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In this paper, we introduce a new iteration process and prove the convergence of this iteration process
to a fixed point of contractive-like operators. We also present a data dependence result for such mappings.
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1. Introduction

Fixed point theory is one of the most significant tool of modern mathematics. This deals with the
conditions which guarantee that a mapping 7" of a set X into itself admits one or more fixed points, that
is, points x of X which solve an operator equation x = Tz. Fixed point theory serves as an essential tool
for solving problems arising in various branches of mathematical analysis. In particular, it has deep roots
in nonlinear functional analysis. For instance, split feasibility problems, variational inequality problems,
nonlinear optimization problems, equilibrium problems, complementarity problems, selection and matching
problems, and problems of proving an existence of solution of integral and differential equations is a partial
list of those problems that fall into the category of solving a fixed point problem. These problems can be
modeled by the equation Tx = x, where T is a nonlinear operator defined on a set equipped with some
topological or order structure.
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One of the basic and the most widely applied fixed point theorem in all of analysis is ”"Banach (or
Banach- Cassioppoli) contraction principle” due to Banach [2]. It states that if (X, d) is a complete metric
space and T : X — X satisfies

d(Tz, Ty) < kd(z,y)

for all x,y € X with k£ € (0,1), then T has a unique fixed point. The basic idea of this principle rest in
the use of successive approximations to establish the existence and uniqueness of solution of an operator
equation T'(x) = =z, particularly it can be employed to prove the existence of solution of differential or
integral equations.

Different iterative procedures have been used to approximate the solution of fixed point problems. For
instance, the sequence of Picard [17] iterates {T"z} where z is an initial guess, converges to the fixed point
of a mapping T satisfying certain contractive condition. This procedure may fail to converge for some
important classes of nonlinear mappings such as nonexpansive mappings, so was the justification of Mann
iteration [13] procedure (see pp.8, Example 1.8 in [4]). Chidume and Mutangadura [5] showed that the Mann
iterative sequence [I3] fails to converge for Lipschitzian pseudocontractive mappings whereas the Ishikawa
iterative procedure [9] works. It is worth mentioning that in many cases, Mann as well as Ishikawa iterative
procedures converge to some fixed point of the mapping T . But, this does not hold in general. Recently,
Rhoades and Soltuz ([I8H20]) proved that Mann and Ishikawa iteration procedures are equivalent for several
classes of mappings.

It is an important subject for research to determine whether an iteration procedure converges to the
fixed point of a mapping. For the results dealing with the convergence of various iteration methods, we refer
to ([4, 9 12H14] 23]).

The aim of this paper is to introduce a new iteration procedure and to prove some convergence results
for contractive-like operators. We also show the equivalence among convergence of iteration methods.

2. Preliminaries

In the sequel the letters R and N will denote the set of all real numbers and the set of all positive integers.
Let E be a nonempty closed convex subset of a Banach space X, and T : E — E a mapping. We denote
the set of all fixed points of T' by F(T) :={p € E: p=Tp}.

Let us first recall the following definitions and iterative procedures:

Suppose that there exist real numbers a, b, ¢ satisfying 0 < a < 1,0 < b,¢ < 1/2 such that, for each pair
x,y € E, at least one of the following is true:

(z1) Tz =Tyl < allz—yll,
(22) Tz =Tyl <b(l|lz - Tzl + ly = Tyl), (2.1)
(23) [Tz =Tyl < c(llz =Tyl +[ly — Tzl

Such a mapping is called a Zamfirescu mapping. Zamfirescu [26] obtained an important generalization
of Banach fixed point theorem using Zamfirescu mapping.
It was shown in [3], the contractive condition ({2.1)) gives

{ (b1) ||Tx—Ty| <6z —y||+ 20 ||z —Tz| if one uses (22), and (2.2)

(ba) ||Tx—Ty| <d|lx—y| + 20|z —Tyl| if one uses (z3)

for all x,y € E, where § := max {a, ﬁ, ﬁ} ,0€10,1).

A mapping satisfying condition (b1) or (b2) is called a quasi-contractive mapping. This class of mappings
is more general than the class of Zamfirescu mappings.

Extending the above class of mappings, Osilike and Udomene [I5] considered a mapping 7" satisfying the

following contractive condition:

[Tz =Tyl < élle—yll+ Lz — Tz (2.3)



L. Yildirim, M. Abbas, N. Karaca, J. Nonlinear Sci. Appl. 9 (2016), 3773-3786 3775

for all z,y € E, where L > 0 and § € [0,1).
A treatment for a similar kind of operators can be found in [1] and [I1].
Further in this direction, Imoru and Olantiwo [8] gave the following definition:

Definition 2.1. A self mapping 7" on FE is called a contractive-like mapping if there exists a constant
0 €1]0,1) and a strictly increasing and continuous function ¢ : [0,00) — [0, 00) with ¢ (0) = 0 such that the
following holds

[Tz — Tyl <6 llz =yl + ¢ (Jlo — T[] (2.4)

for each z,y € F.
Remark 2.2 ([4]). It is known that condition (2.4) alone does not ensures that 7" has a fixed point. But if
T satisfying (2.4) has a fixed point, it is certainly unique.
Rhoades and Soltuz [20] introduced a multistep iterative algorithm as follows:
xo € F,
Tpt1 = (1 - Qp) Ty + anry}m
U = (L= B)zn + B, Ty,
yp t = (1= By an + B, Ten, neN,

(2.5)

where {a,},{6n}, {1} and {ﬁfl} ,i = 1,2,..r — 2,7 > 2 are real sequences in [0, 1) satisfying certain
conditions.

Recently, Yildirim and Ozdemir [25] proved some convergence result by using the following multistep-
Mann iteration process: For an arbitrary fixed order r > 2,

( xg € F,

Tn+1l = (1 - aln) Yntr—2 + 1T Ynyr—2,
Yn+r—2 = (1 - O42n) Yn4r—3 + a2nTyn+rf3a

(2.6)
Yn+1 = (1 - a(r—l)n) Yn + a(r—l)nTym
\ Un = (1 - arn) Tn + Ty, n €N,
or, in short,
xg € F,
Tn4+1 = (1 - aln) Yntr—2 + alnTyn+T727 (2 7)

Yn+r—i = (1 - ain) Yntr—(i+1) + ainTynJrrf(H»l)v
Yn = (1 - arn) Tn + arnTxna ne Na

where {a1,} and {a;n}, i = 2,...r, are real sequence in [0,1).

Remark 2.3. If we take r = 2 and r = 3 in ([2.7)), respectively, we obtain the two-step iteration procedure
given in [23] and SP iteration method in [16].

Soltuz and Grosan [22] proved that the Ishikawa iteration [9] converges to the fixed point of T, where
T : E — E is a mapping satisfying condition (2.4). In 2007, Soltuz [2I] proved that the Mann [13], Ishikawa
[9], Noor [14] and multistep iterations are equivalent for quasi-contractive mappings in a normed
space. In 2011, Chugh and Kumar [6] showed that the Picard [17], Mann [I3], Ishikawa [9], new two step
[23], Noor [14] and SP [16] iterations are equivalent for quasi-contractive mappings in a Banach space. In
2013, Karakaya et al. [I0] proved the data dependence results for the multistep and CR [7] iteration
processes for the class of contractive-like operators satisfying .

In 2013, Khan [12] introduced Picard-Mann hybrid iterative process as follows:

rg € F,
T+l = Tynv
yn = (1 —ap) p + @ Txy, n € N.
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Inspired by the work of Khan [12], we introduce the following new iterative algorithm. For an arbitrary
fixed order r > 2,

xg € F,

Tn4+1 = T [(1 - aln) Yntr—2 + alnTyn+r—2] 5
Yn+4r—2 = T [(1 - a2n) Yntr—3 + 052nTyn+r*3] s

(2.8)
Yn+1 =T [(1 - a(rfl)n) Yn + a(rfl)nTyn] ’
Yn = T [(1 - arn) Tn + arnTxn] , ME N7
or, in short,
xg € F,
Tn4+1 = T [(1 - aln) Yntr—2 + alnTyn+r—2] y (2 9)

Yntr—i =T [(1 = @in) Ynsr—(i+1) T @inTYntr—11)) »
Yn =T [(1 — app) Ty + appyTxy], n €N,

where {a1,} C [0,1), > 0% yaip = 00 and {ag,} C [0,1), i =2,...r.
Following definitions and lemmas will be needed in proving our main results.

Definition 2.4 ([4]). Let T, S : X — X be two operators. We say that S is an approximate operator for
T if, for some € > 0, and any = € X, the following hold:

|Tx — Sz| <e.
Lemma 2.5 ([24]). Let {a,} and {pn} be nonnegative real sequences satisfying the following condition:
ant1 < (1= fin) an + pn,
where pi, € (0,1) for all n > ng, > o7 fin = 00, and pp = 0 (in). Then lim, o an = 0.
Lemma 2.6 ([22]). Let {a,} be a nonnegative real sequence and there exists an ng € N such that for all
n > ng satisfying the following condition:
nt1 < (1= pin) an + pinthn,
where pi, € (0,1) for alln € N, >->°  ji,, = 00, and 1, > 0 VYn € N. Then the following inequality holds:

0 < lim supa, < lim supa,n,.
n—roo n—0o0

3. Main Results
Theorem 3.1. Let T : E — E be a mapping satisfying (2.4) with F(T) # 0. Let {x,} be a sequence defined
n

by (2.8), where {a1n} and {ain} C [0,1) for all i = 2,...r satisfy the condition Zalk = oo. Then the

k=0
iterative sequence {x,} converges to a unique fized point of T.

Proof. Let p € F(T). We now show that =, — p as n — oo. From (2.4)) and (2.7)), we have

lyn — 2l = 1T [(1 = rn) T + pnTp] — p|
<O (1 = ) T + @ Ty, — pl|
<O [(1 = app) [|zn = pll + crn [ T2 — pll] (3.1)
<O [(1 = arp) lzn — pll + arnd |2 — pll + arpe (Il — Tpl))]

=0[1 = arn(1 = )] lzn — pll + darnip (Ilp — Tpl|)
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and
”ynJrl p” = HT [(1 — 1)n) Yn + Q(r— l)nTyn] _pH
S(SH(l_ (r— 1)n)yn+04r 1) Tyn_pH
<6 [(1 = ap—1yn) lyn = Pl + @—1)n 1 Tyn — pll] (3.2)
<6 [(1 = ag_1yn) llyn — Pl + @10 1Tyn — Pl + a1y (lp — Toll)]
=0 [1 = apr—1yn(1 = )] llyn — 2l + Sy (Il — Tpll) -
Similarly, we have
Hyn—i-r—2 - pH = HT [(1 - 04271) Yntr—3 + 042nTyn+r—3] - pH
<d H(l - a2n) Yntr—3 + 042nTyn+7‘—3 - p”
§5 [(1 - a2n) ||yn+r73 - p” + aop ||Tyn+r73 - p”] (3'3)
§5 [(1 - 042n) ||yn+r73 - p” + a2n5 ”ynJrrfiS - p“ + aonP (Hp - Tp”)]
=6 [1 — agn(1 = 0)] [|yn+r—3 — pll + daany ([lp — Tpl|)
and
||xn+1 - p” = ||T [(1 - aln) Yntr—2 + alnTyn+rf2] - p”
<d ||(1 - aln) Yntr—2 + OélnTynJrer - pH
<0 [(1 — a1n) |Yngr—2 — 2|l + 10 | TYngr—2 — Dl|] (3.4)
<0 [(1 — a1n) [Yn+r—2 — pll + @106 [|27 — pl| + cangp (lp — Tp|)]
=6 [1 — a1n(1 = O] [|yn+r—2 — pll + darne (lp — Tpll) -
By (1), (82), (3:3) and (3-4), we obtain
[Zn+1 —pll <01 — a1n(1 = )] [|Yntr—2 — pl| + da1np ([lp — Tpl|)
<61 —a1n(1 = )] [0 [1 — az2n(1 = )] [|Yn+r—3 — Pl + da2ne ([[p — Tp||)]
+ darnp ([[p — Tpll)
=6 [1— a1 (1 = 6] [1 — 20 (1 = 8)] lynsr—3 — pll
+ 0% [1 = a1n(1 = 8)] c2ne (|lp — Tpl) + Sarne (Ip — Tpll)
<4 [1—a1n(1—=9)][1—a(l—273)
611 — asn(L — 8)] [yntr—a — pll + Srsnep (Ilp — Tl (3.5)
+ 6 [1 = a1n(1 = 0)] azne (lp — Tpll) + darne (p — Tpll)
<6 [1— agn(1 = 8)][1 =~ azn(1 = )] [1 = n(1 = 8)] [ —
6 (1= an(1 = 0)] [1 — (1 — )]+ [1 = 1)1 — 6)]
oo (Ip = Tpl) 4+ + 6% [1 — ann(1 — )] azng (I — Tl
+ darne ([lp — Tpl)) -
As ¢ (|lp—Tpl) = 0, so (3.5) becomes
[Zn+1 = pll <" [1 —a1n(1 = 0)][1 —agn(1 = 0)] -+ [1 — arp(1 = 0)] |25 — (3.6)

From {a;n} C [0,1) for i = 1,2, ...r, we have

1= arn(l = 8)][1 — asn(1 — )]+ [1 — apn(l = 8)] < [1 — arn(l — 8)].

(3.7)
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From inequalities (3.6)), (3.7) and the fact that ¢ € (0, 1), we have
[#n41 —pl| < [1 = ain(l = 6)][|on —pll- (3.8)
Continuing this process in (3.8)), we obtain the following inequalities:
2 —pl < [1 =141y (1 = 8)] lzn—1 — pll
[2n-1 = pll <[1 =121 = 8)] [zn—2 — p|
21 = pl| <[1 = aio(1 =) lzo —p| -
Therefore we have .
lzni1 —pll < T] 11— aar(1 = 8)] lzo — pll- (3.9)
k=0
Using the fact 1 —z < e~ for all x € [0, 1], inequality (3.9) gives
|zns1 —pll < T[ e ||z — p|
k=0
n -1
3.10
1 (1-8) Y o (3.10)
=lo—pl™t e S
The result follows on taking the limit as n — oo on both sides of inequality (3.10]). O
Theorem 3.2. Let T : E — E be a mapping satisfying (2.4) with F(T) # 0. If ug = 9 € E and

a1n, > A > 0Vn €N, then the followings are equivalent:
(i) The Mann iteration [13] converges to p € F(T),
(i) The multistep Picard-Mann iteration (2.8]) converges to p € F(T).

Proof. We will show that (i) = (i¢). Suppose that the Mann iteration [13] converges to p. Using the Mann

iteration [I3] and multistep Picard-Mann iteration (2.8)), we have

[un+1 — zna | = [[(1 = a1n) w,+o1nTuy — T[(1 = 1n) Yntr—2 + 10T Yn4r—2] |
<(1 = ) [[un=T[(1 = a1n) Yn+r—2 + @10 TYn+r—2] ||
+ 1 [Tt = T[(1 = 1) Y3 + 010 Tt
<(1 = ) {lltn=Ttn| + | Tttn—=T [(1 = @10) g3 + 1Tt}
+ a1p | Tun — T [(1 = a1n) Yntr—2 + @10 TYntr—2] ||
=(1 = a1p) lun=Tup|| + [ Tun — T [(1 — a1n) Yntr—2 + @10 TYn1r—2]||
<(1 = a1n) [tn=Tttnll + 8 itn— (1 = @10) gt -2 — 12T itr2]
+ ¢ ([[un—Tun|)
<(1 = an) [lun—Tun|| +0(1 — 1n) |un—yn+r—2||
+ i [un—=TYn+r—2| + ¢ (lun—Tusl)
<(1 = an) lun—Tun|| + 0(1 — c1n) [|un—Yn+r—2||
+ b [un—Tun || + darp | Tun—Tyntr—2| + ¢ (lun—Tunl|)
<[ —an (1= 0)] lun=Tun| + (1 — ain) [[un—Yn4r—2||
+6%ann [un—=Yn+r—2| + da1np (lun—Tun|l) + ¢ (lun—Tun||)
— [t — €1n (1 = )] tn =T | + [5(1 = 1) + E2010] tn =t o2l
+ (1 + 601n) @ ([[un—Tunl|) ,

(3.11)
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[un—yn+1ll = Hun_T [(1 - a(r—l)n) Yn + a(r—l)nTyn] H
< NJun=Tun]| + || Tun = T [(1 = a—1)n) Y0 + r—1)nTyn] |
< Jlun—Tun|l + 6 |[un — (1 = ag—1)n) Yn — —1)a Tl
+ ¢ ([[un—Tunl|)
< un—=Tun| + 5(1 — Q(r-1) ) |t —ynl + 5a(r 1)n |t —Tyn ||

(3.12)
+ ¢ (llun—Tunll)
< =T un || + 5(1 - Q(r-1) ) [t —ynll + 50‘(7‘ 1)n |t —Tuy ||
+ 02— 1yn un—ynll + d0r_1)n@ ([tn—=Tun ) + & ([[ttn—Tun||)
(1 +5a(r 1) )Hun Tu’ﬂH + [ (1 = O(r— 1)n) +5205(r 1) ] Hun ynH
(1 + 5a(r—1)n) (Hun—TuTLH) )
un=ynll <llun=T[(1 = arn) Tn + rnTay]||
<Nun—=Tun|| + [|Tun — T [(1 = qpn) T + arn Ty || (3.13)

<(1+ dapm) ||un—Tuy| + [5(1 — Q) +52am] ||t —zp]|
+ (1 + 5O‘rn) ¥ (”un_TUnH) .

Combining (3.11)), (3.12) and (3.13)), we obtain that

Hun+1 - xn—}—l” < [5<1 - aln) + 5204111] [5(1 - a2n) +52042n] [5(1 - arn) +5205rn] Hun_fcn”
+ {[1 — Q1n (1 - 5)] + [5(1 - aln) + 5201171] (1 + 5a2n)+ [5(1 - aln) + 52@171]
[6(1 — agy) + 520%] (14 6azn) + -+ [0(1 — aun) + 52a1n] [6(1 — az,) + 52a2n] (3.14)
e [5(1 - a(r—l)n) + 6T_1a(r—l)n] (1+ (504”1)} [lun=Tun|| + ¢ ([un—Tunl])]
+ a1pp (|[un—Tunl]) -

Since ¢ € (0,1) and {aj,} C [0,1) for i = 1,2,...r, we have

[(5(1 —ai,) + 52a1n] [(5(1 — agp) —1—(52042”] [(5(1 — Q) —1—(52047«”]
=01 —ain(1 —0)]0[1 — aon(l —0)]...0 [1 — apn(1l —9)] (3.15)
<[1 = ain(l—9)].
From inequality (3.15) and the assumption that ay, > A > 0 Vn € N in (3.14)), we obtain

lunt1 = @]l <[1 = AQ = O] flup—an] + {1 = A(L = 8)] + [6(1 — c1n) + 6%1n] (1 + dazn)
+ [6(1 — aun) + (52041”} [6(1 — ag,) + 52a2n] (14 das,) +
+ [6(1 — o) + 62a1n] [6(1 — agn) + (52a2n] - o(1 - a(T,l)n) + 5’”*104(,”,1)”]
(L4 brn)} [[[un=Tun|| + ¢ ([[un—Tun)] + c1ne ([[un—Tun|) -

Set:

an : = [lup—an|
-:A(l—é) (0,1),
={[L = AL = 8)] + [6(1 — a1n) + 6%a1n] (L + Saon)+ [6(1 — a1n) + 6%au,]
[5(1 — i) + 02| (1+ 6agy) + -+ + [6(1 — a1n) + 6%an] [6(1 — agy) + 622y
n [5(1 - a(r—l)n) + 5T_104(r—1)n] (1+ 5arn)} [llun=Tunll + ¢ ([un=Tun|))] + c1ne ([un—Tunl)) -
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Since limy, o0 ||un—p|| = 0 and Tp = p € F(T), it follows from (2.4) that

0 <||up—Tuy,||
< un=pll + | Tp—Tun||
< lun—pll + 6 [p — u, || + @ (lp—T'pll)
=(1+96)||un—p| = 0 as n — oo.

Hence lim;, ;o0 ||ttn—Tuy|| = 0, that is p, = o (uy). It follows from Lemma that lim, e ||un—2,| = 0.
Now

[2n = pll < l[#n — upll + lun—pl|
implies that lim, o T, = p.

Now, we will show that (i) = (i). Suppose that multistep Picard-Mann iteration {z,} converges to p.
Thus,

2041 = tn1ll = [[znt1 — 2l + llp — tnga |

= HTp =T [(1 - aln) Yn+r—2 + OélnTyn+r—2]H + H(l - aln) un"‘alnTun - p”

<6 lp = [(1 = a1n) Yntr—2 + @ TYnpr—2lll + ¢ (Ilp — Tpl|)
+ (1 = aup) [un—pll + o1n | Tun — Tp|

<6(1 ~ 1) I — 9ner—all + 01 | T~ Ty o] (3.16)
+ (1 = a1n) |lp — unll + a1 [|[Tp — Tun||

<6(1 = i) [Ip = Yntr—2ll + 6°@1n [P = Yntr—2ll + darne (Ip — Tpll)
+ (1 —a1n) [[p — unll + dc1n [Ip — un|| + cansp (Ilp — T'pl|)

< 6(1 - aln) + 520‘171 Hyn-l-r—2_pH + [1 — Qlp (1 - 5)] Hun _pH )

|Yn+r—2=pl =T [(1 — a2n) Yn+r—3 + Q20T Yn+r—3] — pl|
<[0T = a2n) Ynsr—3 + @20 Tynsr—3 — pll + @ (Ilp — Tpl])]
<[0(1 — a2n) |yntr—3—pll + d2n [ TYntr—3 — pll]
<[00 = azn) [Yntr-s=pll + 8 02n [yn1r—s = pll + do2ne (Ip — Tp)]
=0 [1 — a2y (1= 0)] yntr—3—pll + [1 — a1n (1 = 8)] [Jun — p
=61 — g, (1 =) IT'[(1 — asn) Yn+r—a + a3nTYntr—a] — Pl
<.

<o [1 — Q2q (1 - 5)] 00 [1 — Q(r—1)n (1 - 5)] Hxn - p” :
Using (3.17) in (3.16]), we have

[#n41 = tnga || <[1 = a1 (1= 6)] [lun — p||
+ 801 = an) + 81| 511 = 4z (1= )] +6 [1 = a1y, (1= 8)] an 2]

(3.17)

Let
tn =a1p (1 =9)
an = |[un — p|

pn = [0(1 — a1n) + 8%a1n | 8 [L — azy (1= 0)] -+ 0 [1 = ap1yn (1 = )] lzn — pl|-

Since lim, 0 ||y, — p|| = 0, we obtain p, = o(u,). It follows from Lemma that lim, o0 an, =
limy, o0 |Jun, — p|| = 0. O
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As a sequence of Theorem we obtain the following corollary:

Corollary 3.3. LetT : E — E be a mapping satisfying with F(T) # 0. The followings are equivalent:
(i) The Picard iteration [IT] converges to p € F(T),
(i) The Mann iteration [13] converges to p € F(T),
(i1i) The SP iteration [16] converges to p € F(T),
(iv) The multistep iteration converges to p € F(T),
(v) The multistep Picard-Mann iteration converges to p € F(T).

provided that the initial guess is same for all iterations.
As a consequence of Theorem [3.1] we obtain the following result which gives a relationship between the
fixed point of approximate operators.

Theorem 3.4. Let T : E — E be a mapping satisfying with F(T) # 0, and S an approximate operator
of T. Let {x,,} and {u,} be two iterative sequences defined by associated to T' and S, respectively with
{ain}, {ain} C[0,1) for all i = 2,...r satisfying
(1) 0 < i, < a1, <1 foralli =2,...r, and % < a1, for alln € N.
n

(i1) Zalk = 00.

k=0
If p=Tp and g = Sq, then we have
3re

1-46

lp—dall <
Proof. For ug € E, consider the following multistep Picard-Mann iteration procedure for S:

( ug € B,
Un+1 = S [(1 - aln) Uptr—2 + alnsvn—l—r—Q] s

Un4r—2 = S [(1 - a2n) Upntr—3 + a2nsvn+r—3] s (3 18)

nt1 = S [(1 = a(—1)n) vn + a(1)nSon] |
vp = S[(1 = arp) Un + @pnSuy], neN.

From (2.8), (2.4) and (3.18), we have

241 — tn1]|
=T [(1 = a1n) Yntr—2 + @10 TYntr—2] = S[(1 = a1n) Vnyr—2 + 1SV 2] |
<T (1 = a1n) Yntr—2 + 10 TYnsr—2] = T[(1 — 1n) Vntr—2 + 10.SVn 2] |
+ T [(1 = a1n) Vnr—2 + @12 SVnyr—2] = S[(1 — a1n) Vntr—2 + @10 SV 2] ||
<0 |(1 = a1n) (Yntr—2 = Vntr—2) + @10 (TYntr—2 — Svnir-2)|
+ @ ([[[(T = a1n) Yntr—2 + @1nTYnir—2] = T'[(1 — a1n) Yntr—2 + 10 Tynir-2]||) + ¢
<0(1 — an) |[Yntr—2 — Vnyr—all + 001 [[TYntr—2 — TOntr—2|
+ dauy || Tvptr—2 — Svptr—2l| (3.19)
+ ([ [(1 — a1n) Yntr—2 + 010 TYntr—2] — T [(1 — @1n) Yntr—2 + @10 TYntr—2] ||) + €
<0(1 = a1n) |Yntr—2 — Vnyr—2ll + 5oy |Yn+r—2 = Vntr—2l|
+ 00109 ([[Ynar—2 — TYnyr—2||) + da1ne
+ oI [(1 = a1n) Yntr—2 + @1nTYnir—2] — T[(1 — a1n) Yntr—2 + 010 TYnyr—2] ||) + €
<0(1 — aan) |Yntr—2 — Vngr—2ll + 5, |Yn+r—2 — Vntr—2|
+ 6a1n® (|Yntr—2 — Tyntr—2|l) + da1ne
+ o ([T = a1n) Yntr—2 + @10 TYnr—2] — T[(1 — a1n) Yntr—2 + 17 Tynsr—2]l|) + ¢
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=0 [1 — in (1 - 5)] ”yn+r—2 - Un+7“—2H + dainyp (”yn—l-r—2 - Tyn—l-T—ZH)
+ (H [(1 - aln) Yntr—2 + OélnTyn—i-r—Q] -T [(1 - CVln) Ynt+r—2 + OllnTyn—H“—ﬂ H)
+ (14 dagp)e

and

[Yyn+r—2 — Vntr—2ll =T [(1 — a2n) Yntr—3 + 20T Yn4r—3] — S[(1 — a2n) Vntr—3 + @20 Svnpr—3]||
<[T'[(1 — a2n) Yn+r—3 + @20 TYn+r—3] = T [(1 — a2q) Vntr—3 + @20 SVp4r—3]||
+||IT[(1 — a2n) Vntr—3 + @2, SUnpr—3] — S (1 — a2n) Vnpr—3 + @2, SVp+r—3]||
<O [[(1 — a2n) (Yntr—3 — Vntr—3) + Q2n (TYntr—3 — Svntr—3)|
+ ([ [(1 = a2n) Ynt+r—3 + @20 TYntr—3] — T'[(1 — a2n) Ynt+r—3 + @20 TYntr—3] ||)
+e
<O(1 — a2n) |Yntr—3 — Vntr—sll + don |TYntr—3 — TVnsr—3]|
+ dagn [[Tvntr—3 — Svpir—3||
+ @ (I[(T = a2n) Yntr—3 + @20 TYntr—3] — T [(1 — @2n) Yntr—3 + 20T Ynr—3](|)
+e
<01 — agn (1 = 0)] [[yn+r—3 — Vntr—sll + 6200 ([[Yn+r—3 — TYn+r—3ll)
o (1 = a20) Ynbr—s + T3] — T[(1 = A20) Gtr—s + 2Tt rs]l)
+ (1 +dagp) .

By this induction, it follows that

[yn = onll = 1T [(1 = arn) z, +arnTe,] = S[(1 = o) un + ArnSual||

<|T (1 = arn) Tn + appTzn] — T [(1 = arp) un + arnSug] ||
+ |1 T[(1 — arp) un + arSuyp] — S [(1 — arp) Un + arnSuy]||

<O |(1 = arn) (n—tn) + arn (Tzn—Sun) ||
+ o (I = arn)zptarnTap] = T [(1 — arn) T + crnTxn]]])
+e€

<O(1 — app) [|[zn—unl| + S || Txn—Tun|| + dtry | Tun—Suy||
+ o ([|[[(1 = arp)xn+armTay]) — T [(1 — app)Tn+arTay]||)
+e€

<6 [1 = apn (1 = )] [|on—un| + Srne (J2n—Tnl|)
+ o (1 = app)zntarmTa,] — T [(1 — app)zn+armT,]||)
+ (1 + dayn) €.

Thus, using this inequality in (3.19)), we get

[Zn+1 — un+1]|

<61 — o1 (1= 8] {51 — am (1 — )] lymsrs — tnrs]
+ daone (|Yntr—3 — Tyn+r—sll)
+ @ ([T = a2n) Yntr—3 + @20 TYntr—3] — T[(1 — @2n) Yntr—3 + 20T Yn+r—3]ll)
+ (1 + dazn) e} + 0a1ne ([[yntr—2 — TYnsr—2|)
+ @ (1 = a1n) Yntr—2 + 10 TYnir—2] = T [(1 — a10) Yntr—2 + 010 TYnir—2]|l)
+ (1+0aup)e

51— atn (1~ D51~ s (1 — )] [gnsrs — vners
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+ dainyp (Hyn—l-r—z - Tyn—i—r—ZH) +90 [1 —ai, (1 - 5)] daonp (Hyn—&-r—ii - Tyn+r—3”)
+ o ([I[(1 = 1) Yntr—2 + a1nTYntr—2] = T [(1 — @1n) Yntr—2 + 12T Ynir—2]||)
+ (14 0a1p)e+0[1 —ain (1 —9)] (14 daap) €
<.
<Ol —app (1 =0)]0[1 —ag, (1 —0)] -0 [1 — app (1 = 9)] ||zn — unl|
+ 50‘17190 (||yn+r72 - Tyn+r72H) +4 [1 — Ul1n (1 - 5)] 60‘27130 (Hyn+r73 - TynJrrfSH)
+o 0l = (1=0)] -0 [1 = a1y (1= 8)] 6arng ([|[on—Tx,||) (3.20)
+ @ (H [(1 - CVln) Ynt+r—2 + alnTyn-l—r—Q] =T [(1 - aln) Ynt+r—2 + alnTyn+T—2] H)
+9[1 —a, (1—90)]
® (H [(1 - OQTL) Yntr—3 + aZnTyn-l-r—fﬂ] -T [(1 - 042n) Yntr—3 + a2nTyn+'r—3] H)
o F ol —am (1 =0)]- 6 [1 = ap_1yn (1 — 0)]
o (I[(Q = app)zntarmTan] — T [(1 — arn)Tnt+orTa]|)
+ (1+da1p)e+ [l —a1p, (1 —0)] (14 dagn) e
+ - +0[l—a, (1—=0)]---0 [1 —a(r,l)n(l —5)] (1+ dayp) €.
Since 6 € [0,1) and {a1n}, {oin} C [0,1) for all i = 2, ...r, we have
dl—a1,(1=0)]0[1 - (1 —=0)] [l —am(l—=9)] <[l—ai,(l-17)],
1 — a1, < aqy,
0l -1, (1=9)] < 1.
Using the above inequality and the assumption (i) in (3.20)), we get
[Zn1 = tngal] <[1 = ain (1= 0)] [|zn — unl|
+ ainp (|’yn+r72 - Tyn+r72||) + appp (Hyn+r73 - Tyn+r73||)
+ o+ a1 ([T —Tzn||)
+ 2a1n§0(” [(1 - aln) Yntr—2 + alnTyn—H’—Q]
=T [(1 - aln) Yntr—2 + alnTyn-H“—?] H)
+ 204171@(” [(1 - a2n) Yn+r—3 + a?nTyn—H"—El]
=T [(1 - a2n) Yntr—3 + a2nTyn+r—3] H)
+ -+ 20000 (I[(1 — apn)xntarnTey]) — T [(1 — app)Tnt+arnTay]||)
+7[(1+d0an) €] (3.21)

<[ —aan (1= 0)] lzn — unll

5) (£ Wyntr—2 = Tynir—2|) + - + ¢ (lzn—T2nl)
) =
(1-9)
2¢ (H [(1 - aln) Yntr—2 + alnTyn—i-r—Q] =T [(1 - aln) Ynt+r—2 + alnTyn+r—2] ”)

A1n (1 —

(1—9)
20 (I[(1 = arn)zntornTan] — T [(1 — arp)TntarmTTn]||)
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Let

n — Hxn - unH )

Hn =Q&1n (1 — 5) R
:(10 (HynJrT*Z - Tyn+r72||) +--+p (”xn—T{EnH)

n 1—9)

' (H [(1 - O‘ln) Yntr—2 + alnTynJrrf?] -T [(1 - aln) Yntr—2 + OllnTynJrTfQ] H)

(1-9)
o (I[(1 = apn)Tn+armTen] — T (1 — apn)Tn+omTan]|)
4.
(1-9)
3re
-0y

From Theorem [3.1]it follows that lim, o ||z, — p|| = 0. Since T satisfies condition ([2.4) and Tp = p € F(T).

Therefore

0 <||zp — Ty
< lzn = pll + 1 Tp — T
<llzn —pll+0lp — znll + ¢ (llp — Tpl)
=(1+9)||lzn —p| — 0 as n — occ.

By (2.4) and (2.8) and the fact that aj,, p € [0,1) Yn € N, i = 2, ..., 7, we have

0 <[[Yn+r—2 — TYntr—2|
<|[Yn+r—2 = pll + |Tp — Tyn+r—2|
< NYn+r—2 = 2l + 81D = ynrr—2l + @ (lp — Tp]))
=(1+46) [|yn+r—2 — 1|

:(1 + 5) ”T [(1 - O‘QN) Yntr—3 + OéQnTyn—&-r—3] _pH

S(l + 5)5 ”(1 - a2n) Yntr—3 + aonTYpir_3 — p”

<(1+6)6 [(1 — a2n) [[yntr—3 — Il + c2n | TYnsr—3 — pl]]

<(1+6)0[(1 = azn) [[Yntr—3 — Il + @200 [|[Yynsr—3 — DIl + 20 ([[p — Tp|))]
=(1+0)d[1 — azn(l = 0)][[yn+r—3 — Pl

=(1 +0)0[1 — (1 =) T [(1 — asn) Yntr—a + a3nTYntr—a] — pl|

<-

3(1 +0)5[1— agn(1—8)] -6 [1— ap_1yn(l —8)] [|zn — pll = 0 as n — oo,

Above also holds for ||yn+r—3 — TYntr—3l s s ||Yn — Tynl| -
As @ is continuous, so we obtain

lim ¢ (|zp—Tz,|) = Im ¢ (|Yntr—2 — Tyngr—2|]) == lm @ (|lyn — Tynl) =0
n—oo n—oo n—oo

From and (| ., we have

0< H[(l - aln) Yntr—2 + anTyn+r—2] =T [(1 - aln) Yntr—2 + OélnTyn+r—2]H
<X = an) Wntr—2 = T{(1 = o1n) Yntr—2 + 010 TYnr—2]) ||
+ Haln (Tynyr—2—T [(1 — Q1) Yngr—2 + OélnTyn+r—2])||
<(1 = a1n) |yntr—2 — T[(1 = a1n) Yntr—2 + 10 TYnsr—2]||
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+ aln(s ”yn+r—2_ [(1 - aln) Yntr—2 + alnTyn—l—r—Q] H

+ ainpyp (Hyn—i-r—2 - Tyn+r—2||)
=(1 = a1n) [[Yntr—2 = T [(1 = 1) Yntr—2 + 10 TYn+r—2]|l

+ oz%ncs ||yn+r—2 - T?/n+r—2H + aipp (||yn+r—2 - T?/n-i-r—?H)
<(1 = 1) [z — pll + 1T = T[(1 — 01n) g sr—2 + 12 Tnsr_3 ]

+ O‘%né ”3/71—1—7’—2 - Tyn+7"—2H + aipp (”yn-i-r—? - Tyn—l—v"—?H)
<(1 = 1) [[[yntr—2 =PIl + 6 |lp — [(1 — 1n) Yntr—2 + 12 TYn+r—2]|l + ¢ ([[p — Tpl|)]

+ 3,6 [[Yntr—2 — Tynir—2l + @1n® (Yntr—2 — Tynir—2l))
<(1 = a1n) [lyn+r—2 — pll + 6(1 — 1) |Yntr—2 — pll + dc1n (| TP — Tyntr—2l]
+ 03,0 [[Yntr—2 — Tyntr—2l + @1n® (Yntr—2 — Tynir—2ll)
<(1—an) [(146(1 = 1n)) ynsr—2 — pll + 8> a1 [Ip = ynir—2]l + Sarne (0 — Tpl))]
+ 03,6 [[Yntr—2 — Tynir—2l + @1n® (Yntr—2 — Tynir—2l))
=(1— ain) (52a1n—6a1n + 6+ 1) lyntr—2 — pl|
+ 03,6 [Yntr—2 = Tynir—2l + 10 (1Ynsr—2 — Tynir—2ll) -

By this induction,
0 <|I[(1 = app)ntarmTr,] — T [(1 — app)xn+amTey]||

<(1 = app) |zn — T[(1 — app) Tt Tay]||
+ a%né 2 — Tan|l + arne (|20 — T2yl])

<(I = app) [[lwn = pll + 1 TP = T'[(1 — arp)zn+arTan]||]
+ O‘zné |20 — Txpll + arnep ([[2n — Txyl])

<1 = am) [[len = pll + 0 [lp = [(1 = cvp)zntamnTan]|| + ¢ (lp = Tpl])]
+ a3n5 |zn — Tzpll + arnep ([[2n — Tznl])

<(1 — o) [llzn = pll + 6(1 = arn) [|2n — Pl + S0t | Tp — Ty]]
+ 7y |20 — Tl + arn (||2n — Tnll)

<(L = ap) [(1+0(1 = ar)) 2 = pll + 82 arm [P — zall + drne (Ilp — Tl|)]
+ a3n5 |zn — Txpll + arnip ([[2n — Tzal])

=(1 = arn) (0% 0trn — Sotp + 5+ 1) [[2n — p|
+ a’r%nd |20 — Txpll + arnep (|20 — Txnl]) -

Since
im {|yir—2 = pll = lm |lypir-3 —pl = ---= lim [z, —pl| =0
and
nlggo [Yntr—2 = TYntr—2ll = nlggo |Yntr—3 = Tynsr—3ll = = nlggo |20 — Txyl| = 0,
we get
Jim o ([|[(1 = a1n) Yntr—2 + 1 Tynsr—2] = T[(1 = 1n) Yntr—2 + @1nTYnir-2]l) = 0,
nh_{gO(P (1(T = a2n) Yntr—3 + 020 TYnsr—3] = T [(1 — a2n) Yntr—3 + @20 TYn+r-3]||) = 0,

lim ¢ (|[(1 = apn)xn+am Tz, — T [(1 — app)TntarnTxy]||) = 0.

n—oo
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Hence, from Lemma [2.6] we obtain that

3re
1—94

0 < lim sup ||z, — up|| < lim supn, =

Applying Lemma to (3.21) implies that

3re
1-6°

lp—qll <
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