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Abstract

Hoélder’s inequality and its various generalizations are playing very important and basic role in different
branches of modern mathematics. In this paper, we give some new monotonicity properties of generalized
Holder’s inequalities and then we obtain some new refinements of generalized Holder’s inequalities. (©2016
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1. Introduction

The classical Holder’s inequality, which has wide application in different branches of modern mathemat-
ics, was given by Holder [I] as follows.

Theorem 1.1. Let a; > 0,b; >0 (i =1,2,---,n), and p > q > 1 such that % + % =1. Then
n n % n %
S aihi < (Zaf;> <Zbg> | (1.1)
i=1 i=1 i=1

The sign of inequality (1.1) is reversed for p < 0. (For p <0, we assume that a;,b; > 0.)

In 1979, Vasi¢ and Pecari¢ [6] established the following interesting theorem.
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Theorem 1.2. Leta;; >0 (i=1,2,---,n, j=1,2,---,m).
(a) If pj >0, and if 30", L >1, then

pPj
n m m n i
j
e =<T1(2) (12)
i=1j=1 7j=1 “i=1
(b) pr] <0 (] = 172a"' >m)} then
n m m n i
j
[Tos = IT( %) (13)
=1 j=1 7j=1 “i=1
(¢c) Ifp1 >0,p; <0 (j=2,3,---,m), and @fZTzli <1, then
n m m n %
o\ Pj
S [Tar=T1(Xa)" (14)
i=1 j=1 j=1 Ni=1

The above inequalities are called as generalized Holder’s inequalities.

As is well-known, an important research subject in analyzing inequality is to convert an univariate into
the monotonicity of functions. For example, Hu in [2] solved the elaboration problems of the Opial-Hua
inequality by using the monotonicity of Hu’s inequality. Tian [4] gave some new refinements of Holder’s
inequalities by using the monotonicity property of reversed Hu’s inequality. Qi, Cerone, Dragomir and
Srivastava [3] gave two alternative proofs for monotonic and logarithmically convex properties of the one-
parameter mean values J(r) and for monotonic properties of the product J(r).J(—r) on (—oo, c0).

In 2015, Tian [5] presented the following properties of generalized Holder’s inequalities , and

T3,
Theorem 1.3. Let a;; > 0 (i = 1,2,--- ,n,j = 1,2,---,m), and p1 > ps > -+ > pp, > 0 such that

>t p%. > 1. Suppose that

m n 2s n.m 2s
Hs(n):r[(Zaf;)pj—(ZHaij) L s=1,2,---. (1.5)
j=1 \Ni=1 i=1 j=1
Then we have
0 < Hy(n) < Hy(n+1).
Theorem 1.4. Let a;; >0 (i =1,2,---,n,j=1,2,---,m), and let p1 < pa < --- < ppm < 0. Suppose that
m n 2s n_m 2s
Hs(n):H<Zag>p]—<ZHaij> , s=1,2,---. (1.6)
' i=1 j=1
Then we have
0> Hy(n) > Hy(n+1). (1.7)

Theorem 1.5. Let a;; >0 (i =1,2,--- ,n,j =1,2,---,m), and let p1 >0, po < p3 < --- < ppy < 0 such
that 30%, p%- < 1. Suppose that

Hs(n)=ﬁ<iag)$—<zn:ﬁaij>%, s=1,2,---. (1.8)

i=1 i=1 j=1
Then we have
0> Hs(n) > Hs(n+1). (1.9)
Stimulated by the works of Hu [2], Tian [5] and Qi and Cerone, Dragomir and Srivastava [3], in this

paper, some new monotonicity properties of the above generalized Holder’s inequalities are given and then
some new refinements of generalized Holder’s inequalities ((1.2)), (1.3]) and (1.4) are obtained.
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2. Monotonicity properties and refinements of generalized Holder’s inequalities

Theorem 2.1. Let a;; >0 (i =1,2,--- ,n, j=1,2,--- ,m), and let p1 > ps > --- > pp, > 0 such that
S L > 1. Suppose that

J=1p;
Hs(n):ﬁ<iag)”—<iﬁaij>s, 5=1,2,---. (2.1)
Then we have

Proof. Let us define
and

Next, we divide the proof into three cases.
Case I. When s =1 and m is even. A simple computation shows that

m n ’ P%‘
B-11(X %)

i=1

(G @A [EEa)] [Ea &)
)] (G E] [(59EH)]

1 1 1

() (S| (S (Se)|

and
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1

+ <f[a<n+1>j)<ia€f)“<§

7j=1 i=1
1
n+1 pa
_ p2 p2
= a(n+1)2< E :%2)
=1

=1

1 1

n+1 Prm—1
X (n+1)m ( Z a; >]

B n+1 —L— 1
X 1(777+11)(m 1) (Zazm)] [

-5 1 1

P2 P11

n
|t ()
=1
_ 411

n P4 P3
P4 P4
X a(n+1)4<§ :ai4>

=1

P2
a
(
4

_1 1

. (nH)m(Za >] Pm—1

_ 1

Pm—1
[ (G ]

From , and (| we deduce

(An+1

- An) (Bn+1 + Bn) + BEL

n+1 n
p2 p2 P2
= a<n+1>2<2ai2> + <a(n+1 2
=1 =1
B n+1 n
p1 p2 p2
X G pq1y1 ( %2) + <“(n+1)
L =1 =1
B n+1 n
D2 p1 p1
X “(n+1)2( a’i1> + <a(n+1)
L =1 =1
B n+1 n
P4 P4 yZs
X CL('rz—|—1)4 ( @iy ) + <a(n+1)
L i=1 =1
B n+1 n
p3 yz P4
X | Ci1)3 ( az'4> + <a(n+1)
L =1 =1
B n+1 n
y p3 b3
X a(n+1)4( ai3> + <
L =1 =1

n+1)2 < .
)4

1
P2
D2
;o )

Pm
(n+1)m

Pm—
(n+11)(m71) < Z a;

a3 )]

1 12+a

4 z4+a’

4 z3+a

a(n+1)3az4 + (114 ar3

n
=1
n
>_a
=1

p
(n+1 < .

n 1
pm
()
i=1
1 1
P n+1 1
[ (n+1>1<z%>] [a}()2

n+1 i—g n+1 p3
X |8ty < > afi) Aoty ( Z aﬁ) Wt 1)a (

n+1
E apm 1
Z

aP?

i1
1

3

3

)p3
i

n

i=1

n

r=1

n+1)2
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1 1

n

1=

D
B n+1

X (n+1)m<za ) +
B n+1

X ]()Lnﬂl)(m 1) (Za >

n+1
X (n+1)m<zafm ' >
_ n+1
[ (n+1)2 (Za12+za

)+ (%

pm

Pm—1

(CL n+1)m zm m T apm Z CL )]
1

(G
3 (
(5
i
(

1=

n—+
r=
n+

r=

pm 1
(n+1)m z(m 1)

+aln Za >]
)

1

)2] Pz T p1
1’1

D

ar)

1
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1

1
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(n+1)(m 1

H)—I

i) +

1 1

n 2| pm  Pm-_1
E Pm
=1

_ 1

n+1
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X 8 ng1)1 ( Z a; >
=1
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xam42a+z
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Pm V4
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=1
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XY nt1) (m—1) (Z Qi
L =1
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X
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2 n
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r=1
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1 1

2 n n 2| pm Pm—1
X (a?21+1)m) + 2a(n+1)m < Z af;nn> + (Z af;;)
1

=
1

n+1n+1 5 n+1n+1 5
Pm-—1 Pm m—1 Pm  Pm—1 m—1
<§:§:a1 a’”) <§:§:alm r(m 1)

i=1 r=1 i=1 r=1

This implies that
(Ant1— An) (Bpy1 + Bn) < B, — B,

and hence
An+1 - An S Bn+1 - B?’w

that is
Bn - An < Bn+1 - An+1

and then, we get

Case II. When s = 1 and m is odd. Carrying detailed computing, we get

(B (S EA] (G )
) ) () (E)]
X o, (2.4)

and

(An—i-l - An)(Bn-I—l + Bn)
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m n 1 n L 1
pP1 PQ Pm
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1 1 1 1
n+l P2 P n+1 P n+1 o
ol < ag)] [ Ant1)1 < Z a; >] [al(?zﬂp < Z aff)]
i=1 =1
1 1 1 1
n+1 P4 p3 n+1 3 n+1 p3
ot ()| () | (X a)
i=1 i=1 i=1
X
[ n+l i p'mlfl _pm172
p'm 1 Pm—1
X (n+1)(m 1) Zaz(m 1 )
r n+1 ] pm1_2 n+1 Pm1—2
[etirtinn (et ™ [t o (Lt 25)

1
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n+1
X (n+1)m < Z @;

P2 Pl
D2
) >

11

n P4 P3
P4 pa
X a(n+1)4< a’i4)

=1 L
X oo
X frTJrll)(m 1) (Zaf(% 11)
X €§+11)(m 1) (Z“f{;% 22>

1

‘ (Mm(Za )]

From (2.5), (2.4]), (1.2) and by the same methods as in Case I, we can obtain the following inequality.

1

Pm—2
pm 2
(n+1)(m 2)

Hi(n) < Hy(n+1).

(Zaf(% 11

(2.6)

Case III. When s > 1, s € N and m € N. From inequality B, — A, < Bpt+1 — Apt1, it is easy to see that

_A:rst SBZ—FI_

is valid for s = 2,3,--- , and then,

Hy(n) <

holds for s =1,2,--- .
If we set n =1 in (2.1), then Hs(1) = 0.

s
An+1

Hy(n+1)
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Thus
0< Hs(n) <Hs(n+1), s=1,2,---

The proof of Theorem [2.1] is completed. O

From Theorem we obtain the following refinement of generalized Holder’s inequality (|1.2]).

Corollary 2.2. Let a;; >0 (i = 1,2,--- ,n,j = 1,2,--- ,m), and let p1 > pa > -+ > py, > 0 such that
S L >1. Then

i=1p;
1

. . ‘7 2:1 y Ai
where H(2) = H;-”:l(aﬁ- + ag;)"f - (H;nﬂ aj + 1105, a2j)2 > 0.

Using inequality (|1.3)) and making the similar methods as in Theorem we can obtain the following
result.

Hs(n):ﬁ<iag>é—<iﬁ%>s, s=1,2,---. (2.8)

Then
Hs(n+1) < Hg(n) <0. (2.9)

From Theorem we get the refinement of generalized Holder’s inequality (|1.3) as follows.
Corollary 2.4. Let a;; >0 (i =1,2,---,n,5=1,2,---,m), and let py < ps <--- < pm <0. Then

n 1

Zﬁ% Eﬁ(iaﬁ?j)%H(%Zﬁ(iaﬁ’});j, (2.10)

i=1j=1 j— i= j=1 i=1

2

where H(2) = H;nzl(a]f; + a@j)”ff - (H;n:1 a1j + [ 174 QQJ')Q < 0.

Using inequality (1.4]) in instead of (1.2, and making the similar methods as in Theorem we imme-
diately obtain the following monotonicity property of inequality ((1.4)).

Theorem 2.5. Let a;; >0 (1 =1,2,--- ,n,j =1,2,--- k), and let p1 > 0, pp < p3 < -+ < pp < 0 such
that 377° p%- < 1. Suppose that

Hs(n):H<zn:a§’;>;j—<zn:ﬁaij>s, s=1,2,---. (2.11)

j=1 Ni=1 i=1 j=1

Then we have
Hs(n+1) < Hg(n) <0. (2.12)

Using Theorem [2.5{ we can obtain the following refinement of generalized Holder’s inequality ((1.4)).
Corollary 2.6. Leta;; >0 (i=1,2,---,n,7=1,2,--- ,m), and let py > 0, po < p3 < -+ < ppm < 0 such

that Z;n:l p%. < 1. Then

(;ai?Jj)W—H(?)Zﬁ(ia?j)é, (2.13)

2
where H(2) = H;n:l(aﬁ- + a;”j-)pj - (HTzl ayj + H;nzl an)2 <0.
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