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Abstract

In this paper, we introduced the notion of a-y-type contractive mapping in PGM-spaces and established
some new fixed point theorems in complete PGM-spaces. Finally, an example is given to support our main
results. (©2016 All rights reserved.
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1. Introduction

In 1942, Menger [9] initiated the study of PM-spaces and then Sehgal and Bharucha-Reid [14] followed
Menger’s line of research by using the notion of probabilistic g-contraction. They proved a unique fixed point
result, which is an extension of the celebrated Banach’s contraction principle [I]. For interested reader, a
comprehensive study of fixed point theory in the probabilistic metric setting can be found in the book of
Hadzi¢ and Pap [6]. Recently, Choudhury and Das [2] gave a generalized unique fixed point theorem by
using an altering distance function which was originally introduced by Khan et al. [7]. This extension of
altering distance function is called ¢-function, and has been further used in many related literatures [3}, [L0].

Dutta et al. [4] defined nonlinear generalized contractive type mapping involving t-contractive mapping
and proved their theorems for such kind of mappings in the setting of G-complete Menger PM-spaces. Then
Kutbi et al. [8] weakened the notion of 1-contraction mapping and established some fixed point theorems
in G-complete Menger PM-spaces. Later Samet et al. [12] introduced a-i-type contractive mapping in
metric spaces, while Gopal et al. [5] introduced the notion of a-1-type contractive mapping and established

*Corresponding author
Email addresses: cuiruji0o809@163.com (Cuiru Ji), chuanxizhu@126.com (Chuanxi Zhu)

Received 2016-03-16



C. R. Ji, C. X. Zhu, Z. Q. Wu, J. Nonlinear Sci. Appl. 9 (2016), 3735-3743 3736

corresponding fixed point theorems. In 2006, Mustafa and Sims [11] introduced the concept of generalized
metric space. After then, many fixed point results have been obtained by many authors. Moreover, Zhou
et al. [15] defined the notion of generalized probabilistic metric space as a generalization of PM-spaces and
established corresponding fixed point theorems.

In this paper, motivated by the idea of Samet et al. [I12] and a-¢-type contractive mapping in PM-spaces,
we weaken the notion of a-y-type contractive mapping and establish some fixed point theorems in complete
PGM-spaces. Finally, an example is given to support our main results.

2. Preliminaries

In this section, we recall some definitions and theorems which will be needed in the next section.
Throughout this paper, let R = (—o0, +00), RT = [0, +00), and NT be the set of all positive integers.
A mapping F : R — R™T is called a distribution function if it is non-decreasing and left-continuous with
sup F'(t) = 1 and inf F'(t) = 0.
teR teR
We shall denote by Z the set of all distribution functions. A special distribution function H of & is

defined by
0, t<0,

H(t):{ 1, t>0.

Definition 2.1 ([13]). A binary operation 7" : [0,1] x [0,1] — [0,1] is called a t-norm if the following
conditions are satisfied:

1) T(a,b) =T(b,a) and T'(a,T(b,c)) = T(T(a,b),c), for all a,b,c € [0,1];
1

3) T(a,

(a,b) > T(e,d), whenever a > ¢ and b > d, for a,b,c,d € [0, 1].

(1)

(2) T is continuous;
(3) ) =a for all a € [0,1];
(4)

T
4) T

From the definition of T, it follows that T'(a,b) = min{a, b} for all a,b € [0,1]. The following are three
basic continuous t-norms:

(1) The minimum ¢-norm, defined by Ths(a,b) = min{a, b};

(2) The product t-norm, defined by Tp(a,b) = ab;

(3) The Lukasiewicz t-norm, defined by 77,(a,b) = max{a + b —1,0}.
These t-norms are related in this way: 17, < Tp < Tyy.

Definition 2.2 ([I3]). A Menger probabilistic metric space (briefly, Menger PM-space) is a triplet (X, F, T,
where X is a nonempty set, 7" is a continuous t-norm and F is a mapping from X x X into 2% (F,, denote
the value of F' at the pair (x,y)) satisfying the following conditions:

(PM-1) F,y(t) = H(t) for all z,y € X and ¢t > 0 if and only if z = y;

(PM-2) F,,(t) = F,»(t) for all z,y € X and ¢t > 0;

(PM-3) F,.(t+s)> A(Fpy(t), Fy(s)) for all ,y,z € X and ¢,5 > 0.
Definition 2.3 ([13]). Let (X, F,T) be a PM-space. Then

(1) asequence {z,} in X is said to be convergent to a point x € X, if for every ¢ > 0 and 0 < A < 1 there
exists a positive integer N such that F, ,(¢) > 1 — A whenever n > N;
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(2) asequence {z,} in X is called a Cauchy sequence if for every ¢ > 0 and A > 0 we can find a positive
integer N such that F,, ;. () > 1 — A whenever m,n > N;

(3) a Menger PM-space is said to be complete if every Cauchy sequence is convergent to a point in X;

(4) the sequence {z,} in X is said to be a G-Cauchy sequence if nhﬁ\m Fpp 2nim(t) =1 for each m € N
and t > 0;

(5) the space (X, F,T) is called G-complete if every G-Cauchy sequence in X is convergent.

According to [I3], the (g, \)-topology in Menger PM-space (X, F,T) is introduced by the family of
neighbourhoods N, of a point € X given by N, = {Nz(e,A) : ¢ > 0,A € (0,1)} where N,(e,\) ={y € X :
F,y(e) > 1— A}. The (g, A)-topology is a Hausdorff topology.

Definition 2.4 ([15]). The 3-tuple(X,G*,T) is called a Menger probabilistic G-metric space (briefly, PGM-
space), where X is a nonempty set, T is a continuous ¢-norm and G* is a mapping from X x X x X into &
(G% ., , denotes the value of G* at the pair (z,y, 2)) satisfying the following conditions:

z,Y,2

(PGM-1) xyz( )=1foral z,y,z€ X and ¢t > 0 if and only if z =y = z;
(PGM-2) G}, ,(t) > G}, .(t) for all 2,y, 2 € X with 2z # y and t > 0;

(PGM-3) G}, .(t) =G, ,(t) = Gy . .(t) = - (symmetry in all three variables);
(PGM-4) G3, .(t+5) > T(G} ,.(1), Gy, 2(s)) for all v, y,2,a € X and t,s > 0.

Example 2.5 ([15]). Let (X, F,T) be a PM-space. Define a function G* : X x X x X — R" by

Gy, (t) = min{ Fy  (8), Fy (), Fr 2 (1)}
for all z,y,z € X and t > 0. Then (X, G*,T) is a PGM-space.
For more examples of PGM-space, please refer to Zhou et al. [15].
Definition 2.6 ([15]). Let (X,G*,T) be a PGM-space. Then

(1) asequence {x,} in X is said to be convergent to a point x € X, if for any € > 0 and 0 < A < 1, there
exists a positive integer N, ) such that G, () > 1 — X whenever n > N y;

TyTn,Tn

(2) a sequence {z,} in X is said to be a Cauchy sequence, if for any ¢ > 0 and A > 0 we can find a
positive integer N; ) such that G . . (¢) > 1— X whenever m,n,l > N y;

(3) a PGM-space is said to be complete if every Cauchy sequence is convergent to a point in X.
Definition 2.7 ([16]). Let (X,G*,T) be a PGM-space. Then the following statement are equivalent:
(1) the sequence {x,} is a Cauchy sequence;

(2) for all e >0 and 0 < A < 1, there exists M such that G

Tn,Tm>Tm

() >1—\forall n,m > M.

Remark 2.8. Let (X,G*,T) be a PGM-space. Then a sequence {z,} is said to be a Cauchy sequence if
lim G (t) =1 for each m € NT, and ¢ > 0.

Tn , T x
=00 nsTn+m sTn+m

Definition 2.9 ([I5]). Let (X,G*,T) be a PGM-space and zp be any point in X. For every € > 0 and
0 < XA < 1, an(e, A)-neighborhood of z( is the set of all pomts y € X for which G} >1— X and

(e) =
z0,Y.y
szoxo()>1—)\ We write Ny, (e,\) = {y € X:G} -\ G (e) >1— A}

x0,Y, y( ) Y,20,T0
Theorem 2.10 ([15]). Let (X,G*,T) be a Menger PGM-space. Then (X,G*,T) is a Hausdorff space in the
topology induced by the family {Ny,(e,\)} of (g, \)-neighborhoods.
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Definition 2.11 ([I5]). A function ¢ : Rt — R* is said to be a ¢-function if it satisfies the following
conditions:

1) ¢(t)=0 if and only if t = 0;

2) ¢(t) is strictly monotone increasing and ¢(t) — oo as t — oo;
3) ¢ is left continuous in (0,00);

(
(
(
(4

)
)
)
) ¢ is continuous at 0.

In the sequel, the class of all ¢-function will be denoted by ®.

Definition 2.12 ([16]). Let (X,G*,T) be a PGM-space. If the mapping f : X — X be a given mapping
and o : X x X x X x (0,00) = RT be a function, we say that f is generalized a-admissible if

a(z,y,z,t) > 1= afz, fy, fz,t) > 1 for all ¢t >0 and z,y,z € X.

3. Main results

In this section, we denote by ¥ the class of all non-decreasing functions 1) : Rt — RT such that 1 is
continuous at point 0, ¢(0) = 0 and ¥"(a,,) — 0 whenever a,, — 0 as n — oco.

Theorem 3.1. Let (X,G*,T) be a PGM-space, and f : X — X be a mappings, we say that f is an a-1p-type
contractive mapping, if there exist two functions a: X x X x X x (0,00) — R and ¢ € U satisfying the
following inequality:

1 1
a(z,y,2,1) (=3 -1)<Y(—7 — 1), 3.1
A RPN 1)) Bt 7 1) R 1)
where x,y,2 € X, c€(0,1), 9 € ®, Y € V and all t > 0 such that G, .($(t)) > 0.

Theorem 3.2. Let (X,G*,T) be a complete PGM-space. If the mapping f : X — X is an a--type
contractive mapping satisfying the following conditions:

(1) f is a generalized a-admissible mapping;
(2) there exists xo € X, such that a(xg, fxo, fro,t) > 1, for allt > 0;

(3) if {zn} is a sequence in X such that o(xy, Tpt1, Tnt1,t) > 1 for allt >0 and alln € N, and x, — x
as n — 0o, then a(xp,x,z,t) > 1 for allt >0 and all n € N.

Then f has a fized point in X .

Proof. Take an arbitrary point zo € X and a(zg, fzo, fzo,t) > 1, for all ¢ > 0. Define a sequence {z,} in
X by zpy1 = fz, for n € NT. suppose that x, 1 # z, for n € NT(otherwise f has trivially a fixed point).
Then, by using the fact that f is a-admissible, we have

OZ(LU(), fxov fx()v t) = Oé(.fL'(), xy, X1, t) >1= Oé(fl'o, fl'b fxly t) = a(xla r2,T2, t) > 17
By induction, we get
a(Tn, Tpit, Tnp1,t) > 1 for t >0 and n € NT,
From the properties of ¢, there exists ¢t > 0 such that G . . . = (¢(t)) >0 forn € N*. Obviously,
G oanir i (@(2) > 0and Gy, . (¢(ct)) > 0 for ¢ € (0,1) and n € NT. Therefore Theorem

gives that
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1 1
—1= -1
G;kjl,wg,wg (¢(t)) G}I()afxl,fxl (gb(t))
1
<a(zo, 71,71,1)(=; -1)
Gao,far,fa (A1)
1
<Y — L
Gioor,1 (9(2))
Repeating the above procedure successively n times, we obtain
1 1
, — 1<y —1).
Gotng1,m i1 (O()) G arn (0(55))
In general, if we repeat the above step with r < n, we get
! 1< ! 1) (3.2)
G;n,zn+1,xn+1 (¢(Crt)) N G;r,$r+1,xr+1(¢(%)) . '
Since " (ay) — 0, whenever a,, — 0, from (3.2), we deduce that
lim Gy oo (6(c7t)) =1 for all 7 > 0. (3.3)

n—oo

Now, let € > 0 be given, there exists 7 € N such that ¢(c"t) < e. Therefore, from (3.3]), we obtain

lim G (e) > lim Gy o . . . (6(c't) = 1. (3.4)

n=oo  TnrfntlTntl n—o00

On the other hand, we know that

5 (p—1)e
G;n,mnﬂ,,xmrp (5) ZT(G;n,anrl,szrl (};)7 G2n+1,xn+p,wn+p( P ))
(3 13 13
ZT( ;n7$n+17zn+1 (];)’ T(G;n+lywn+21$n+2(§) T ( ;n+p,1,xn+p,$n+p(];)) e )

Letting n — oo and making use of (3.4)), for any integer p, we get

*
Tn azn+p ,xn+p

lim G () =1 for every &> 0.

n—o0

It follows that {x,,} is a Cauchy sequence. Since (X, G*,T') is a complete PGM-space, there exists u € X
such that z, — u as n — oco. Moreover, we get

))- (3.5)

IR

* * 5 *
Gfu7u7U(6) 2 T(Gfuaxn+17$n+1 (5)’ G$n+1u“,U(

Next, using the properties of ¢, there exists s > 0, such that ¢(s) < §. Since x, — u, as n — oo, then
there exists ng € NT, such that
G, (¢(s)) > 0 for all n > ny.

UyTn,Tn

Therefore, for n > ng, we obtain

1 1
fuvxn+lyxn+l(%) Gfu,fa:n,fxn (QS(S))
s 1
<a(u, Tn, Tn, =)= -1
" ! ¢ Gfuvfmn»fl'n (QS(S))
1
<Y(=; - 1).

G (0(2))
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Since 1) is continuous at 0 and ¥ (0) = 0, we obtain

()

lim G (5) = 1 (3.6)
Finally, from (3.5) and (3.6), we get G} , ,(¢) =1 for every € > 0. Thus fu = u. This completes the
proof. O

Theorem 3.3. For all z,y,z € X and for t > 0, there exists z € X such that a(z,z,x,t) > 1 and
a(z,y,y,t) > 1. Adding this condition to the hypotheses of Theorem we obtain the uniqueness of the
fized point.

Proof. Let u,v € X be two fixed points of f, that is v = fu and v = fv. Now, from the condition, there
exists z € X, such that
a(z,u,u,t) > 1 and «(z,v,v,t) > 1. (3.7)

Since f is generalized a-admissible, we get

a(f"zu,u,t) >1 and o(f"z,v,v,t) >1 for n €N and t > 0. (3.8)
Then, using (3.1) and (3.8]), we obtain
! 1= ! 1
G}”z7u7u(¢(6t)) G}(f"_lz),f’u,7fu(¢(0t))
1
Sa(fn_lzyuvuvt) * -1
Glprrz). fupu(9(e)
1
G raa G0)
Repeating the above procedure successively n times, we obtain
1 1
S —— ~ 1.
Gf’”z7u’u(¢(6t)) G;,u,u(qs(cn%l))
Finally, letting n — oo, we obtain f"z — u. A similar argument shows that f"z — v as n — oo. Thus
u = v. This completes the proof. O

Taking a(x,y, z,t) = 1 in Theorem we obtain the following corollary.

Corollary 3.4. Let (X,G*,T) be a complete PGM-space and f : X — X be a mapping satisfying the

following inequality:
1 1
: B (e —
wa,fy,fz(¢(0t)) Gx,y,z<¢(t))

where z,y,2 € X, c€ (0,1), ¢ € ®, ¢ € ¥ and t > 0 such that G, ,(¢(t)) > 0. Then f has a unique fived
point in X.

—1), (3.9)

From Example 2.5] and Theorem [3.1] we get the following corollary.

Corollary 3.5 ([4]). Let (X, F,T) be a G-complete PM-space and f : X — X be a mapping satisfying the

following inequality:
1

1
Fa ry(0(ct)) Foy(o(1))

where z,y € X, c € (0,1), ¢ € ®, ¢ € ¥ and t > 0 such that F, ,(¢(t)) > 0. Then f has a unique fizved
point in X.

=1 <9y - 1), (3.10)
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Proof. Define nyz( ) = min{Fy ,(t), Fy -(t), Fp.(t)} for all z,y,2 € X and t > 0. Example shows

that (X,G*,T) is a PGM-space. Since G , . (t) = Fu, ... (1) and hm Fy wnim(t) = 1 implies
lgn G omiminim (t) = 1 for each m € N* and ¢t > 0. Thus (X,G*,T) is a Complete PGM-space.
n o0 “wnrmotn+m

Now we show that f satisfies the inequality of Corollary [3.4]
1 1

—-1= -1
Gapy.p-(0(ct)) ming Fya py (¢(ct)), Fry,r2(¢(ct)), Fre,p2((ct)) }
1 1
= -1 — -1
O @) @) ool
1 1 1
{p(——— — 1), (o — 1 ~1
sty o Y Eaem) Y Eaee) W
1
< -1
S il Py (60), e 00), Fon0)]
1
S ——
e, em Y
this implies f satisfies all the hypotheses of Corollary Thus f has a unique fixed point. This completes
the proof. O

Taking ¢ (t) =t in Corollary we obtain the following corollary.

Corollary 3.6. Let (X,G*,T) be a complete PGM-space, f: X — X be a given mapping satisfying

Goy,s(0(8) < Gy gy p2((ct)),
where z,y,z € X, ¢ € ® andt > 0. Then f has a unique fized point in X.
Taking ¢(t) = % in Corollary we obtain the following corollary.
Corollary 3.7 ([8]). Let (X,G*,T) be a complete PGM-space, f : X — X be a given mapping satisfying

* t *
Gmyz( ) < sz,fy,fz(t)’

where z,y,z € X, c € (0,1), and t > 0. Then f has a unique fixed point in X.

Corollary 3.8. Let (X,G*,T) be a complete PGM-space and f : X — X be a mapping satisfying the

following inequality: . )
—-1<
G ) =G, W)+ G 60)

where z,y,z € X, c € (0,1), p € @, » € ¥ and all t > 0 such that G, (4(t)) > 0. Then f has a unique
fized point in X.

-1,

T,Y,2

Proof. Since G}, ,,(t) > G, .(t) for all z,y,2 € X with 2z #y and ¢ > 0, we get

T,Y,%
Gy + G552 (1)
5 .

Goy,-(t) <min{Gy (1), Gy . ()} <

Then
1 2 1

RPN 0BT T ¢ ) T () BV e T (3 B

This implies that f satisfies all the hypotheses of Corollary[3.4] Thus f has a unique fixed point in X. This
completes the proof. O
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As an application of Theorems and we prove the following common fixed point theorem for a
finite family of mappings which runs as follows.

Theorem 3.9. Let (X,G*,T) be a complete PGM-space, {f;}", be a finite family of self-mappings defined
on X and denote f = fifafs- - fm. If f : X — X satisfies all the hypotheses of Theorems and [3:2],
then the family {fi}™, has a unique common fized point provided that f;if; = f;fi whenever i # j, with
’L'aj € {1727 7m}'

Proof. Notice that all the hypotheses of Theorems and [3.2) are satisfied in respect of the mapping f,

therefore there exists a unique x € X such that fr = z. Now

f(fix) =((frfafs - fm) fi)z

=(fifafs - fm-1)((fmfi)x) = (frfafs fim—1)(fmfiz)
=fifi(fafz- - fmx)
=fifi(fafs - fmx) = fi(fx) = fix,

which shows that f;z is also a fixed point of f. Since z is the unique fixed point of f, therefore f;x = = and
hence x is also a fixed point of all mappings f; for i € {1,2,--- ,m}. O

By setting f1 = fo = -+ = f;, = g in Theorem [3| we obtain the following fixed point theorem for mth
iteration of a mapping g.

Corollary 3.10. Let (X,G*,T) be a complete PGM-space and g : X — X be a mapping such that {g™}
satisfies all the hypotheses of Theorems and[3:2] Then g has a unique fized point.

4. An example

Example 4.1. Let X = [0,1] and Q7 be the set of all positive rational numbers. T'(a,b) = min{a,b} for
all a,b € X. Define a function G* : X x X x X — 27 as:

t

- t+G(z,y,2) (41)

Gl (1)

for all z,y,z € X and G(x,y, 2) = |z —y|+|y — 2| + |z — z|. Obviously, (X,G*,T) is a complete PGM-space.
Let f: X — X be a mapping defined by f:c:% sinz and ¢ € ® by ¢(x) = %, and ¥ € ¥ by

b(z) = {x if seQt;

% otherwise.

Now we show that f satisfies all the hypotheses of Theorem

L GUrfufo)
Gla,py,12(0(ct)) t

_|sinz —siny| + |siny — sin z| + |sinz — sinx

B 3t

r—yltly—z+]z -«

- 3t

G(z,y,2) 1
= <Yl — b
t Gy, (0(1))

Thus f has a unique fixed point. The fixed point is u = 0.
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Define the function a: X x X x X x (0,00) — RT by

1 if z,y,2z €[0,1];

) (4.2)
0 otherwise.

a(z,y,z,t) =

Now, let z,y,z € X, and a(x,y, z,t) < 1 for ¢ > 0. This shows that z,y, z € [0,1] and by the definitions
of f and «, we have

fzel0,1], fy €10,1],f2 €[0,1] and «(fz, fy, fz,t) =1 for all ¢t >0,

that is, f is generalized a-admissible.
Then, there exists z9 € X such that a(xg, fzo, fzo,t) < 1 for ¢ > 0. Indeed for zp = 1, we have

a(L, f(1), f(1),1) = 1.

Next, let {z,,} be a sequence in X such that a(z,, i1, Tni1,t) < 1fort > 0and n € NT. Since x, — x
as n — 0o, this shows that z,,z € [0,1] and a(x,,z,z,t) <1 for ¢t > 0 and n € N*. Thus, Theorems
and [3.2] are applicable.

Finally, f has a fixed point in X. The fixed point is 0.
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