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Abstract

In this paper, a new modified proximal point algorithm involving fixed point of Cesaro type mean of
asymptotically nonexpansive mappings in CAT(0) spaces is proposed. We also introduce a new iterative
scheme. Under suitable conditions, the A-convergence and the strong convergence to a common element
of the set of minimizers of a convex function and the set of fixed points of the Cesaro type mean of
asymptotically nonexpansive mapping in CAT(0) space are proved. The results presented in the paper are
new. (©2016 All rights reserved.
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1. Introduction

Let (X, d) be a metric space, and C be a nonempty subset of X. In the sequel, we denote by F(T') the
fixed point set of a mapping T'.
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Recall that a mapping T : C — C' is said to be nonexpansive, if
d(Tz,Ty) < d(z,y), Yz,y € C.
T is said to be asymptotically nonexpansive, if there exists a sequence {ky,} C [1,00) with k, — 1 such that
d(T"z, T"y) < kpd(z,y), Vx,y € C, n>1.

Let H be a Hilbert space, C' be a nonempty closed and convex subset of H and 7' : C' — C be a
nonexpansive mapping. It is well known that there have been many iterative schemes constructed and
proposed in order to approximate fixed points of T'. For example, the Mann iteration process is defined as

follows:
x1 € C,
! (1.1)
Tnt1 = (1 —ap)xn + apyTay, Yn>1,

where {a,,} is a sequence in (0,1). The Ishikawa iterative process is defined as follows:
x1 € C,
Tnt1 = (1 — ap)xn + anTyn, Yn>1, (1.2)

In 1975, Baillon [5] first proved that the following Cesaro mean iterative sequence weakly converges to
a fixed point of a nonexpansive mapping 7" in Hilbert spaces:

1

n
T,x = Tz, 1.3
nL n—l—l; x ( )

Shimizu and Takahashi [26] proved a strong convergence theorem of the above iteration for an asymptotically
nonexpansive mapping in Hilbert spaces.

Fixed point theory in a CAT(0) space was first studied by Kirk [19]. Since then, fixed point theory for
various types of mappings in CAT(0) spaces has been investigated rapidly. In 2008, Dhompongsa-Panyanak
[12] studied the strong and A-convergence of the processes and for nonexpansive mappings in
CAT(0) spaces.

Let H be a real Hilbert space and f : H — (—o00,00] be a proper convex and lower semi-continuous
function. One of the major problems in optimization in Hilbert space H is to find z € X such that

= mi . 1.4
f(x) = min f(y) (1.4)
We denote by argminyex f(y) the set of minimizers of f .

A successful and powerful tool for solving this problem is the well-known proximal point algorithm
(shortly, the PPA) which was initiated by Martinet [23] in 1970. In 1976, Rockafellar [24] generally studied,
by the PPA, the convergence to a solution of the convex minimization problem in the framework of Hilbert
spaces.

Indeed, let f be a proper, convex, and lower semi-continuous function on a Hilbert space H which attains
its minimum. The PPA is defined by

T, € H

, 1 ) (1.5)
In+1 = argmmyGH(f(y) + 2\ Hy - .’En” )7 n > ]-7
n

where A\, > 0 for all n > 1. It was proved that the sequence {x,} converges weakly to a minimizer of f
provided X9° ;A\, = co. However, as shown by Giler [14], the PPA does not necessarily converges strongly
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in general. In 2000, Kamimura-Takahashi [17] combined the PPA with Halpern’s algorithm [15] so that the
strong convergence is guaranteed.

Recently, many convergence results by the PPA for solving optimization problems have been extended
from the classical linear spaces such as Euclidean spaces, Hilbert spaces and Banach spaces to the setting of
manifolds. The minimizers of the objective convex functionals in the spaces with nonlinearity play a crucial
role in the branch of analysis and geometry. Numerous applications in computer vision, machine learning,
electronic structure computation, system balancing and robot manipulation can be considered as solving
optimization problems on manifolds (see [3, [4 6], 14} [15] 17, 22]).

In 2013, Bacdk [4] introduced the PPA in a CAT(0) space (X,d) as follows: z; € X and

Tpt1 = argmingex (f(y) + %dQ(y,wn)), Vn > 1, (1.6)
n

where \, >0, Vn > 1. It was shown that if the set of minimizers of f is nonempty and 22 ; \,, = oo, then
the sequence {z,,} A—converges to its minimizer (see [3]).

In 2015, Cholamjiak-Abdou-Cho [I1] established the A-convergence and strong convergence of the se-
quence to a common element of the set of minimizers of a convex function and the set of fixed points of a
nonexpansive mapping in CAT(0) spaces.

Motivated and inspired by the researches going on in this direction, it is naturally to put forward the
following

Open Question. Can we use Cesaro type mean of asymptotically nonexpansive mappings to propose
a modified proximal point algorithm for finding a common element of the set of minimizers of a convex
function and the set of fixed point of asymptotically nonexpansive mappings in CAT(0) spaces?

The purpose of this paper is by using the Cesaro type mean of asymptotically nonexpansive mappings to
propose a modified proximal point algorithm involving fixed points of asymptotically nonexpansive mappings
in CAT(0) spaces and to prove some A— and strong convergence theorems of the proposed processes under
suitable conditions.

Our results not only give an affirmative answer to the above open question but also generalize the
corresponding results of Dhompongsa et al.[12], Rockafellar [24] and Giiler [14], Bacak [3], Ariza-Ruiz et al
[3], Cholamjiak-Abdou-Cho [I1], and many others. Related results can be also found in [25].

2. Preliminaries

Recall that a metric space (X,d) is called a CAT(0) space, if it is geodesically connected and if every
geodesic triangle in X is at least as ‘thin’ as its comparison triangle in the FEuclidean plane. It is known
that any complete, simply connected Riemannian manifold having non-positive sectional curvature is a
CAT(0) space. Other examples of CAT(0) spaces include pre-Hilbert spaces (see [7]), R-trees (see [20]),
Euclidean buildings (see [8]), the complex Hilbert ball with a hyperbolic metric (see [13]), and many others.
A complete CAT(0) space is often called Hadamard space. A subset K of a CAT(0) space X is convex if,
for any =,y € K, we have [z,y] C K, where [z,y] is the uniquely geodesic joining = and y.

In this paper, we write (1 — ¢)x @ ty for the unique point z in the geodesic segment joining from x to y
such that

d(z,z) =td(z,y), d(y,z)=(1—t)d(z,y). (2.1)

It is well known that a geodesic space (X, d) is a CAT(0) space, if and only if the following inequality
(1 =t)z @ ty,2) < (1 —t)d*(z, 2) + td*(y, 2) — t(1 — t)d*(z, y) (2.2)

is satisfied for all z,y,z € X and ¢ € [0,1]. In particular, if x,y, z are points in a CAT(0) space (X, d) and
t € [0,1], then
d(1 =tz ty,z) < (1 —t)d(z,z) + td(y, 2). (2.3)
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Let (X, d) be a complete CAT(0) space and C' be a nonempty closed and convex subset of X. Then, for
each point z € X, there exists a unique point of C, denoted by Pcx, such that

d(z, Pox) = infyccd(z,y). (2.4)

Such a mapping Pc is called the metric projection from X onto C.
Let {z,} be a bounded sequence in a closed convex subset C' of a CAT(0) space X. For any z € X, we
set

r(z,{x,}) = lim supn—ood(x, Ty).
The asymptotic radius r({zy,}) of {x,} is given by
r({zn} = inf{r(z,{z,} 1z € X}

and the asymptotic center A({zx,}) of {x,} is the set

A({zn}) = {x € X :r({an}) = r(z, {z.})}-
It is well known that, in CAT(0) spaces, A({x,}) consists of exactly one point.

Definition 2.1. A sequence {z,} in a CAT(0) space X is said to A-converge to a point x € X if z is the
unique asymptotic center of {u,} for every subsequence {u,} of {z,}.
In this case, we write A —lim,_oozy, = = and call z the A-limit of {x,}.

Lemma 2.2 ([2I]). Let X be a complete CAT(0) space. Then every bounded sequence in X has a A-
convergent subsequence.

Lemma 2.3 ([19]). If {z,} is a bounded sequence in a complete CAT(0) space with A({z,}) = {z}, {un}
is a subsequence of {x,} with A({u,}) = {u} and the sequence {d(xy,u)} converges, then x = u.

Recall that a function f : C' — (—o00,00] defined on a convex subset C' of a CAT(0) space is convex if,
for any geodesic [x,y] == {724y(A) : 0 <A <1} :={Az & (1 - A)y:0 < A <1} joining z,y € C, the function
f o~ is convex, that is,

FOrzy(N); = FAx & (1= Ny) < Af(x) + (1= A f(y)- (2.5)

Examples of convex functions in CAT(0) space X
(1) The function y — d(z,y) : X — [0, 00) is convex.
(2) The function d?(z,y) : X x X — [0,00) is convex.

Let X be a CAT(0) space and f : X — (—o00, 00| be a proper convex and lower semi-continuous function.
For any A\ > 0, define the Moreau-Yosida resolvent of f in X by

Jz(z) = argmingex[f(y) + %dQ(y,x)], Vr € X. (2.6)

It was shown in [3] that the set F'(Jy) of fixed points of the resolvent associated of f coincides with the
set argminyx f(y) of minimizers of f.

Lemma 2.4 ([10]). Let (X,d) be a complete CAT(0) space and f : X — (—o0,00] be proper conver and
lower semi-continuous. For any A > 0, the resolvent Jy of f is nonexrpansive.
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Lemma 2.5 ([2]). (sub-differential inequality). Let (X,d) be a complete CAT(0) space and f : X —
(—00,00] be proper convex and lower semi-continuous. Then, for all x,y € X and X > 0, the following
inequality holds:

Sx PO y) — oo (ry) + o, ) + ) < () (2.7)

Lemma 2.6 ([9]). (Demiclosed principle). If C is a closed convexr subset of a complete CAT(0) space X
and T : C — C be an asymptotically nonexpansive mapping. Let {x,} be a bounded sequence in C' such that
A —limz, = p and lim, o d(zy, Tx,) = 0. Then Tp = p.

Lemma 2.7 ([28]). Let {a,} be a sequence of non-negative real numbers satisfying the following conditions:
ant1 < (1 +bp)ap, Vn > oo,
where b, > 0 and Zzo:l b, < 0o, then the limit lim,,_, a, exists.

Lemma 2.8 ([10, 27]). Let X be a CAT(0) space, C be a nonempty closed and convex subset of X. Let
{xi}7, be any finite subset of C, and oy € (0,1), ¢ =1,2,--- ,n such that ) _, a; = 1. Then the following
inequalities hold:

d(@ ;i z) < Zaid(:vi, z), VzeC; (2.8)
i=1 i=1

d(@ iz, 2)? < Zaid(m’i,z)Q = Z ajd(zi, )%, Yz € C. (2.9)
i=1 i=1 i,j=1,i#j
Lemma 2.9 ([16]). (The resolvent identity). Let (X,d) be a complete CAT(0) space and f : X — (—o0, o0
be a proper convexr and lower semi-continuous function. Then the following identity holds:

A —
. e %m), Vo€ X and A > pu > 0. (2.10)

I = J,(

3. A-convergence theorem for proximal point and fixed point involving Cesaro type mean of
asymptotically nonexpansive mapping in CAT(0) spaces

We are now in a position to give the following main result.

Theorem 3.1. Let (X,d) be a complete CAT(0) space, C' be a nonempty, closed and convex subset of X.
Let f : C — (—o00,00] be a proper conver and lower semi-continuous function, and T : C — C be an
asymptotically nonerpansive mappings with sequence {kp} C [1,00) , k, — 1. Let {ay,}, {Bn} be sequences
in [0, 1] with 0 < a < a, B <b< 1, VYn>1. Let {\,} be a sequence such that \, > X\ >0 for alln > 1
and some .

For any given xo € C, let {z,} be the sequence generated in the following manner:

,

. 1
Zp = argmmyyeo[f(y) + KCP(% fﬂn)],

1 j vn > 1 3.1
n=(1 ﬁnxn@ﬁn jjzn n= L ()
yn = ( ) n—i—lj.%

Tp+1 = (1 - an)xn @ anTnyna

Denote by L,, := %H Z?:o kj and oy, = max{ky, Ln}. If
o

Z(O‘n —1)<oo and Q:=F(T) ﬂargminyecf(y) # 0, (3.2)

n=0

then {x,} A-converges to a point x* € ) which is a minimizer of f in C' as well as it is also a fixed point

of T in C.
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Proof. Put

— 1 n )

Ln = n+1 Z K

7=0
Since lim,, o0 kn = 1, 50 is lim,, o0 k2 = 1. Therefore
R R
o ) T~ _ 2
Ln'_n—i—l;kj_)l’ and Ln—n+1j§::0kj—>1 (as n — 00). (3.3)

Let ¢ € Q. Then ¢ = Tq and f(q) < f(y), Yy € C. This implies that

f( )+Kd2(Q7Q) —f( )+Kd2(yvq)7 VyEC,

and hence ¢ = Jy, ¢, Vn > 1, where Jy, is the Moreau-Yosida resolvent of f in X defined by (2.6).

(I) First we prove that the limit lim,_,o d(zy,q) exists. Indeed, since z, = Jy),x,, by Lemma 2.4, J,  is
nonexpansive. Hence we have

d(zn,q) = d(Jx, Tn, Ir,q) < d(zn,q). (3.4)

It follows from (3.1)), (3.4) and (2.8]) that

Ay @) = d((1 = Bu)iin & B ——~ D TV 20,0)
§=0
< (1= B)d(n,0) + Bud(—— @D TV20,0)
5=0
< (1= Bu)d(wn,0) + u—ry D d(T20,0) (35)
j=0

< (1= Bu)d(en0) + Bo— > kjd(zn0)
=0

= ( - Bn)d(xnv Q) + BnLnd(Zna Q)
< Lnd(zn, q).

Also, by (3.1 and (3.5)), we have

d(Tn41,q) = d((1 — an)zy,

< (1= an)d(zn, q) + nd(T"yn, q)

< (1= an)d(zn, @) + anknd(Yn, q)

< (1 —ap)d(xn, q) + ankyLpd(zy, q)

< knLnd(zy,q) < maz{kn,, L, }2d(xn, q)
= 02d(zpn,q) < (14 (0, — 1)L)d(zp, q),

® oy T"Yn, q)

(3.6)

where o, = max{kn, Ln} — 1 (as, n — o0), L =1+ sup,>j0y. It follows from condition (3.2), Lemma
and (3.6) that the limit lim,, o d(zy, q) exists. Without loss of generality, we can assume that

lim d(xy,,q) =c>0. (3.7)

n—o0

This implies that the sequence {z,} is bounded, so are {z,}, {yn}, {T72,}, 5=0,1,--- ,;nand {T™y,}.
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(IT) Now we prove that
lim d(xy, 2z,) =0.

n—o0

Indeed, by the sub-differential inequality (2.7)) we have

i (s d) = (0, ) + P 20)} < Fl0) — S(on).
Since f(q) < f(zn), Vn > 1, it follows that
d2($na zn) < dQ(xm q) — d2(zn> q)- (3-8)

Therefore in order to prove lim,, oo d(Zn, 2,) = 0, it suffices to prove d?(z,,q) — c.
In fact, it follows from ({3.6]) that

d(xn—i-la Q) < kn[(l - an)d(JUm Q) + and(ynv Q)]

Simplifying we have

1
d(@n, ) < ———[knd(@n, q) = d(@n+1, )] + d(yn, 9)
1
< ——[knd(2n, @) — d(2nt1, Q)] + d(yn, 9).
This together with (3.7]) shows that
s o
¢ =liminf d(z,,¢) < lim inf d(yn, g). (3.9)

On the other hand, it follows from (3.3)) and (3.5]) that

lim sup d(yn, ¢) < limsup(Lypd(zy,q)) = c.

n—oo n—oo

This together with (3.9)) implies that
le d(yn,q) = c. (3.10)
n—oo

Also, by ,
d(Yn,q) < Lp[(1 = Bn)d(2n, q) + Bnd(zn, q)],

which can be rewritten as

1
1
< [Lnd(2n, q) — d(Yn, q)] + d(2n, ).
aly,
This together with (3.10)) shows that
c= hnn_1>1013f d(xn,q) < hgr_l)ggf d(zn, q). (3.11)

From (3.4)), it follows that
limsup d(zp, q¢) < limsupd(z,,q) = c.

n—oo n—oo

This together with (3.11]) shows that lim,, o d(2y,q) = ¢. Therefore it follows from (3.8)) that

lim d(zp,z,) =0. (3.12)

n—o0
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(III) Now we prove that
lim d(zy,,Tz,) =0, and lim d(yn,2,) =0. (3.13)

n—o0 n—oo

Indeed, it follows from ([2.9) that

1 AN

2 _ 72 _ J
d (me) d <(1 Bn)$n S /Bnn 11 ;.%T vaQ)
P

2 2
< (0 i o)+ ot (g D00 (3.14)
]:

Y R S
6(1 Bn)d <xmn+1je:90TjZmQ)-

Since

1 AN o 1 <
d?( @szn,q> < (S (e, )}
Kt n+l:3 (3.15)
= Lidz(zn,q),

substituting (3.15)) into (3.14]), after simplifying and noting that L, — 1, d(z,,q) — ¢, and d(yn,q) — ¢
(as m — 00), we have

IR 1 AN i
1-— 2 ny . 4 T]n < nl_n 2 ny 4 T]n
al b)d<x,n+1]@0 ) < 1 = o) (0, DT,

j=0
( - ﬁn)dZ(CCna Q) + /Bnquzd2(zn7 Q) - d2(y7w Q)
L2d*(2n,q) — d*(yn,q) — 0 (as n — o).

IN A

This implies that

1 N
d? <£L‘n, T]zn> —0 (asn— ). (3.16)
n+13
7=0
Therefore
1 N
d(:Un, yn) = d<xm (1 - /Bn)xn @ /Bnin T ne%T]Zn>
1
< 5nd<1‘n, ] EBTJZVL) —0 (asn — o0).
n=0

Hence

Ji_)r{.lod(xn,yn) =0, and nli_)rgod(yn,zn) =0, by (3.12). (3.17)

On the other hand, it follows from ([2.9) that

1 A
d2(yna Q) = d2 ((1 - Bn)$n S Bnm ]G_%T]Zn7q>
1 <« .
< (1= Bu)d*(@n, q) + Bumg D A (120, 0)
=0

Bl = B)—— 3 @, T 2)
=0

n+14
]_



S.-S. Chang, C.-F. Wen, J.-C. Yao, J. Nonlinear Sci. Appl. 9 (2016), 4317-4328

4325

< (1= Bl (@) + s S K2P(ens )
7=0

n

ZdQ(xn,szn)

=0

_Bn( ﬁn)n—i—l

< (1 - Bn)dz(xnv Q) + BnLnd2($n, Q)

— Bu(1 — ﬁ”)n—lu > d*(n, T z),
§=0

where L, = +1 > o k7 2 — 1, by (3.3). It follows from and the assumption of theorem that

a(l —b)

1 < :
3 Zdz (0, TV 2) < Bl 5n)mzd2(;¢n,wzn)
=0

< (1= Bo)d*(@n, q) + BnLnd* (20, q) — d*(yn, q)
< Lnd*(wn, q) — d*(yn, q) = 0 (as n — o).

Hence

This implies that ‘
lim d?(x,,T72,) =0, for each j=0,1,2,---,n
n—oo

Since d(xy, zn) — 0, especially, we have

lim d(x,,Tz,) =0, and lim d(zy,,Tz,)=0.
n—oo n—oo
(IV) Now we prove that
lim d(Jyzp,x,) =0, where A\, > A > 0.

n—o0

In fact, it follows from (3.12)) and Lemma that
d(!])\ﬁnv xn) < d(J)\i?n, Zn) + d(zn’ xn) = d(JAxna J)\nfEn) + d(Zn, fL‘n)

- A A
J)\najn b —

An
= d(Jzzp, I\(——— 3

A A
< d(zp, (1 - —)JAnxn ® N

)d(.an7 J)\nxn) + d(Zn, an)

A, Tn)) + d(zn, Tn)

.’En) + d(Zn, xn)
A
< A
<(1- "
A
r)d(xna zn) + d(zn, ) — 0.
(V) Next we prove that
wa(zn) = |J {A{u})}cQ,
{un}c{mn}
where A({uy}) is the asymptotic center of {u,}.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Let u € wa(xy,), then there exists a subsequence {u,} of {z,} such that A({u,}) = {u}. It follows from
Lemma that there exists a subsequence {v,} of {u,} such that A — lim,_,o v, = v for some v € C. In

view of (3.20) and (3.21|)

lim d(vy, Tv,) =0, and lim d(Jy\v,,vy,) =0,
n—oo

n—0o0
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and T and J) both are demi-closed at 0. By Lemma v € Q. Also, by (3.7), the limit lim,, oo d(xy, v)
exists. Hence by Lemma u = v. This shows that w,(z,) C Q.

Finally, we show that the sequence {x,} A-converges to a point in Q. To this end, it suffices to show
that wa (z,,) consists of exactly one point. Let {u,} be a subsequence of {x,} with A({u,}) = {u} and let
A({zn}) = {z}. Since u € wa(z,) C Q and {d(x,,u)} converges, by Lemma we have x = u. Hence
wa (zy) = {x}.

This completes the proof of Theorem O

Remark 3.2.

1. Theorem [3.1] not only gives an affirmative answer to the open question mentioned above, but also
generalizes the main results in Agarwal et al [I], Khan-Abbas [18] from one nonexpansive mapping
to asymptoticaly nonexpansive mappings involving the convex and lower semi-continuous function in

CAT(0) spaces.

2. Theorem also extends the the main results in Bac¢ak [4], and the corresponding results in Ariza-Ruiz
et al [3], Cholamjiak et al [I1]. In fact, we present a new modified proximal point algorithm for solving
the convex minimization problem as well as the fixed point problem of asymptotically nonexpansive
mappings in CAT(0) spaces.

Since every real Hilbert space H is a complete CAT(0) space, the following result can be obtained from
Theorem immediately.

Corollary 3.3. Let H be a real Hilbert space and C be a nonempty closed and convexr subset of H. Let f :
C — (—00,00] be a proper convex and lower semi-continuous function, and T : C — C be an asymptotically
nonexpansive mappings with sequence {ky,} C [1,00) , kn — 1. Let {aw}, {Bn} be sequences in [0, 1] with
0<a<ap Bn<b<l, Vn>1. Let {\,} be a sequence such that A, > X > 0 for alln > 1 and some \.
For any given xo € C, let {x,} be the sequence generated by

4

. 1
Zp = argmmyyec[f(y) + KCF(?J? xn)L

L S Vn > 1 (3.24)
n — 1-— n)Ln n Tjn n= 2 ’
Yn = (1= Bn)zn + B n+1n§:0 z

{ Tnt+1 = (1 - O‘n)xn + anTnynv

Denote by L,, := n%rl > j—okj and 0y = maz{ky, Lyn}. If

o0

Z(O’n —1)<oo and Q:=F(T) ﬂargminyecf(y) £, (3.25)

n=0

then {x,} converges weakly to a point x* € Q which is a minimizer of f in C as well as it is also a fized
point of T in C.

Remark 3.4. Corollary is an improvement and generalization of the main result in Rockafellar[24] and
Giiler [14].

4. Strong convergence theorem for proximal point and fixed point involving Cesaro type mean
of asymptotically nonexpansive mapping in CAT(0) spaces

Let (X,d) be a CAT(0) space, and C' be a nonempty closed and convex subset of X. Recall that
a mapping T : C — C is said to be demi-compact, if for any bounded sequence {x,} in C such that
d(zp,Tx,) — 0 (as n — o), then there exists a subsequence {z,,} C {z,} such that {z,,} converges
strongly (that is, in metric topology) to some point p € C.
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Theorem 4.1. Under the assumptions of Theorem [3.1], if, in addition, T or Jy is demi-compact, then the
sequence {x,} defined by (3.1 converges strongly (that is, in metric topology) to a point x* € Q.

Proof. In fact, it follows from (3.21]) and (3.22)) that

nhﬁr{.lo d(zy, Tx,) =0, (4.1)
and
ILm d(zy, Jx(zn)) =0, (4.2)

Again by the assumption that one of T or J) is demi-compact, without loss of generality, we can assume
T is demi-compact, it follows from that there exists a subsequence {zn,} C {zn} such that {z,;}
converges strongly to some point p € C. Since J) is nonexpansive, it is demi-closed at 0. Again since T'
is asymptotically nonexpansive, by Lemma it is also demi-closed at 0. Hence p € . Again by
the limit limy,—cod(zy, p) exists. Hence we have limy,—ood(x,, p) = 0. This completes the proof of Theorem

41l O
Theorem 4.2. Under the assumptions of Theorem[3.d], if, in addition, there exists a nondecreasing function
g :[0,00) = [0,00) with g(0) =0,g(r) >0, Vr >0, such that
g(d(z,Q)) < d(z, Jyz) + d(z,Tx), Vx € C. (4.3)
Then the sequence {x,} defined by converges strongly (that is, in metric topology) to a point p* € Q.
Proof. 1t follows from and that for each A\, 0 < A < A\, we have
lim d(zp,Tx,) =0 and nlgrolo d(xp, Ja(zy)) = 0. (4.4)

n—oo

Therefore we have lim,,_,~ g(d(zy,2)) = 0. Since g is nondecreasing with g(0) = 0 and g(r) > 0, r > 0,
we have

lim d(zy,Q) =0. (4.5)

n—oo

Next we prove that {z,} is a Cauchy sequence in C. In fact, it follows from ({3.6) that for any ¢ € Q
d(anrla q) S (1 + fn)d(xn, q),Vn Z 17
where &, = (0, — 1)L, 0y = maz{ky,L,} =1 (as n — 00), L =1+4sup,>10n. » g & < 0o. Hence for
any positive integers n, m we have
d($n+m, Q) + d(xTM q)
(1 + gn—l—m—l)d(xn—l—m—la Q) + d($n, Q)'

d(xn-f—m? xn) S
<

Since for each ¢t > 0, 1 +¢ < e', we have

d(Tntm, Tn) < €1 d(Tn4m-1,4) + d(Zn, )
< 6€n+m71+§n+m*2d(gjn+m,2, Q) + d(xna Q)

IN

X2 i d(zy, q) + d(m, q)
(14 M)d(zn,q), for each q € Q.

VANVAN

where M = eXiz1& < 0o, Hence we have
d(Tppm, o) < (1 4+ M)d(zy,, Q).

This together with shows that {z,} is a Cauchy sequence in C. Since C'is a closed subset in a complete
CAT(0) space X, it is complete. Without loss of generality, we can assume that {z,} converges strongly to
some point p*. It is easy to see that F'(Jy), F(T;) and F(S;), i = 1,2 all are closed subsets in C, so is Q.
Since limy, o0 d(zp, ) = 0, p* € Q. This completes the proof of Theorem O
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