Available online at www.tjnsa.com
J. Nonlinear Sci. Appl. 9 (2016), 3802-3807

Research Article

Q m "// [
(&) Journal of Nonlinear Science and Applications |
agm) i |

Print: ISSN 2008-1898 Online: ISSN 2008-1901

Positive solutions to a class of g-fractional difference
boundary value problems with ¢-Laplacian operator

Jidong Zhao
Department of Foundation, Shandong Yingcai University, Jinan, Shandong 250104, P. R. China.

Communicated by R. Saadati

Abstract

By virtue of the upper and lower solutions method, as well as the Schauder fixed point theorem, the
existence of positive solutions to a class of g-fractional difference boundary value problems with ¢-Laplacian
operator is investigated. The conclusions here extend existing results. (©2016 All rights reserved.
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1. Introduction

In recent years, the fractional g-difference boundary value problems have received more attention as a new
research direction by scholars both at home and abroad (see [1} 2, 4H6]). In [2], the author studied positive
solutions to a class of g-fractional difference boundary value problems. In [6], the authors used wuy-concave
operator fixed point theorem to study the following fractional difference boundary value problems

(DFy)(z) = —f(z,y(x)), 0<z<1l, 2<a<s3,
y(0) = (Dgy)(0) =0, (Dgy)(1) = 0.
An iterative sequence of positive solutions was established. In [4], the authors used a fixed point theorem

on posets to study the existence and uniqueness of positive solutions to a class of g-fractional difference
boundary value problems with p-Laplacian operator:
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u(0) = (Dgu)(0) = 0, (Dqu)(1) = B(Dgu)(n)-

Motivated by the aforementioned work, we investigate the existence of positive solutions to a class of
g-fractional difference boundary value problems with ¢-Laplacian operator:

{megu(t») — f(tu(t), 0<t<1,

{Dg(¢p(Dgu(t))) + f(t,u(t) =0, 0<t<1,2<a<3,

1.1
w(0) = u(l)  (Dyu)(0) = (Dyu)(1) = 0, (1)

where 1 < a, 3 < 2, Dj is the Riemann-Liouville fractional order derivative, the nonlinear term f(¢,u(t)) €
([0,1] x [0, 4+00), (0, +00)) and ¢-Laplacian is defined by

Pu(s) = Is" s, 10> 1, ()" = du, 1/ + 1/v = 1.

2. Preliminaries

In the following section we give the definition of Riemann—Liouville fractional g-order derivative for
q € [0,1]. One can refer to [3] for other related definitions and basic knowledge.

Definition 2.1. The g-derivative of a function f(z) is given by

f(x) = f(gz)
(1-q)

and higher order g-derivatives are defined by
(Dgf)(x) = f(z), (Dyf)(x) = Do(Dg™"f)(x), neN.
Definition 2.2. The g¢-integral of f(x) on the interval [0,b] is given by

- /Ox fO)dgt =2(1—q) Y _ flxq")q", = €[0,0].
n=0

If the g-integral for the function f(x) on the interval [a, b] exists, then

/f dt—/f dt—/f (t)dyt a € [0,b).

(I )(@) = f@), (7)) = LI f)(z), neN

Definition 2.3. Let @ > 0 and f(x) be a function defined on [0,1]. The fractional g-integral of the
Riemann-Liouville type is

(Dyf)(x) = » (Dgf)(0) = lim (D f)(2),

(I3 1) (@) = f(=),
(IS f)(z) = ! /z(g;— £V f(t)dyt, o >0, ze€l0,1]
‘ o) Jo 1 AT R

where the I';(a) function is defined by

and (1 — ¢)® is defined by

(1-¢°=1, 1-¢"=]]0-¢", aeN\{0,-1,-2,..}.

k=0
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Definition 2.4. The fractional ¢-derivative of the Riemann—Liouville type of order o > 0 is defined by
(DG f)(x) = (DI f)(z), a>0, x€][0,1],
where m is the smallest integer greater than or equal to «. In the particular case,

(Igf)(@) = f(@).

bet 1 (t(1—s)* !t —(t—s) 0<s<t<,
(Ga)(t, 5) = T, (a) { t1—s)*! 0<t<s<1, a >_0. . 21)
G, is a nonnegative continuous function on [0, 1] x [0, 1].
Lemma 2.5 ([2]). Let 1 < a <2 and suppose that y(t) € C[0,1]. Then
{ (D2u)(t) +y(t) =0, 0<t<1,
u(0) = u(1) =0,
is equivalent to 1
u(t) = /0 Galt, gs)y(s)dys.
If y(t) >0, t € [0,1], then u(t) >0, t € [0,1].
Lemma 2.6 ([3]). Let y(t) € C[0,1], 1 < o, B < 2. Then the fractional q-difference
{ D(Gu(Dgule)) = ylt), 0<t<1, 9
u(0) =u(1) =0, (Dgu)(0) = (Dgu)(1) =0

s equivalent to ) ,
u(t) = /0 (Ga(t7q5)¢v (/0 Gﬁ<3,q7)y(T)qu>> dgs.

E = {u|u, ¢y (Dgu) € c?0,1]}.
The following definitions are about the upper and lower solutions to problem ([1.1)).

Suppose

Definition 2.7. A function ¢(t) € F is called a lower solution to (1.1, if it satisfies

DE(6(D2e(t)) < f(t,p(t)), 0<t<1,
©(0) <0, ¢(1) <0, D2p(0) >0, DIp(1)=>0.

Definition 2.8. A function ¢(t) € E is called an upper solution to (L.1)), if it satisfies

DE(¢u(DIH(1) > f(t,0(t), 0<t<l,
$(0) <0, (1) <0, Dgy(0) >0, D(1) > 0.

3. Main results

According to Lemma [2.6] we can define an operator as follows:

Tu(t) = /01 (Ga(t,qs)d)v (/01 Gg(s,qr)f(r,u(r))dqr>> dg¢s, u € E.

By the continuity of G, G, f and using the Arzela—Ascoli theorem, we can get that T': £ — E'is completely
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continuous operator, and the existence of a solution to problem (1.1)) is equivalent to the existence of a fixed
point of T.
Suppose that the following assumptions are satisfied

(H1) f(t,u) € C(]0,1] x [0,4+00), [0,+00)), and f is increasing with respect to the second variable.
(H2) there exists a ¢ < 1 and a k € [0, 1], such that
Ft ku) > KUV f(t ), vt e [0,1],
where > 1.

Lemma 3.1. If u is a positive solution to (L.1|), then there exist mi, mg > 0, such that

mip(t) < u(t) < map(t),

w01~ [ (cntaswn ([ Goscrntore) ) as

Proof. Tt follows from u € C[0, 1], so there exist an M > 0 such that |u(t)| < M, t € [0,1]. By (H2) we can

where

take
= i Nt ult
e te[O,lr]r,luHel[O,M] ftu(®) >0,
= "V [t u(t) > 0.
e = oA f(tu(t)) >
So .
mip(t) < u(t) :/ < (t,qs)¢ </ Gp(s,qr)y(T)d, >> dgs < map(t).
0
This completes the proof. O

Theorem 3.2. Suppose that (H1) and (H2) are satisfied. Then (1.1)) has a positive solution.

Proof. We prove the theorem in three steps as follows.
Step 1. The existence of upper and lower solutions for ((1.1)). Let

0= [ (crteaswn ([ Grscarntorir) ) as

Then by Lemma we obtain a positive solution to the problem

DS (u(Dgu(t)) = f(t,p(t)), 0<t<1, (3.1)
u(0) = u(1) =0, DSu(0)= Dgu(l) =0. '
Furthermore,
n(0) =n(1) =0, Dgn(0) = Dgn(1) = 0. (3.2)

By Lemma there exist k1, ks > 0, such that
kip(t) < n(t) < kap(t), Vte[0,1].

Let
§1(t) = din(t), &a(t) = dan(t),

where ) . ) .
0 <6 <min{-—, &}, do >max{-—, kj °}.
k‘Q kl



J. Zhao, J. Nonlinear Sci. Appl. 9 (2016), 3802-3807 3806

Then n(t
F.64(6) = £(0.0:(0) = 16,01 (o)
> (@ Etiww o(1)) (3:3)
> (uk) D f (8 pl1) > 6L (1),
and

DJ(¢u(Dg&i(1)) = DJ(du(Dgoin(1))) = 6~ DY (du(Dgn(t))) = 81" f (¢, p(t)).
From , we have
§1(0) =&(1) =0, Dg&i(0) = Dg&i(1) =0
By Definition &1(t) is a lower solution to (|1.1)).
On the other hand, by the definition of £»(¢), we can obtain
p(t)

KUt p(t) = 857 S (2, G20 =% R aggt)

> 65‘1<52’)f7?t)>0<ﬂ-“f<t,&<t>> > o (B0 60 0)

D L G
2 0 (5277(t)

= f(tv 62(t))

&2(1))

U f(t,(0) 2 87 () H ()

So
D (¢,(D3&(t))) = DI ($,(DI6a(t)))
= S8 DP(3,(Don(t)) = 57 (¢, p(t))
> f(t,&(1)).

Similarly
£2(0) = &(1) =0, Dy&(0) = Dgéa(1) =0

By Definition &2(t) is an upper solution to ([1.1)).
Step 2. We prove that the following problem has a positive solution:

{ D2 (,(D2u(t)) = g(t,ult)), 0<t<1,

u(0) = u(1) =0, Dgu(0) = DSu(1) = 0. (3.4)

where

ftu), &i(t) <u(t) <&(1),
f(t,62(1), u(t) > &(t).

By Lemma [2.6] we need the following operator

Au(t) = /01 (Ga(t,qs)gi)v </01 GB(S,QT)g(T,U(T))d(ﬂ')) dqs,u € C[0,1].

Now, we use the Schauder fixed point theorem to prove the existence of a fixed point of Au(t). In fact
f(t,u) is increasing with respect to u, so for any u € C([0, 1], [0, +00)), there exist g(¢,u(t)) such that

f(t,6(1) < g(t, u(t) < f(E,&2(1)).

ft:6@1)), u(t) <&i(t),
g(t,u(t)) =



J. Zhao, J. Nonlinear Sci. Appl. 9 (2016), 3802-3807 3807

Since G,Gg and f are continuous, then by the Arzela—Ascoli theorem, A is a compact operator. Thus,
by using the Schauder fixed point theorem, A has a fixed point, i.e., equation (3.4]) has a positive solution,
denoted by u*.

Step 3.
To prove that u* is also a solution to (1.1]), we only need to prove that

&) Sut(t)) < &(t), tel0,1]. (3.5)

First we prove u*(t) < £»(t), t € [0, 1]; one can prove another inequality in the same way.
Suppose u*(t) > &a(t), t € [0,1]; we have g(t,u*(t)) = f(t,&2(t)). We obtain

D (0u(Dgu* (1)) = F(1.Ex(1)).

On the other hand, &2(t) is an upper solution, so we have

D (¢u(Dg&())) = f(t,&(1)).
Let 2(t) = ¢, (Dg&a(t)) — du(Dgu*(t)), t € [0,1]. Therefore,

DPz(t) = DJ(¢u(Dg&a(t))) — DS (¢u(Diu*(t)))
> f(t,62(t) — f(t,&(t) = 0.

Combined with the boundary conditions, z(0) = z(1) = 0 and by Lemma[2.5] we have z(t) <0, t € [0,1],
which implies that

Pu(Dg&2(t)) < ¢u(Dgu™(t)), te(0,1].

Since ¢,, is monotone increasing, we obtain Dg'(2(t)) < Dgu*(t), t € [0,1], that is Dg(&2(t) — u*(t)) <0,
t € [0,1]. Using Lemma [2.5 we get &(t) — u*(t) > 0, t € [0, 1], a contradiction.

Inequality (3.5)) shows that u* is also a positive solution to (L.1)). Furthermore f(¢,0) # 0, that is to
say, 0 is not a fixed point of the operator T', therefore, u* is a positive solution to ([1.1). This completes the
proof. O
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