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Abstract

The local fractional differential transform method (LFDTM) and local fractional decomposition method
(LFDM) are applied to implement the homogeneous and nonhomogeneous Goursat problem involving local
fractional derivative operators. The approximate analytical solution of this problem is calculated in form
of a series with easily computable components. Examples are studied in order to show the accuracy and
reliability of presented methods. We demonstrate that the two approaches are very effective and convenient
for finding the analytical solutions of partial differential equations with local fractional derivative operators.
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1. Introduction

The local fractional differential transform and Adomian decomposition methods are accurate approx-
imation techniques for solving the partial differential equations with local fractional derivative operators.
The concept of local fractional differential transform method (LFDTM) was introduced first by Yang et al.
in 2016 [7]. This scheme is based on the local fractional Taylor’s theorem to construct analytical solutions
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in the form of a polynomial by means of an iterative procedure. Recently, these methods (LFDTM) and
(LFDM) are introduced by Yang, Jafari and Baleanu et al. [I 2], 4, [5 [7] and used for solving the diffusion
equation [1} [7], Laplace equation [5], Fokker Planck equations [4], and telegraph equation [2].

In the present work we shall find the analytical solutions of the Goursat problem that arises in the partial
differential equations with mixed derivatives in its standard form which is given by:

0% () ()
me,m :G(n,m,w,wn sV ) (1.1)
subject to the conditions
$(n,0) = fr(n),
w(()? k) = fQ(’%)v

¥(0,0) = f1(0) = f2(0),

by using the local fractional differential transform and Adomian decomposition methods.

2. Basic definitions of local fractional calculus

Below we present some basic definitions and properties of local fractional calculus theory utilized in our
manuscript ([3} [6]).

Definition 2.1. The local fractional derivative of ¢(n) of order ¥ at n = ng is given by

() — lim AV (p(n) — (o))
R

where AY(p(n) — ¢(no) = T(9 + 1)(0(n) — @(no))-

The formulas of local fractional derivatives of special functions used in the paper are as follows:

D ap(n) = aD{M o(n),

nd (n—1)9
JCoN p— S n € N.
" T(A+n0)| T+ (n—1)9)

Definition 2.2. The local fractional integral of ¢(n) of order ¥ in the interval [a, b] is given by

Do) = — "o’ = — 3 t;)(At;)?
abMM—melwﬁ()—MHmNg%ﬂMﬁ(ﬂ,

where the partitions of the interval [a, b] are denoted as (¢;,tj41),5 = 0,...,N —1,tg = a and ty = b with
At]’ = tj+1 - tj and At = maX{Ato, Atl, .. }
The formulas of local fractional integrals of special functions used in the paper are as follows:

I ap(n) = a 1 o),

) [ nm? :| _ pn+1)? B q(nt1)?
“h 1+n9)] TA+mn+1)9) T+ (n+1)9)

Definition 2.3. In fractal space, the Mittage Leffler function, sine function, and cosine function are defined
as:

n

— 7
ﬁ>:§r(1+n19)’
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) 9 0 n(2n+1)19
sing (117) = nzo(_l)nr 1+ (2n+ 1))’
C; 2n
coso(n) = (1" =TT

3. Local fractional differential transform method (LFDTM)

In the following, the basic definitions and fundamental operations of the local fractional differential
transform method are shown.

Definition 3.1. The two dimensional differential transform of the local fractional analytic function ¥ (n, )
via the local fractional operator is defined by the following formula:

B+ (n, k)

1 1
OnPY ke ’
="10,K=kK0

T'(1+ B9)T(1+ 0) (3.1)

V(B,e) =

where 8,6 =0,1,...,nand 0 < ¥ < 1.

Definition 3.2. The two dimensional differential inverse transform of W(f3, ) via the local fractional oper-
ator is defined as:

ZZ\P B,2)(n = o)™’ (k = ko)™’ (3:2)

B=0¢e=0

Combining (3.1)) and (3.2)), it can be obtained that

1 Oy (n, k)
) L NBY(,. o \ed
Z Z T(1+ &9 (1+ed) | 0nPPore? (= 1m0)™ (= o)™
B=0¢e=0 N="n0,K=K0
If ny = 0 and Ko = 0, then (3.1]) is shown as follows:
1 1 OB+ (n, k
W(B,e) = Mw(nﬁ )
[(1+ BY) T(1 + 9) onPYOke -
n=0,k
and (3.2) is expressed as follows:
R) =3 U(B,em” s, (3.3)

B=0¢e=0

Theorem 3.3. Suppose that 1(n, k), p(n, k) and 6(n, k) are local fractional analytic functions and V(j,¢€),
®(B,e)and O(B,¢) are their corresponding local fractional differential transforms with order of fraction ¥,
respectively, then we have

L Ify(n, k) = (0, k) + 0(n, k) then ¥(B,¢) = ®(B,¢) + OB, ¢).

2. If (0, k) = @(n, &) + 0(n, K) then W(B,e) = 374 Y0 ®(B,e — 5)O(8 — 1,¢).
3. If ¥v(n, k) = ap(n, k), where a is a constant, then V(f3,¢e) = ®(5,¢).

Y A+ (B+1)9)

4. Ifﬂ)(%’f) = 87?71990(7]7’{) then \I](B7€) = F(l i ﬁﬁ) (I)(B + 1,5).
v S
5. 100, K) = Sespln, ) then W(5,<) = F(}Zﬁ;;%w,a L),
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orts)9 L(14 (84 7)) (1 + (e + 5)9)
_ (n=m0)" (k — Ko)*’ _ 0y(B—1) dy(e —s)
TR = s gy T T s0) e Y5 = pa e T T s0)
where the local fractional Dirac-delta function is given by
|1, B=m, a1l oe=s
(519(6—7")—{ 0. 347 and dy(e s)—{ 0 c4s
4. Local fractional decomposition method (LFDM).
It is obvious that ([1.1)) can be rewritten in the following form:
L LDy, k) = G (n, ARURTICON 1/)219)) , (4.1)
where 5 Y
-9 pw_9

" P’ TR T kY
are the local fractional differential operators of order ¢ with respect to 1 and &, respectively.

We now define the inverse operators Lg,_ﬂ) and L,(i_ﬁ) in the form:

50 = s [ 0@ 10 =t [0

Applying L,(;ﬂ) on (4.1]), we construct

Ly [Lﬁ’ﬁ) L (n, ﬁ)} =L{G (?7, ERURTICON wS”) : (4.2)
Making use of , we get
LG, k) = L% (0, 0) + LEVG (., 0,07, 0 ) (4.3)

Taking L%ﬁﬁ) to the both sides of (4.3), we have

LEI L, 5) = L L 6(0,0) + LTI LENG (k00,00 0l

This gives
(0, 1) = 0(1,0) + (0, 8) = (0,0 + LTV LENG (m ey, 0,

or equivalently
n,K) = i) + falk) = 1(0) + LTOLENG (.m0, 00, 07

In the LFDM we express the solution (7, k) of local fractional differential equation (4.1) in a series
form defined by

oo
O E) =D Ym(n, k).
m=0
The components ¥, (n, k) are obtained by the recurrence relation:

Yo(n, k) = g(n, k), (4.4)
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Yma1(1,5) = LT LEVH (Y, 00,0500 ) (4.5)
where
oy — | O 00 = A1(0) G =H (v, v),
a i)+ F2m) = £10) + LTV LT win k), G = winm) + H (6,087, 6)

5. Tllustrative examples.

In this section, two examples for Goursat models involving the local fractional differential operators are
presented in order to demonstrate the simplicity and the efficiency of the above methods.

Example 5.1. Let us consider the homogeneous Goursat problem with local fractional differential operators

8219
Ww(% k) =P, kK), (5.1)

subject to the initial conditions

I. Below we present the LEDTM.
Taking the LFDTM of (5.1)), by using the basic operation in Theorem we have
T+ B+ T+ (e+1)9)

(1 + 39) T(1+ <)

U(B+1,e+1)=V(3,¢),

or equivalently
I'(1+pv) I'(1+ev)

YLt ) = 5 G ) T+ e+ o) - >
where 0(5.0) M, B0,6) = M’ ¥(0,0) = 1. (5.4)
In view of (5.3) and (5.4), the results are listed as follows:

v(L1) = r(11+z9) r(11+z9)’ 2= F(11+29) F(li%)’

V9) = gy o YO = R

YD =g Jlr 29)T(1 1+ Ok Y2 =1 i 20) (1 Jlr 20)°

Y23 =g Jlr 20) T(1 i 39)° Y= i 20) (1 Jlr 49)’

vE D=1 Jlr 39)T(1 1+ )’ v6:2) = i 30) T(1 Jlr 20)’

¥33) = q i 30) T(1 i 30)’ YA = ﬂlL 30) T(1 Jlr 49)’

V4, 4) = r(1 i 49)T(1 Jlr 40)
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and so on. In general, we obtain

1 1

v = . 9.9
(5:2) = T3 By T+ 20) (5:5)
Utilizing (3.3)) and (5.5)), we have
=D D V(B R
,6’—0 e=0
-3
B=0 =0
= Ey(n )Eﬁ("‘fﬁ)-
II. As a next step, we apply the LEDM.
From(5.1)), (5.2), (4.4), and (4.5) we get the following iterative formula:
bo(n, k) = Eg(n”) + Eg(x") — 1,
Ym1 (777 K’) = Lg]_ﬂ)L;(ﬁ_ﬂ)me% KJ)) m 2 0. (57)

Utilizing (5.6 and (5.7)), we obtain the following approximations:

Yi(n, k) = LS L o (n, k)
= LiOLE [Bo(n”) + Eoln”) - 1
¥ [ [ [ [ [V
_ K N N K o K
= Tta+o) Ut P ) T ra e Ty Ta+9)  Ta+9)

1/’2(777 K) = Lgfﬁ)L;(«fﬁ)Tﬁl(Tla K’)

K219 9 77219 " 77219 K;Qﬁ 77219 /{79
= s o Bo(”) + m o Ea(kY) — =
T'(1+20) T'(1+20) F(1+20)T(1+29) TI(1+29)0(1+9)
,r’ﬂ 5219 77219 K.J219

F(1+9)0(1+29) TL(1+29) TI(1+209)

1/}3(77’ 'V”') = ng_ﬁ)LEe_ﬁ)¢2(777 ’i)

,i319 77319 7’319 ﬁ319 77319 H219
= By’ + = By(r”) — -
(1 + 39) (1 + 39) T(1+30)T(1+39) T(1+39)0(1+29)
77219 H319 17319 Ht? 7719 142319 77319

F(14+20)T(1+39) T(1+39)T(1+9) TOA+IHTA+39) T(1+39)
and so on. Therefore, we get the solution of (5.1)) as follows:

K K K

T(1+9) T+29) T+30) "

(v 29 39
Ep(r¥) |1 iU iU r
+ ’9(”)[ Trate) TTag20) Tt "

U 29 39 :|

b0 k) = Eo(n”) [1 n

7719 n219 ¥ K219
- [1+F(1+0) T +20) +] [1+F(1—|—79) Tt 29) +}
= Ey(n’) Eg(").
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Example 5.2. Consider the following nonhomogeneous Goursat problem with local fractional differential
operators:

8219 Hz?
W¢(ﬁa K) =1(n, k) — m, (5.8)
subject to the initial conditions
(n,0) = Ey(1”),
0(0.8) = = By () (5.9)
B VTS R A ‘
¥(0,0) = 1.
I. By using LEDTM.
Taking the LFDTM of (5.8) and using the basic operation in Theorem one can observe that
P14+ (B+1)9) 1+ (e+1)9) 69(B,e — 1)
v 1 )=V -
Ta+39) Tten TBFLe+tl)=¥e) -5
or equivalently
I'(1+ pv) I'(1 4 €9) 09(B,e — 1)
T(B+1,e+1)= U(B,e) — = I 5.10
Brlet)=rarGrnras e TP 9  Tato (5.10)
where ) ) 5.(3 0
90, € —
\j = U = v = 1. 11
In view of ([5.10)) and (5.11)), the results are listed as follows:
1 1 1 1
OV = rar o tat o (0-2) = v 520y 0:3) =t 530y
1 1 1 1 1
V(0,4) = —— v(1,1) = U(1.2) =
0.4 = ra5 1y WU = g i+ o) L2 = a9y T+ 20)
1 1 1 1 1 1
v(1 = U(1,4) = U(2,1) =
W3 =rarorarsey TSV rarorarar YAV T rarearas o)
1 1 1 1 1 1
¥(2,2) = T'(1+429)T(1+29)° ¥(23) = (1 +29)T(1 + 39)’ V(24 = L(1+29)T(1 +49)’
1 1 1 1 1 1
(3,1) I'(1+39)T(1+9)’ (3:2) I'(1+39) (1 +29)’ (3,3) I'(1+39)T(1+39)’
1 1 1 1
v(3,4) = U(4,4) =
G =rasarara YT TaTwTas
and so on. In general, we obtain
1 1
) ﬂ = 078 - )
ri+9)ra+o
w(pe) =g TETOTEEY)
T1+ANTA+ew)
Hence, we get the solution of (5.8) as follows:
wink) =) U(B,en” k!
B=0 =0
9 00 0 89 et

_ Ui K
T +9) ;}; (14 BY9) T(1 + &v9)

KV

T T(1+0)

Ey(n”)Eg(r?).
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II. By using LFDM.
From (5.8)), (5.9)), (4.4) and (4.5)), we get the following iterative formula:

9 9 Iiﬁ 7779 H2ﬂ
Ymi1(n, k) = LS LS (0, 5), m > 0. (5.13)

Utilizing (5.12)) and (5.13)), we obtain the following approximations:

(] (777 K“) = L7(7_19)L/(i_19)¢0(777 K)

(—=9) 7 (=9) 9 9 K’ "719 K2
=Ly UL B ) + Bo(W) + may T T oy T £ 29)
s o (v 29 (v [
= By () + e By (K7) + T e ©
T(1+9) T(1+9) T(1+0)T(1+20) T(1+9)D(L+0)
77219 I€319 7719 Iiﬂ

CTA+29)TA+39) TA+9) TA+9)

ba(n, &) = LS LE D (n, k)
H279 29 29 39 29 29

n n K n K
T T+ 29) Eo(n’)+ I(l+ 219)E19(“19) A 20)T(1+30)  T(L+20)T(1+20)

39 49 29 U 9 29 29
n K n K Ui K n

CTA+30)T(1+49) T(A+20)TA+9) TA+0)T(1+29) T(1+209)

R219

CT(1+29)

and so on. Therefore, we get the solution of ([5.8) as follows:

:‘iﬂ 9 /4,19 /4/219 H379
w(na/‘i):w—kl%(n)[1+F(1+19)+F(1+219)—|—F(1+319)+..l
E 9 1 7719 77219 Hgﬁ
" ﬂ(“)[ +r(1+q9)+r(1+20)+r(1+319)+"']
7719 ?7279 Iﬁﬂ :‘£219
_[1+r(1+z9)+r(1+2q9)+"'] [1+F(1+19)+1“(1+219)+“l
Iﬁﬁ
“Tt0) + Ey(n”)Ey(k”).

6. Conclusions

The LEDTM and LFDM have been successfully applied to obtain the analytical solutions of problems
that arise in partial differential equations with mixed derivatives. The examples show that the results of
local fractional differential transform method are in excellent agreement with the results given by the local
fractional decomposition method. The LFDTM reduces the computational difficulties existing in the LFDM
and all the calculations can be done by simple manipulations.
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