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Abstract

The paper studies the dynamical behaviors of a discrete predator-prey system with Holling type III
functional response. More precisely, we investigate the local stability of equilibriums, flip bifurcation and
Neimark-Sacker bifurcation of the model by using the center manifold theorem and the bifurcation theory.
And analyze the dynamic characteristics of the system in two-dimensional parameter-spaces, one can observe
the ”cluster” phenomenon. Numerical simulations not only illustrate our results, but also exhibit the complex
dynamical behaviors of the model. The results show that we can more clearly and directly observe the chaotic
phenomenon, period-adding and Neimark-Sacker bifurcation from two-dimensional parameter-spaces and the
optimal parameters matching interval can also be found easily. (©)2016 all rights reserved.
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1. Introduction

The predator-prey models play an important and fundamental role among the relationships of the bi-
ological populations, which causes great attention in ecological and biological fields. In the biology field,
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the predator-prey model is widely applied to deal with the problem in real world. The predator-prey model
can also show the relationships between two predator-prey species. The size of the population is not only
influenced by the species competition and predation but also influenced by the parasitic infection. There
are many results on the nonlinear dynamics of predator-prey models with harvesting, such as permanence,
extinction, stability of equilibrium, Hopf bifurcation, limit cycle, chaotic behavior, and so on. There are
many scholars who investigated the nonlinear dynamic characteristics of continuous system, however, the
research about discrete systems is relatively rare. Compared with the continuous system, the discrete system
posses its unique dynamic characteristics. And in the real life, many practical problems can be depicted
by the discrete systems. At the same time, in order to calculate the exact solution which is hard to obtain
of the equation, we can also discrete the continuous systems to obtain numerical solution by the differ-
ence methods. Therefore, the study of discrete system achieved great development among mathematics,
physics and engineering. And due to many infectious diseases’ data is collected to day, week, month and
year. Hence, we can establish the discrete model to show the infectious diseases’ character. At the same
time, the discrete model is more tied to the life than the continuous model. Chen et al. [3] applied the
forward Euler method to the ratio-dependent predator-prey model, and then investigated the dynamical
behaviors of discrete system by using the center manifold theorem. Zhang et al. [26] investigated the dy-
namical behaviors of the discrete-time predator-prey biological economic system by using new normal form
of differential-algebraic system. Wang and Li [24] revisited a discrete predator-prey model and proposed a
very meaningful lemma which can be used to study the system’s stability and bifurcation. Elabbasy et al.
[5] derived the existence and stability of the fixed points of a discrete reduced Lorenz system by using the
center manifold theorem and bifurcation theory. Ghaziani et al. [6] studied the resonance and bifurcation
in a discrete-time predator-prey system with Holling functional response. Zhao et al. [27] focused on a
reaction-diffusion neural network with delays and studied the stability and bifurcation of the networks.

It is well-known that the single-species discrete Logistic models possess a lot of rich dynamic behaviors
[16, 21]. Sangapate [23] presented new sufficient conditions for the asymptotic stability of discrete time-
delay systems. Li [I7] studied the bifurcation of a prey-predator system with sex-structure and sexual
favoritism. Hu and Cao [12] studied the bifurcation and chaos in a discrete-time predator-prey system of
Holling and Leslie type, and derived the existence conditions of flip bifurcation and Hopf bifurcation. Hu
et al. [13] discussed the dynamical behaviors of a discrete-time SIR epidemic model and studied the local
stability of the disease-free equilibrium and endemic equilibrium. Misra et al. [19] analyzed the stability and
bifurcation of a prey-predator model with age based predation, and obtained all the feasible equilibriums
of the discrete system. Banerjee et al. [1] presented a delay differential equation model of immunotherapy
for tumor-immune response, and estimated the length of delay to preserve the stability of an equilibrium
state of biological significance. Jana [14] presented the existence conditions of stability, flip bifurcation and
Neimark-Sacker bifurcation, and found very rich dynamic characteristics through theoretical and numerical
analysis. The predator-prey system has a theoretical and practical significance. And in recent years, the
study of dynamic behavior of predator-prey models has attracted much attention of many scholars [4], [7, 8],
10, 111 15, 18]. Qiu et al. [20] discussed equilibrium and limit cycle of an autonomy predator-prey model
by using qualitative stability theory of differential equation, and when positive equilibrium is unstable, the
sufficient conditions of the existence and uniqueness of limit cycle is obtained. In this paper, we firstly apply
the forward Euler scheme to the autonomy predator-prey model to get the discrete predator-prey model.
Then, we investigate the local stability of equilibriums, flip bifurcation and Neimark-Sacker bifurcation of
the model by using the bifurcation theory [9, 22 25] and the center manifold theorem [2] 22, 25]. And we
also analyze the dynamic characteristics of the discrete predator-prey model in two-dimensional parameter-
spaces, the numerical results show that the model exist many very interesting dynamic characteristics.

The paper is organized as following. We obtain a discrete predator-prey system with Holling type III
functional response system in Section [2| In Section [3| we investigate the existence and stability of the fixed
points. We discuss the flip bifurcation and Neimark-Sacker bifurcation of (xg,yo) in Section 4, In Section
we give some numerical simulations, which not only illustrate our results with the theoretical analysis, but
also exhibit the complex dynamical behaviors such as orbits with period 5, 10, cascades of period-doubling
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bifurcation in orbits with period 2, 4, 8, 16, quasi-periodic orbits and chaotic sets. We present several panels
displaying parameter-space plots with respect to different pairs of parameters in Section [f] In Section [7], we
give a conclusion.

2. Model formulation

Qiu et al. [20] proposed a continuous-time predator-prey model

d 2
e O e
dt 1+ wa? (2.1)
dy kax?y '
Yty + Y
dt 1+ wx

where x and y denote the prey and predator densities, respectively, and a, b, o, w, d1, k are positive constants.

For the convenience, we substitute ¢t = %,a:f = f,a2 = d—bl, az = %O‘, m =%, §y=my,y =y into system

(2.1). Then we obtain the following system

dx 3_.3 *y
dt z(ay ) 14 wz?’ (2.2)
dy ( n azx? ) '
-7 — —a - -
ar TR + wx2”’
Applying the forward Euler scheme to system ([2.2)), we can get the discrete predator-prey system as follows:
S 2
r — x+dx(al —2°) — miy?
ltws (2.3)
oyt 5 ( + a3x2 )
—ag + ———),
y =y +oy(—az+ = s

where § is the step size, a1, as,a3,w > 0. The purpose of this paper is to investigate the stability of the
equilibriums and bifurcation of system (2.3) in Ry = {(z,y)|z > 0,y > 0}.

3. The existence and stability of fixed points
Obviously, the fixed points of system ([2.3)) are satisfied the following equations:

) 2
r=gx+6x(al —23) — ]:7%7
wzr
0522 (3.1)
= oy(— —).
y=y+dy(—az + 1+wx2)
Without loss of generality, we assume that w = 1 and the system (3.1]) is reduced to:
5 2
r=x+dx(ad —2°) — 1_?_73/2,
x
5 (3.2)
asx

y =y +oy(—az +

),

14 22
Lemma 3.1.

i) The system (3.2) has two fixed points (0,0) and (ay1,0) for all parameters.
() y p 9y ) p
ii) The system (3.2)) has the fized point (xo,%0) if and only if aza? > as(1 + a?), where xg,yo satisfy
1 1

3 3 _ ZoYo
a; — Ty = 1+ 2
o
(131'3
ag =

1+x3'
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Next, we will study the stability of the fixed points. Note that the local stability of a fixed point (x,y)
is determined by the modules of eigenvalues of the characteristic equation at the fixed point.
The Jacobian matrix J of the system (3.2]) at fixed point (z,y) is given by

5 2
(1t -t - o
J(.%, y) - 26azzy azx? ’
(1+=2)2 1+ 5(*&2 + 1+x2)
and we have
[ 1+6a 0
J<O7O)_(0 1-5&2 )
2
1—36a} —-2u
J(alv 0) - ' thai aza? ’
0 1+5(—a2+1+a1%)
26 b}
sy 10ttty s i
yY) = 2
e L+ (a2 + 1350)

For the sake of analyze the stability of fixed points of system (3.2)), we first introduce a lemma as follows:

Lemma 3.2. Let F(\) = A2 + BA+ C. Suppose that F(1) > 0, and A\, A2 be the two roots of F(\) = 0,
then

(i) |A1] <1 and [A2| <1 if and only if F(—1) >0 and C < 1;
(ii) M| <1 and |A2| > 1 (or |A1]| > 1 and |X2| < 1) if and only if F(—1) < 0;
(iii) [A1] > 1 and |X2| > 1 if and only if F(—1) > 0 and C < 1;
(iv) A1 = =1 and |A2| # 1 if and only if F(—1) =0 and B # 0,2;
(v) A1 and Ay are complex and |\1| =1 and |X2| = 1 if and only if B> —4C < 0 and C = 1.

Let A\; and Ay be two roots of the characteristic equation of Jacobian matrix J. The fixed point (x,y)
is called a sink if [\1| < 1 and |A2| < 1, and the sink is locally asymptotic stable. (z,y) is called a source if
|A1] > 1 and |A2| > 1, and the source is locally unstable. (z,y) is called a saddle if |A\1| > 1 and |A2| < 1 (or
A1l < 1 and |[A2] > 1). And (x,y) is called non-hyperbolic if either |A\;| =1 or |A2| = 1.

From Lemma we can get the following results:

Proposition 3.3. The eigenvalues of the fived point (0,0) are \; = 1 + 6a3, Ao = 1 — Sas.

(i) the fized point (0,0) is a saddle if 0 < dag < 2;
(ii) the fized point (0,0) is a source if dag > 2;
(iii) the fized point (0,0) is non-hyperbolic if dag = 2.

Proposition 3.4. The eigenvalues of the fized point (a1,0) are Ay = 1 — 3da3, Ao = 1 + 6(—ag + asa) )

1+a% :
(i) the fived point (a1,0) is a saddle if 0 < da} < %;
(ii) the fized point (ay,0) is a source if 5a3 > 2;
(iii) the fized point (a1,0)is non-hyperbolic if 5a3 = 2.
The characteristic equation of the Jacobian matrix J of the system (3.2) evaluated at (zg,yo) can be
written as

A2+ p(2o, o)A + 4(wo, yo) = 0, (3.3)
where
agx% 2x0yo

T0,90) = —2 — (—ag + a3 — 4z + - d,
p(z0, Yo) (—az +aj U (1+x3)2)
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2
asxy 2z0Y0
0, =1+ (—ag +a’ — 423 + — 1)
q(wo, yo) (—a2 1 0 1—1—90(2) (1+$3)2)
a‘llx% 4338 2a5x010

+ (—ajag + dagwd + )02

T+a22 1422 (1+a2)?

Let

2 4,2 5
3 3 a3T( 2z0Yo 3 3 a1Tg 4z 2a20Y0
= —ag + aj — 4dxy + - , = —ajag + dasxy + — ,
¢ 2 1 0 1+a23  (1+23)? K 192 270 1+23 1+a22  (1+23)?

then Eq. can be written as
N (24 €N+ (1 + &5+ nd?) =0.
And let F(\) = A2 — (24 £0)X + (1 + &5 + n6?), then we have
F(1) =n6%>0,F(—1) = 4 + 265 + nd>.

Proposition 3.5. Assume that (xg,y0) is the positive fized point of system (3.2)):

(1) the positive fized point (xg,yo) is a sink if one of the following conditions holds:
. _ _§ B
(i1) —2M<E{<0and0 <0 < —3;
_£ 2_
(12) €< —27 and 0 < § < —=VE=,
(ii) the positive fixed point (xo,yo) is a source if one of the following conditions holds:
(ii.1) —2,mM <€ <0 andd > 5
_ 2_
(i.2) € < —2/7 and § > —FVE=,
(ii3) £ > 0;
(iii) the positive fized point (xo,yo) is a saddle if the following condition holds:
£ < =21 and 7_5_\{7@ <§< SV Vn§2_477;

(iv) the positive fixed point (xo,yo) is non-hyperbolic if one of the following conditions holds:
(iv.l) £ <=2y and 6 = VA ”7752_477 and § # —%,—%;
(iv.2) =2/ <& <0 andé=—2.

From Lemma we can see that if (iv.2) of Proposition holds, then one of the eigenvalues of the
positive fixed point (x,yo) is -1 and the other is neither 1 nor -1.

Let
n

F31: {(al,GQ,G/g, 7£<_2\/ﬁ7a’170’27a376>0}’

or

A VT
n

Fpy = {(a17a2;a37 ,§<—2\/ﬁ,a1,a2,a3,(5>0},
the flip bifurcation at fixed point (zg,yo) will appear if the parameters vary in the small neighborhood Fpq
or Fps.

Let

HB = {(a17a27a376) 10 = _76']’_2\/ﬁ<§< O,CLl,CLQ,GQ},(S > 0}7

the Neimark-Sacker bifurcation at fixed point (xg,yo) will appear if the parameters vary in the small neigh-
borhood Hp.
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4. Flip bifurcation and Neimark-Sacker bifurcation

Next, we are choosing § as the bifurcation parameter and study the flip bifurcation and Neimark-Sacker
bifurcation. We first discuss the flip bifurcation of the system at (o, yo) when the parameters vary in
the small neighborhood Fpi. For the case of Fpo, we can give a similar arguments.

Taking parameters (a1, a9, as,01) € Fp1, we consider the following system:

5 2
r— x+6x(ad — %) — 11f y2’
x
5 (4.1)
- +51y(—a2+7a3x ).
y—y 1+ 22

The system has a unique positive fixed point (x¢, o), and its eigenvalues are Ay = —1, A9 = 3+ £61
with || # 1.

Since (a1, a2,as3,61) € Fp1,01 = (—f — €2 — 417) /17. We choose 6* as the bifurcation parameter, and
consider a perturbation of as follows:

* 3 3 3729
r—x+ (01 +6)x(a] — )—ﬁ],
T (4.2)
* CL3£U2
y =y + (01 +0%)[y(—az + W)]v

where |6*] << 1.
Let u = x — xg,v = y — yo, and then (x,yo) of system (4.2) can be transformed into the origin, and we
have

a1 + a12v + a13u® + apauv + a1sv? + biud* + bovd* + equd

w) o, +eau?v + eguv? + eqv? + bgu?d* + byuvd* + bsv?6* + O((Ju] + |v| + [6%])*) (4.3)
v a1 + a0 + agzu? + agauv + assv? + crud* + covd* + dyud ’ ’
+dou?v + dguv? + dgv® + c3u?6* + cquvd* + c5v25* + O(([u| + |v| + |5*)H)
where
20 Sxd 26y (1 — 3z — 4z}
ajl = 1—1—5(1:1)’—451‘%—%, a2 = —?(;2, aiz = —1251}(2)_ yo((1+$g)4 O)’
0 0 0
200 3 3 2z0Y0 g
=_—="0 —0, by —=ad—4gd— 2%y, T0
1 (1+ 23)? 5 1= 01— %% (14222 2 14 a3
46x0yo(7 — 22 — 8x3) 20(1 + 323 + 4x3)
= —246x — , e = , e3=0,ea=0,
“ o 1+ 22) 2 (1+22) =
2y0(1 — 3:62 — 41’4) 2.TUO 25&3.7}0:1;0
_ 2 0 0 _ _ _
b = —12x5 — (1 + ZII%)4 ;b= —ma bs = 0,a21 = m» (4'4)
Sazx? 20asyo(1 — 222 — 3x3) 20a3xg
= 1 — 5 70 s = 0 0 = 55,
22 Lt (1 +23)* SN CRR=E
2a3Toyo CL3£L‘(2) 240a3x0yo(1 — 93‘01)
= 0’ I FEOIVE = - + —, = - )
25 DT a2 2T Ty * (1+ x2)°
20a3(1 — 223 — 3x8) 2a3y0(1 — 223 — 3xd) 2a3x0
do = , d3=0,d4=0, c3= , C4=-——5—=, c5 =0,
’ (1+a3)* ’ e (1+a3)? 4?7
and § = 4;.

We construct the following invertible matrix:

a2 a2
T = ,
( —l—an1 A—an )
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and use the following transformation

then system (4.3)) becomes into

X 10 X F(X,Y,0)
(v )= (0" %))+ () (9
where
o la13(A2 —an) —aiza23] o [a1a(A2 — a11) — a12a24] [b1(A2 — a11) — a2c1] o,
X, Y, 6% = U )
1 ) aiz(A2 + 1) ajz(A2 + 1) ajz(Ae + 1)
[ba(A2 —a11) — alch]v(S* n le1(A2 —a11) —aiadi] 5 [e2(A2 —ai1) — arada]
ajz(Ae +1) ajz(Ae + 1) ajz(Ae + 1)
[b3(A2 —a11) —a12¢3] 5. [ba(A2 —ann) —aized] cnd
u 6" + uvd™ + O((Ju] + |v| + |6 ,
(X, Y, 8%) = [a13(1 + a11) + a12a23] 2 [a14(1 4 a11) + a12a24] w [b1(1 + a11) + a12¢1] us*
aiz(A2 +1) ajz(Ae + 1) ajz(A2 + 1)
[bg(l + all) + a1202] " [61(1 + a11) + alzdl] 3 [62(1 + CL11) + a12d2] 9
vo* + U
ajz(A2 + 1) aiz(A2 + 1) ajz(A2 + 1)
[bg(l + a11) + a1203] 9 cx [1)4(1 + a11) + a1264] " winA
ud* + uvd™ + O((Ju] + |v| + |6 ,
v T ((ful + 101 + 18°)")
and
u=ap2(X+Y),v=—(14a11)X + (A2 —an)y,
uv = aro[—(1 + a11) X% + (A2 — 1 — 2a11) XY + (A2 — a11)Y?],
uw? = a2y (X2 + XY +Y?), ud=ady(X?+3X%Y +3XY3+Y3),
v = alo[—(1 + a11) X + (A2 — 2 — 3a11) XY + (209 — 1 — 3a11) XY3 + (\g — a11)Y?).

By the center manifold theorem, we can obtain a center manifold W¢(0,0,0), which can be approximately
represented as follows:

We(0,0,0) = {(X,Y,6%) € R* .Y = a1 X* + o X6* + a36** + O((| X| + [6*])*) } ,
where O((] X| + |6*])) is a function with order at least 3, and

ai2[a13(1 + a11) + ar2a23] + (1 + a11)[—a14(1 + a11) — ai12a23]

ay = =% ,

0y — (14 a11)[b2(1 + a11) + araco] — ara[bi(1 + a11) + aizci]
az(14 Ao)? ’

az = 0.

Therefore, the system (4.5) which is restricted to the center manifold W€¢(0,0,0) has the following form:
Fi: X = =X + X%+ ha X6 + ha X 20" + hyX6** + hs X3 + O((| X | + |6%))3), (4.6)

where

_ 1
_)\2—1—1

h1 {ai2[a13(A2 — a11) — arza23] — (1 + a11)[a1a(A2 — a11) — a12a24] },
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1
ho = ——— {aslbi(Ma — ar1) — —a bo( Ao — a11) —
2= aOe t 1){a12[ 1(A2 —a11) — arze1] — (1 4 a11)[b2(A2 — a11) — arzca]},
a
hs = A2 —2|r 1 {2a12]a13(A2 — a11) — arzazs] + (A2 = 1 = 2an)[a14(A2 — a11) — a12a24]}
a
+ m{alz[bl()a —a11) —aizc1] + (A2 — a11)[b2(A2 — a11) — ar2¢2]}
1
+ SV 1{a12[b3()\2 —a11) — aiz¢e3] — (1 + a11)[ba(A2 — a11) — arzc4l},
az
hi=—2 b (M — an) — 4 (o — an)[ba(he — an) — ,
1= aOe T 1){6112[ 1(A2 — a11) — arac1] + (A2 — a11)[b2(A2 — a11) — arzcal}
1
hs = S 1{26112&1[@13()\2 —a11) — ai2a23] + a1(A2 — 1 — 2a11)[a14(A2 — a11) — ar2a24]

+ a2, le1(A2 — a11) — aradi] — as(1 + arr)[e2(A2 — a11) — a12da]}.

In order to undergo a flip bifurcation for system (4.6[), we require that two discriminatory quantities oy and
ao are not equal to zero, where

0*Fy 10F, 0*°F,

L1 Voo = h 1O°F | 10°F
0X05* " 290+ 9x2’ 100 T

soxs T Goxe

ar = ( az = ( )*) | (0,0) = hs + hi.

Based on the above analysis, we can get the following theorem:

Theorem 4.1. If as # 0, then system (2.3)) undergoes a flip bifurcation at fized point (xg,yo) when & varies
in the small neighborhood of 1. Moreover, if ag > 0 (resp., ag < 0), then the period-2 orbits that bifurcate
from (xo,y0) are stable (resp., unstable).

Next, we study the Neimark-Sacker bifurcation of (xg,yp) when the parameters (a1, as,as,d2) vary in
the small neighborhood of Hp. Taking parameters (a1, az,as,d2) € Hp, we consider the following system

2
z — x4 dfx(al — %) — 1:1: yQ]a
, (4.7)
S y+ Galy(—ag + 2]
Yy—y 21Y 27T 7 a2
The system (4.7) has a unique positive fixed point (g, yo). B
Since (a1, ag,as,d2) € Hp,do = —&/n. We choose the parameter ¢* as the bifurcation parameter, and
consider a perturbation of system (4.7)) as follows:
v o (8 + 0)alad — ) — 2]
2 ! 1+ 227
2
asx
— do + 6%)[y(— —
y = y+ (62 +0")[y(—az + 1+x2)]’
where |6*] << 1.
Let u = x — z9,v = y — o, then (zg,yo) can be transformed into the origin, and we can get
u anu + ajpv + a13u? + ajqu + equd + egu?v + O((Jul + |v])*)
- 2 3 2 "SR (4.8)
v az1u + agv + azu” + aguv + diu’ + dau v + O((Jul + |v|)*)

Substituting § = do + 5* into Eq. (4.4), we can get ai1,ai2,a13, a4, €1, €2, a1, 22, a3, asy, di, da.
The characteristic equation of system (4.8) at (u,v) = (0,0) is as follows:

A p(09)A + q(6%) =0,
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where

p(6*) = —2—£(02+0%), q(6%) =1+&(d2+6%) +n(d2 +6%)°.

Since parameters (aq, az, a3, d2) € Hp, the roots of the characteristic equation are

() =5 =14 020 3 OO iy

MA = —

and we can get
< d|Al 3
A = o* l=—|50_g=—=>0.
‘ ‘ q( )7 da* ‘(5 =0 2
In addition, it is required that 6* = 0, A™,\™ # 1 (m = 1,2,3,4) which is equivalent to p(0) # —2,0,1,2.
Because (a1, ag,as,d2) € Hp, thus p(0) # —2,2. We only require p(0) # 0, 1, so that

&2 # 21,30, (4.9)

Therefore, the eigenvalues A, A of fixed point (0,0) of system (4.8) do not lay in the intersection of the unit
circle with the coordinate axes when 6* = 0 and the condition (4.9) holds.
Next, we study the normal form of system (4.8)) at 6* = 0. Let

< §02 02 a2 0
) l’L + 2 ) w 2 /r] 5 M M_all _w )

(v)=r(+¥)

then the system (4.8]) becomes into the following form

and use the following translation

()= (8 5 00 )+ (aan)), o

where
_ a a e e
FX,Y) = 22 + v + —ud + —2uPo + O((IX] + Y)Y,
a12 a2 a12 a2
(X, Y) = [a13(p — a11) — a12a23] w4 [a1a(p — a11) — a12a24] -
ajow alow
e —ay1) — ayad e —ai1) — ayad
N [er(p —an) —aedi] 5 N le2(p — an) —arady] 5 L O((1X] + YY),
alow a1oWw
u? = alh X2, wv = app(p — a11)X? — apwXY,u® = a, X3, w?v = ady(n — a11) X3 — awX?Y,
and
fxx =2a13a12 + 2a14(pp — a11), fxy = —auw, fyy =0,
fxxx = 6azlerars + ea(pp —an1)], fxxy = —2a12e2w, fxyy = fryy =0,
2

gxx = ;{au[aw(u —a11) — ai2a23] + (0 — a11)[ara(p — a11) — arzazl},
gxy = aiga4 — aja(p — a11), gyy =0,

_ 6a

JgxXxx = #{012[61@ —a11) — aedi] + (@ — ai1)ea(p — a11) — a12da]},

gxxy = 2a12[aiz — 2e2(p — a11)], gxvy = gyyy = 0.
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In order to undergo Neimark-Sacker bifurcation for system (4.10]), we require that the following discrimina-
tory quantity is not equal to zero [4, 111 [15] [18§]:

(1 —2))\2

A 1 _
a = [-Re(————&0tu1) — 5 6111 — [€02]” + Re(A21)] 5= »

where

€20 = é[(fxx = frv +20xy) +i(gxx — vy — 2fxv);

fun = i[(fxx + fyy) +i(Gxx + gyv)l,

o2 = é[(fxx — fyy = 20xy) +i(gxx — Gvy +2fxv)],

1 = e l(Foxx + Frovy +axxy +avey) +ilaxcx + oy — Fxor — fryv)

Based on the above analysis, we can obtain the following theorem:

Theorem 4.2. If a # 0 and the condition holds, then the system undergoes Neimark-Sacker
bifurcation at the fized point (xg,yo) when the parameter § varies in the small neighborhood of 62. Moreover,
if a < 0 (resp., a > 0), then an attracting (resp., repelling) invariant closed curve bifurcates from the fized
point for § > 02 (resp., 6 < d2).

5. Numerical simulations

In this section, we present the bifurcation diagrams and phase portraits of system (2.3 to confirm the
above theoretical analysis and show the complex dynamical behaviors by using numerical simulations. The
bifurcation parameters are considered in the following two cases:

(i)

We fix a; = 2,a2 = 0.3, a3 = 2 and let the parameter § vary in the range [0.25,0.6]. And we can get the
positive fixed point (0.42, 22.2) of system . By calculating we know that, the flip bifurcation occurs
at (0.42,22.2) when 6 = 0.405 with oy = —4.95, s = —0.19 and (a1, as, a3, d) = (2,0.3,2,0.405) € Fp;.
From Fig. [I| (a) and (b), we see that the fixed point (0.42,22.2) is stable for 6 < 0.405, and loses its
stability when 6 = 0.405. And we can see the period 2, 4, 8, 16 appear in the range § € (0.405,0.538).
The phase portraits which are associated with Fig. [T] are displayed in Fig.

We fix a; = 0.6,a2 = 0.3,a3 = 2.2 and let the parameter § vary in the range [3.2,5.2]. And now the
positive fixed point of system is (0.397,0.446). By calculating we know that the Neimark-Sacker
bifurcation occurs at (0.397,0.446) when 6 = 3.77, and its eigenvalues are Ay = —2.08 4 ¢1.8473. For
d = 3.77, we have [A\1| =1,a = —1.4672, [ = 0.818 > 0, and (a1, az, as,d) = (0.6,0.3,2.2,3.77) € Hp.
From Fig. |3 (a) and (c), we observe that the fixed point (0.397,0.446) of system is stable when
0 < 3.77, and loses its stability when § = 3.77, also an invariant circle appears when § passes through
3.77. The local amplifications of Fig. 3| (a) and (c) are Fig. |3| (b) and (d), respectively. The phase
portraits which are associated with Fig. [3|are displayed in Fig. [ which clearly depicts how a smooth
invariant circle bifurcates from the stable fixed point (0.397,0.446). There appears a circular curve
enclosing the fixed point (0.397,0.446) when § passes through 3.77, and its radius gradually becomes
larger with the growth of §. The circle disappears and a period-5 orbit appears when § = 4.45. There
are period-5, period-10, quasi-periodic orbits and attracting chaotic sets as shown in Fig.
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Figure 1: (a) Bifurcation diagram of system (2.3 in the (4, z) plane for

(b) Bifurcation diagram of system (2.3) in the (d,y) plane.
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6. The effect of two-parameter variation on dynamic behavior of the system

In this section, we present several parameter-space diagrams to display the dynamic behavior of system
. With the parameter changes, the system appears period-adding, and there are many periodic windows
are embedded in chaos area. The periodic solutions are plotted in different colors, and marked by the
corresponding numbers (such as the number 2 represents period-2, the number 10 represents period-10, and
the chaotic region appears when the number is equal or greater than 20).

Firstly, we let a; vary in the range [0.1,0.9], and ¢ vary in the range [3.2,5.2], by calculate and draw the
simulation diagram in two-dimensional parameter-spaces, as is shown in Fig. [5| With the parameter changes,
the periodic regions are organized in the parameter plane. Obviously, the system has period-doubling and
many periodic windows are embedded in chaos area.

049 =20 chaos

08
0.7
0.6
a 05
04
0.3

0.2

O.g.

Figure 5: a1 X § parameter-space plot of system (2.3)), different color intensities represent to different periodic values, the legend
at right side specifies the correspondence between colors and cycle periods. Chaotic phases are shown in black.

Next, we use other combinations of two parameters to plot the bifurcation diagrams of the system, as
shown in Fig. |§|, where as and § are taken as variables, with ag varies in the range [0.1,0.9], and § varies
in the range [3.2,5.2]. As demonstrated in Fig. @ the distributions of the periodic window are messy,
and the periodic windows are surrounded by the chaotic region in black. Obviously, we can find a cluster
which adjacent to the yellow parabola (in the upper portion of the yellow parabola) in the left part of Fig.
[l and the Neimark-Sacker bifurcation will be occured when the parameters as and ¢ take values on the
yellow parabolic. Then the system appears the cluster phenomenon (the periodic region such as period-6,
period-7, and period-10, etc.) when the parameters pass through yellow parabolic, that is the different
period island connect to the yellow parabolic and enters the chaotic region when the system passes through
the different period island.

Take a1 and ag as the variables to draw the two-dimensional parameter-spaces of the model, as shown
in Fig. [7] where with a; varies in the range [0.1,0.6], and ay varies in the range [0.3,0.8]. Obviously, the
system has a periodic-2 solution when the parameter as takes a small value. The system appears a cluster
which is adjacent to the yellow parabola (in the upper portion of the yellow parabola) with increase of the
parameter ag, and the Neimark-Sacker bifurcation will be occurred when the parameters a; and ao take
values on the yellow parabolic. Then the cluster phenomenon appears when the parameters pass through
the yellow parabolic, that is the different period island connect to the yellow parabolic enters the chaotic
region when the system passes through the different period island. And in the upper portion of the yellow
parabola of Fig. [7 we can see the distributions of the periodic window are messy and the system have a
large part of chaotic region when the parameter as has a large value.
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Figure 6: as X dparameter-space plot of system ([2.3)), different color intensities represent to different periodic values, the legend
at right side specifies the correspondence between colors and cycle periods. Chaotic phases are shown in black.
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Figure 7: a1 X azparameter-space plot of system ([2.3)), different color intensities represent to different periodic values, the legend
at right side specifies the correspondence between colors and cycle periods. Chaotic phases are shown in black.

Let ay varies in the range [0.1,0.9], and as varies in the range [0.1, 4], and Fig. |8/ shows the corresponding
parameter-space diagrams. The system has a wide range of chaotic region in the lower right part of Fig.
B, and a periodic-2 region embedded in chaotic region. Obviously, we can find a yellow parabola above
the periodic-2 region and the system will be occurred Neimark-Sacker bifurcation when the parameters a;
and ag take values on the yellow parabolic. Then the system appears the cluster phenomenon when the
parameters pass through yellow parabolic, that is the different period island connect to the yellow parabolic
enters the chaotic region when the system passes through the different period island.
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=20 chaos

Figure 8: a1 X agparameter-space plot of system (2.3)), different color intensities represent to different periodic values, the legend
at right side specifies the correspondence between colors and cycle periods. Chaotic phases are shown in black.

7. Conclusion

In this paper, the complex dynamic behaviors of a discrete predator-prey system with Holling type
IIT functional response are analysis in detail. Based on the center manifold theorem and the bifurcation
theory, the local stability of equilibriums, flip bifurcation and Neimark-Sacker bifurcation of the model
are studied. Moreover, the dynamic characteristics of the model in two-dimensional parameter-spaces are
analyzed. Numerical simulation shows that the ”cluster” phenomenon has emerged when the parameters
pass through Neimark-Sacker bifurcation curve. Through the two-dimensional parameter-spaces, the rich
and complex dynamic behavior can be observed as well. And numerical simulations not only illustrate our
results, but also exhibit the complex dynamical behaviors of the model. The results show that we can
more clearly and directly observe the chaotic phenomenon, period-adding and Neimark-Sacker bifurcation
from two-dimensional parameter-spaces and the optimal parameters matching interval can also be found
easily. Apparently there are more interesting problems about this chaotic system which deserves further
investigation.
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