay, 9 202
= (1- - n M
( 1—|—2(1—5—a)04n>Hxn 4l +1+2(1—£—0¢)0¢n !
4o
+ - (f(2) = g 2ns1 — ).

1421 —e—a)ay,

4(1—e—a)an 207 n
Now, take v, %, Op = M(I_O‘WMl + 1Jr2(14_o‘ﬁmn<f(q) — ¢, Tpt1 — q). It follows from

conditions (i), (ii) and (3.7) that {y,} C (0,1), > .7, v, = oo and

: on .. 1
lim sup — = lim sup

51— o) M1 +2 — ¢, Zpi1 —q) ) <0.
n—oo In n—00 2(1—6—04)( nitl <f(q) 4, Tn+1 CI>>

From Lemma we have that z,, — ¢ as n — oo. This completes the proof. O
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Remark 3.2. Since every nonexpansive mapping is an asymptotically nonexpansive mapping, Theorem
is an improvement and generalization of the main results in Alghamdi et al. [I] and Xu et al. [16].

The following result can be obtained from Theorem immediately.
Theorem 3.3. Let C be a nonempty closed and convex subset of a real Hilbert space H, and letT : C — C

be a nonexpansive mapping with Fix(T) # (. Let f be a contraction on C' with coefficient k € [0,1), and
for the arbitrary initial point xo € C, let {x,} be the sequence generated by

i1 = anf(zn) + (1 — an)T<”“"”+2”3"“>, n >0, (3.10)

where {an} € (0,1) satisfies the conditions: (i), (ii) and (iii) in Theorem 3.1l Then the sequence {x,}
defined by converges strongly to q such that ¢ = Py f(q) which is also a solution of the following
vartational inequality:

(g—f(@), x—q) >0, Vaze Fiz(T).

Proof. 1t suffices to prove that the following condition is satisfied:

lim ||z, — Tzy,|| = 0. (3.11)
n—oo

In fact, by the same method as given in [16] we can prove that ||z, — Zn11]| = 0 (as n — o0). Therefore
we have

Tp-1t+x
n = Tl = ||an1£(2n 1) + (1 = an1)T (2> Ta,
1— oy
< et £ n1) = Tl + S22 oy
< (1 — Ozn_l)
< ap1M + — |Tn—1—zn]] >0 (as n — o0),
where M = sup,,>o || f(#n-1) — Tw,||. This completes the proof of Theorem O

4. Applications

4.1. Application to nonlinear variational inclusion problem

Let H be a real Hilbert space, M : H — 2/ be a multi-valued maximal monotone mapping. Then, the
resolvent mapping J/]\V[ : H — H associated with M, is defined by

JM(z) .= (I +AM)" (z), Ve € H (4.1)

for some \ > 0, where I stands identity operator on H. We note that for all A\ > 0 the resolvent operator
J /J\W is a single-valued nonexpansive mapping.

The “so-called” monotone variational inclusion problem (in short, MVIP) is to find z* € H such that

0 M(a"). (4.2)

From the definition of resolvent mapping Ji7, it is easy to know that (MVIP) (4.2)) is equivalent to find
x* € H such that

z* € Fiz(JM) for some A > 0. (4.3)
For any given function x¢ € H, define a sequence by
>
Tri1 = o f(zn) + (1 — an)JM (W), n > 0. (4.4)

From Theorem [3.3] we have the following,
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Theorem 4.1. Let M, J/]\VI be the same as above. Let f: H — H be a contraction. Let {xy} be the sequence
defined by ([.4)). If the sequence {on} € (0,1) satisfies the conditions: (i), (ii) and (iii) in Theorem [3.1] and
Fiz(JY) # 0, then {z,} converges strongly to the solution of monotone variational inclusion (&.2)), which
1s also a solution of the following variational inequality:

(Z— f(&),z—%) >0, Ve Fiz(JM).

4.2. Application to nonlinear Volterra integral equations
Let us consider the following nonlinear Volterra integral equation

z(t) = g(t) +/0 F(t,s,x(s))ds, te]0,1], (4.5)

where g is a continuous function on [0,1] and F : [0,1] x [0,1] x R — R is continuous and satisfies the
following condition
F(t,s,2) = Ft,5,p) < o —yl, t.5€[0,1] 2,y €R.

Define a mapping T : L?[0,1] — L?[0,1] by

(Tz)(t) = g(t) —I—/O F(t,s,z(s))ds, te0,1]. (4.6)

It is easy to see that T' is a nonexpansive mapping. This means that to find the solution of integral equation
([4.5)) is reduced to find a fixed point of the nonexpansive mapping 7" in L?[0, 1].
For any given function xq € L?[0,1], define a sequence of functions {z,} in L?[0,1] by

Tnt1 = anfan) + (1 — an)T<xn@;n+l), n > 0. (4.7)

From Theorem [3.3] we have the following,

Theorem 4.2. Let F, g, T, L?[0,1] be the same as above. Let f be a contraction on L*[0, 1] with coefficient
k €[0,1). Let {zn} be the sequence defined by (4.7). If the sequence {an} € (0,1) satisfies the conditions:
(1), (ii) and (iii) in Theorem and Fix(T) # (0. Then {x,} converges strongly in L?[0,1] to the solution
of integral equation which is also a solution of the following variational inequality:

(- f(@),z—%) >0, VzxeFiz(T).

4.8. Application to variational inequalities
Consider the variational inequality (VI)

(Ax*,x —2*) >0, z€C, (4.8)

where A is a (single-valued) monotone operator in Hilbert space H and C' is a closed convex subset of H
with C' C dom(A).
An example of (4.8) is the constrained minimization problem
i 4.9
min o(z), (4.9)
where ¢ : H — R is a proper convex and lower-semicontinuous function. If ¢ is (Fréchet) differentiable,
then the minimization problem (4.9) is equivalently reformulated as (4.8)) with A = V.
Notice that the VI (4.8)) is equivalent to the fixed point problem, for any A > 0,

Tx* = x*, Tz = Po(l — M\A)x. (4.10)

If A is Lipschitzian and strongly monotone, then, for A > 0 small enough, T is a contraction and its unique
fixed point is also the unique solution of the VI . However, if A is not strongly monotone, 7' is no longer
a contraction, in general. In this case we must deal with nonexpansive mappings for solving the VI .
More precisely, we assume
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(A1) Ais L—Lipschitzian for some L > 0, that is,

[Az — Ay|| < L|jz —yl|, =,y€ H.

(A2) A is p—inverse strongly monotone (p—ism) for some p > 0, namely,

(Az — Ay, —y) > pl| Az — Ay|®, .,y € H.

Note that if Vi is L—Lipschtzian, then V is %—ism.
Under the conditions (A1) and (A2), it is well known [5] that the operator ' = Po(I—\A) is nonexpansive
provided 0 < A < 2u. Applying Theorem we can get the following result:

Theorem 4.3. Assume the VI (4.8)) is solvable. Assume also A satisfies (A1) and (A2), and 0 < X\ < 2u.
Let f : C — C be a contraction. Define a sequence {x,} by the viscosity implicit midpoint rule:

an::amﬂxn)+(1—w%JFbQI—AA)<w"+;mHJ>, n > 0.

In addition, assume {ay} satisfies the conditions (i)—(iii) in Theorem[3.1l Then {x,} converges in norm to
a solution x* of the VI (4.8) which is also a solution to the VI

(I—f)a),z—a*) >0, zeA0). (4.11)

4.4. Application to hierarchical minimization

We next consider a hierarchical minimization problem (see [12] and references cited therein). Let ¢o, ¢ :
H — R be a lower semicontinuous convex function. Consider the following hierarchical minimization

problem:
i So = i : 4.12
min ¢ (x), 0 := argmin po(z) (412)

Here we always assume that Sy is nonempty. Let S := arg mingeg, ¢1(2) and assume S # ().
Assume ¢ and @7 are differentiable and their gradients satisfy the Lipschitz continuity conditions:

IVeo(x) = Vo)l < Lollz —yll,  [[Vei(z) = Ver ()l < Lallz — . (4.13)
Note that the condition (4.13)) implies that V; is L% —ism(i =0,1). Now let
Io =1 —vVeo, Ti=1—-—mVer,

where 79 > 0 and 7, > 0. Note that 7; is nonexpansive [5] if 0 < ~; < L%(z = 0,1). Also, it is easily seen
that So = Fi{l,‘(Tg).
The optimality condition for z* € Sy to be a solution of the hierarchical minimization (4.12)) is the VI:

z* € Sy, (Voi(z*),z—2") >0, z€lbS. (4.14)
This is the VI (4.8)) with C' = Sy and A = V1. From Theorem we have the following result.

Theorem 4.4. Assume the hierarchical minimization problem (4.12)) is solvable. Let f : C — C be a
contraction. Define a sequence {xy,} by the viscosity implicit midpoint rule:

Ty + Tntl )

i = anf(e) + (1= an) P = ATon) (25

In addition, assume {ay} satisfies the conditions (i)—(iii) in Theorem[3.1] If the condition (4.13)) is satisfied
and 0 < v; < L%(z =0,1), then {x,} converges in norm to a solution z* of the VI (4.14) that is, a solution
of hierarchical minimization problem (4.12) which also solves the VI

(I-flz*,x—a*) >0, ze€b.
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Remark 4.5. As we have observed that Theorem [B.1] can be viewed as an extension of the main result in
[1, [16]. It remains an open question whether Theorem [3.1{ holds without the condition (iv), that is, we have
the following:

Open Question Let C' be a nonempty closed and convex subset of a Hilbert space H, and T : C — C
be a asymptotically nonexpansive mapping with a sequence {k,} C [1,+00), lim, 00 kn = 1 and F(T) # 0.
Let f be a contraction on C' with coefficient a € [0,1). For an arbitrary initial point xzog € C, let {x,} be
the sequence generated by (3.1). If the sequence {an,} € (0,1) satisfies the conditions (i)-(iii) in Theorem
does the conclusion of Theorem [3.1] hold?
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