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Abstract

In this paper, we consider a new class of boundary value problems of Caputo type fractional differential
equations supplemented with classical/nonlocal Riemann-Liouville integral and flux boundary conditions
and obtain some existence results for the given problems. The flux boundary condition z’(0) = b ¢D8x(1)
states that the ordinary flux z/(0) at the left-end point of the interval [0, 1] is proportional to a flux ¢DPx(1)
of fractional order 5 € (0, 1] at the right-end point of the given interval. The coupling of integral and flux
boundary conditions introduced in this paper owes to the novelty of the work. We illustrate our results with
the aid of examples. Our work not only generalizes some known results but also produces new results for
specific values of the parameters involved in the problems at hand. (©)2016 All rights reserved.

Keywords: Differential equations, ractional order, integral boundary conditions, flux, existence, fixed
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1. Introduction

The intensive development of fractional calculus and its widespread applications in several disciplines
clearly indicate the interest of researchers and modelers in the subject. As a matter of fact, the tools of
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fractional calculus have been effectively used in applied and technical sciences such as physics, mechanics,
chemistry, engineering, biomedical sciences, control theory, etc. It has been mainly due to the fact that
fractional-order operators can exhibit the hereditary properties of many materials and processes. For a
detailed account of applications and recent results on initial and boundary value problems of fractional
differential equations, we refer the reader to a series of books and papers ([IH7, O, 10, 12, 14H19]) and
references cited therein.

In this paper, we investigate a new class of boundary value problems of nonlinear Caputo fractional differ-
ential equations with classical/nonlocal Riemann-Liouville integral and flux boundary conditions. Precisely,
we consider the following fractional differential equation:

‘D%(t) = f(t,z(t)), tel0,1], 1<a<2, (1.1)

supplemented with classical integral and flux boundary conditions
1
z(0) +z(1) = a/ z(s)ds, x'(0)=0b°DPx(1), 0<pB <1, (1.2)
0

and nonlocal Riemann-Liouville integral and flux boundary conditions
2(0) + z(1) = al’z(n), 2'(0)=b°D’z(1), 0<B,v<1, 0<n<l, (1.3)

where D% ¢ DP denote the Caputo fractional derivatives of orders a, 3, f : [0,1] x R — R is a continuous
function and a, b are appropriate real constants.

The existence and uniqueness results for problems f and f are obtained via a variety of
fixed points theorems, such as Leray-Schauder nonlinear alternative, Banach contraction mapping principle,
Schauder fixed point theorem, Krasnoselskii fixed point theorem, nonlinear contractions and Leray-Schauder
degree theory. The methods used are well known, however their exposition in the configuration of problems
f and f is new.

The paper is organized as follows: In Section [2] we recall some basic definitions of fractional calculus
and present an auxiliary lemma. The main results for the boundary value problem f are given in
Section |3l Finally, in Section [4} the results for the boundary value problem f are outlined.

2. Preliminaries

In this section, some basic definitions on fractional calculus and an auxiliary lemma are presented [12][16].

Definition 2.1. The Riemann-Liouville fractional integral of order ¢ for a continuous function g is defined
as

t S
20 = i ) et >0

provided the integral exists.
Definition 2.2. For at least n-times continuously differentiable function ¢ : [0,00) — R, the Caputo

derivative of fractional order g is defined as

t
‘Dig(t) = ! )/O(t—s)”_q_lg(”)(s)ds, n—-1<gq<n, n=][q+1,

L(n—q)
where [¢q] denotes the integer part of the real number g.
Lemma 2.3 ([12], [16]).

(i) If« >0,6>0,8>a,f € L(0,1) then

I°IPf(t) = 1P f (1), DICf(t) = f(t), DI7f(t) = 17 f(t).
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(ii)

QY
'\ —a)
Lemma 2.4. Let a # 2 and T'(2 — ) # b. Given y € C([0,1],R), the unique solution x € C?([0,1],R) of
the problem

cpurt = tr7e 1 X >[a] and D=0, X< |[a].

D%x(t) =y(t), 0<t<l, 1<a<2,

2.1
z(0) +x(1) = a/l z(s)ds, 2'(0)=b°DPz(1), 0<pB <1, 21
0
e by Pt—s)*! b2t — L2 —p) 1 (1—s5)>F!
0= [ SO s Y 0

1 L1 —s)ot a L(1—s)
" 2-a /0 () y(s)ds + 2—a /0 o+ 1)y(s)ds.

Proof. 1t is well known that the general solution of the fractional differential equation in (2.1)) can be written
as

t — s a—1
x(t) = /0 (tr)y(s)ds + c1t + co, (2.3)

()
where cg,c; € R are arbitrary constants.
Using the boundary condition #/(0) = b *D?z(1) in (2.3)), we find that

_r@e—-p8) [ (1-s)et!
- F(z SOl e
In view of the condition z(0) + =a fo s)ds, . ylelds
Pa—s)t 8)
2CO+01+/) F(Oé) / / )d +7+CL60,

which, on inserting the value of ¢;, and using the composition law of Riemann-Liouville integration, gives

1 r@e-8)  [ta—-s)Ft
“=TE-Bo7 ), TeH YO

1 1 -1
a (1—s)* 1 (1—s9)*
ds — ds.
+2—a/0 Tlat V¥ 2—a/0 Ty V()4
Substituting the values of ¢, c1 in (2.3)) we get (2.2)). This completes the proof. O]

3. The boundary value problem (|1.1)—(1.2)

Let C = C(]0,1],R) denotes the Banach space of all continuous functions from [0, 1] to R endowed with
the norm defined by ||z| = sup{|z(t)| : t € [0,1]}. We define the operator F': C — C by

t — s a—1
(F)(t) = /0 (trw)é)f(s?w(S))ds

b2t —DI'(2—-p6) [ (1—s) B
i |

2(T(2— B) — b) ap 1 a(s))ds

1 — s a—1
+ 2ia/0 (15 f(s,x(s))ds

a La—s)
2 —a/o INa+ 1)f(8’x(3))d37 t €[0,1].
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Observe that the fixed point problem Fx = z is equivalent to boundary value problem ((1.1))—(1.2)).

For convenience we put:

Ao 1t[2—d bIT'(2 — 5) lal

“R-allf(atD) 2TE@-5) W@ B+1)  [2-all(at2) (3:2)

3.1. Ezxistence results

Our first existence result is based on Leray-Schauder nonlinear alternative.

Lemma 3.1 ((Nonlinear alternative for single valued maps), [11]). Let E be a Banach space, C a closed,
convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C' is a continuous, compact

(that is, F(U) is a relatively compact subset of C') map. Then either
(i) F has a fived point in U, or;
(ii) there is a u € OU (the boundary of U in C) and X\ € (0,1) with u = AF(u).

Theorem 3.2. Assume that f:[0,1] x R — R is a continuous function and the following conditions hold:

(Ay) there exist a function p € C([0,1],RT), and ¢» : R™ — R* nondecreasing such that |f(t,z)] <
p)¢(llzll) for each (t,z) € [0,1] X R;

(Ag) there exists a number M > 0 such that

M

lele(DA ~ "

where A is defined by (3.2]).
Then the boundary value problem (1.1)—(1.2)) has at least one solution on [0, 1].

Proof. Consider the operator F': C — C defined by (3.1)). It is easy to prove that F' is continuous. Next, we
show that F' maps bounded sets into bounded sets in C([0, 1], R). For a positive number p, let B, = {x €
C([0,1],R) : ||z]| < p} be a bounded set in C([0,1],R). Then, for each x € B,, we have

Pt bt = DN =B) (' (1—s) 7!
|(Fx)(t)|§/0 Ry W m)lds + Foa 2 /0 e
L AN ol [t (A9

T2 /0 Ty M a)lds + 5 /0 Ta g 1 G ee)lds

| (s, 2(s))lds

1 [bIT'(2 — B)
= w“x”)”p”{r(a 1) T AT@ - f) e — B+ 1)

1 |al
TR —dta+D |2—a|F(a+2)}
= Y(llz[))[lplIA-

Thus,
[Fz|| < [[pllv(p)A.

Now we show that F' maps bounded sets into equicontinuous sets of C'([0, 1], R). Let ¢1,t2 € [0, 1] with
t1 <ty and = € B,, where B, is a bounded set of C([0,1],R). Then we have
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|(Fz)(t2) — (Fz)(t)]

< | /0 t“’(tQ_s)a—lf(s,x(s))ds—r(la) /Otlﬂl =) (s a(s)ds
At ’ti_b\tl‘/ S 1|f(s,w(8))lds

< s [l = - s>a-11p<s>w<p>ds e L (e s
R [y e

1ot N 1 Lo N LM
< IIOD %y syt — (1 = oy + B %, — et

2|[pllv(p)[bIT(2 = B)[t2 — i
202 —B) —bT(a— B+ 1)

+

Obviously the right hand side of the above inequality tends to zero independently of x € B, as to—t; — 0.
Therefore it follows by the Arzela-Ascoli theorem that F' : C — C is completely continuous.

The result will follow from the Leray-Schauder nonlinear alternative (Lemma once we have proved
the boundedness of the set of all solutions to equations z = AF'x for A € [0, 1].

Let x be a solution. Then, for ¢ € [0, 1], and using the computations in proving that F is bounded, we
have

1 bIT'(2 - B)
T(a+1)  2T2-B)—bT(a—B+1)

1 |a]

[(F) ()] < ([[z]Dlpl

R PECES RPN CE)
= ¢(ll=))llpllA.
Consequently, we have
]
— < 1.
Pl (=) A

In view of (As3), there exists M such that ||z|| # M. Let us set
U={xe€C(0,1,R) : ||z|| < M + 1}.

Note that the operator F': U — C([0,1],R) is continuous and completely continuous. From the choice
of U, there is no z € OU such that x = AFz for some A € (0,1). Consequently, by the Leray-Schauder
alternative (Lemma , we deduce that F has a fixed point z € U which is a solution of the problem

C.O-C2. O

Example 3.3. Consider the problem

1 x? 3/ |z 1
D32x(t) = —(1 + ¢ --], 0<t<1
w0 =g o1 T vy 2) ’

1
1
z(0) +z(1) = 4/ z(s)ds, 2'(0) = 3 °DY2x(1).
0
Here a« =3/2,=1/2, a=4, b= 1/2. With the given values, we find that

A = 2.8453114.
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Clearly,

<

.'L'2 €T
\f(t,xn:';(m?)( gL —i) < S+ (el + 1)

EES TRV r)

M
Choosing p(t) = (1/8)(1 +t?) and ¢(|z|) = |z| +1, SODTPIA > 1, implies that M > 2.4641374. Hence,
p
by Theorem the boundary value problem ({3.3)) has at least one solution on [0, 1].
Our second existence result is based on Leray-Schauder degree theory.

Theorem 3.4. Let f:[0,1] x R — R be a continuous function. Suppose that
(A3) there exist constants 0 < k < A™%, and K > 0 such that
|f(t,x) < k|lz| + K for all (t,z)€[0,1] xR,
where A is defined by .
Then the boundary value problem (L.1)~(1.2) has at least one solution on [0, 1].
Proof. We define an operator F': C — C as in . In view of the fixed point problem

x=Fu. (3.4)

We shall to prove the existence of at least one solution z € C[0, 1] satisfying (3.4]). Set a ball B C C[0, 1],
as

Br={zeC: teHCl’E[lO},(l] |z(t)| < R},

with a constant radius R > 0. Hence, we shall show that F': Br — C]0, 1] satisfies a condition
x # 0Fx, Vx € OBg, Vo € [0, 1]. (3.5)

We set
H(f,x) =0Fz, zeC, 6 € [0,1].

As shown in Theorem [3.2) we have that the operator F' is continuous, uniformly bounded and equicontin-
uous. Then, by the Arzeld-Ascoli theorem, a continuous map hy defined by hy(x) =x — H(0,z) =z — 0Fz
is completely continuous. If holds, then the following Leray-Schauder degrees are well defined and by
the homotopy invariance of topological degree, it follows that

deg(h6’7 BR7 0) = deg(‘[ - 9F7 BR7 0) = deg(ha BR7 O)
= deg(ho, Br,0) = deg(I, Br,0) =1 # 0, 0 € Bg,

where I denotes the unit operator. By the nonzero property of Leray-Schauder degree, hi(x) =z — Fz =0
for at least one = € Bg. Let us assume that x = §Fx for some 6 € [0,1] and for all ¢ € [0, 1] so that

tM s,x(s))|ds b2t =[P -p) [P (A—s)* " s,x(s))|ds
!(Fx>(t)!§/0 T(a) | (s,2(s))lds + T ) ) /O a5 £ (s,2(s))|d
! 1(1_5)04—1 s,x(s))|ds o 1(1_5)(1 s,x(s))|as
Faa ) Ve + g [l el

L pre-p
Fa+1) 202-8)-bl'(a—p+1)

< (klz + K)
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1 lal

TR alat) T R-dl(at2)
= (klz[ + K)A,
which, on taking norm sup,¢jo 1) [#(t)| = [|z|| and solving for [[z||, yields

ol < 2
=16

KA . . .

IfR= 1 A + 1, inequality (3.5 holds. This completes the proof. O]
— K

Our third existence result is based on Krasnoselskii’s fixed point theorem [13].

Lemma 3.5 ((Krasnoselskii’s fixed point theorem), [13]). Let M be a closed bounded, conver and nonempty
subset of a Banach space X. Let A, B be the operators such that (i) Ax + By € M whenever x,y € M;

(ii) A is compact and continuous and (iii) B is a contraction mapping. Then there exists z € M such that
z = Az + Bz.

Theorem 3.6. Let f:[0,1] x R — R be a continuous function satisfying the following conditions:
(Ag) |f(t,x) — f(t,y)| < Llz —y|,Vt € [0,1], L >0, z,y € R;

(4s) |f(t,2)| < v(t), Y(t,z)€[0,1] xR, and v € C([0,1],RY).

If

2—aT(a+D)  2T2—F) —bla—B+1)  P2—allat2) } <1

then the boundary value problem (1.1))~(1.2]) has at least one solution on [0, 1].

. { L bIr(2 — ) a 56)

Proof. Letting supc(o 11 [V(t)] = [[v||, we fix
7= Ay,

and consider Br = {x € C : ||z|| <T}. We define the operators P and Q on Br as

t _sa—l
o)) = | (=9 (s, w(s))ds

I'(q)
b2t — L2 —p) (' (1—s)* P!
@O =525 =y Ty Y

1 — 3 a—1 a 1 _ g
* 2 i a/o : 1"(02) y(s)ds — 5 _ a/o I(‘l(a _|_)1)y(s)als7 t€10,1].

For x,y € Br, we find that
[Pz + Qul < Alv| <7

Thus, Pz + Qy € By. It follows from the assumption (A4) together with (3.6) that Q is a contraction
mapping. Continuity of f implies that the operator P is continuous. Also, P is uniformly bounded on Br
as

Pal| < =
P2l < 55

Now we prove the compactness of the operator P.

-
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We define sup; ;)c(0,1)x B, |f(t,x)| = fs < oo, and consequently, for ¢1,ts € [0,1] with ¢t < ¢1, we have

t.x

to

/0~t1[(t2 - 3)0‘71 _ (tl o S)afl]ds +/ (tg B s)aflds 7

t1

s
I'(q)

which is independent of z. Thus, P is equicontinuous. So P is relatively compact on Br. Hence, by the
Arzeld-Ascoli Theorem, P is compact on By Thus all the assumptions of Lemma are satisfied. So the
conclusion of Lemma implies that the boundary value problem (1.1))—(1.2)) has at least one solution on
[0,1]. O

|(Pz)(t2) — (Px)(t1)] <

Example 3.7. Consider the problem

“Can22t) o) -1
D¥20(p) = € sm( 0<t<l
W="1T07 o+l e 0Si<h

z(0) +z(1) = 513/0 z(s)ds, 2'(0) = %0 °DY2g(1).

Here a =3/2,8=1/2, a=1/8, b =1/10. With the given values, we find that
A = 2.8453114.

Since |f(t,x) — f(t,y)] < (1/36)|z — y|, (A4) is satisfied with L = 1/36. We have

1 bIT(2 - 5) |a]
+ ~ 04777296 < 1.
2—all(a+1) 2I2-08)-bT(a—B+1) [2—all'(a+2)
Clearly,
e~ sin (2t) |z (t)] t—1| e -1
t = < .
) G162 Je@|+1 i+l 36 i+l

Hence, by Theorem the boundary value problem ({3.7)) has at least one solution on [0, 1].
The next existence result is based on Schauder’s fixed point theorem.
Lemma 3.8 ((Schauder’s fixed point theorem), [I1]). Let U be a closed, convex and nonempty subset of a

Banach space X. Let P : U — U be a continuous mapping such that P(U) is a relatively compact subset of
X. Then P has at least one fized point in U.

Theorem 3.9. Assume that f:]0,1] x R — R is a continuous function satisfying the assumption
(A6) 1£(t2)] <m(t) +dale, ¥(t,2) € [0,1] x R, and m € L7 (0, 1], R*), 7 € (0,0 — 1),d > 0,0 < p < 1.

Then the boundary value problem (L.1)~(1.2) has at least one solution on [0, 1].

1 g
Proof. Denote ||m| = ( m(s)]ids> .Let B, ={x € C:||z|]| <r} with r > 0 to be specified later. It is
0

clear that B, is a closed, bounded and convex subset of the Banach space C.
We will show that there exists r > 0 such that the operator F' maps B, into B,. For x € B, we have



B. Ahmad, S. K. Ntouyas, J. Nonlinear Sci. Appl. 9 (2016), 3622-3637 3630
—g)a1 _ _ a B— 1
(01 < [ L nts) + detepias + g ED [0 m(s) + dfa(s) "}ds
(1—s)“ |a| (1 — s)
+ ’2 i / )+ d|x(s)|P]ds + 2—a Jy Tlat1) [m(s) + d|z(s)|’]ds
1 1—y 1 v
< m </0 ((t —5)*” 1) 1—y ds) (/0 (m(s))1/7d8>
pre-g 1 : w5 N )
*araeg e (], (o) Tas) (o)
1 L 1 R ﬁ 1— 1 1 gl
e () @) ([ monas)
i L 1 —so‘_lﬁsl_7 177"051/“*37
e ) @) (([omontas)
Iml ( 1=~y ' PCR=8)  |ml 1-y \'7
= T(a) <a—7—1> TN B) - b T(a - B) (a—ﬁ—v>
1 mll /1=y N7 Jal m| 1-y \'77
+]2—CL\F(0¢) <a—fy—1> +]2—a\F(a+1) <a+1—fy>
bIT(2 — ) 1 |al
+‘W{r(omu DT —p) —oT(a-8+1)  2—aT(a+1)  |2—aT(a+2) }
and consequently
[m| 1-y \'77 pr2—-p6)  |[ml 1-vy \'77
7o < riay (755 01) e e (a5
1 |m]] 1-y \'77 la|  |lm]] 1-y \'7
+|2—a|F(a) (oz—’y—l) +|2—a|F(a+1) <a+1—’y>
bI1'(2 - B)
+ drp{r(a 0 T ATE=8) —bT(a-B+1)
1 |a|
TR et " 2—a\r(a+2)}
= |m||Z + Adr®,
where A is defined by and
1 la| + « ) 1—v \'77
7 = (1 +
I'(«) al2 — al (oz—’y—l) 1 (3.8)
pir2-5)  |ml 1—y 77
+2!F(2—6)—blf(a—5) <a—/3—7> '
Let r be a positive number such that
r > max{2||m| Z, (2Md) 7 1. (3.9)

Then it follows that for any = € B,

|Fall < l[m]|Z + Adr < 5 + 5 =
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It is easy to verify that F' is continuous, since f is continuous.

Next, we shall show that for every bounded subset B of C the family F(B) is equicontinuous. Let be
B any bounded subset of C. Since f is continuous, we can assume that |f(¢,z(t)| < N for any # € B and
t €[0,1].

Now let 0 < ¢1 < tg < 1. Then we have:

to t1
r(Fx><t2><Fx><t1>s\r(1® | = x(s))dsr(l) | = psatoas

2102 - yt2—t1\/ 1—3 —A-1
+ 2T = 3) 1) £ (s,2(s))lds

l t1 . —sals i _Sa—ls
< Fag |, =9 = (=) ]“r(a)/tl (12— 5)"

2N[BL(2 — B)|ty —ta] [* (1 —s)* P!
2r@2-p)=0  Jo T(a—p8)

N h a— a— N 2 a—
<F()/ [(tQ—S) 1—(t1—8) 1]dS+F(Oé)/tl (tQ—S) 1d8

_l’_

ds

2N[b1(2 — B)[t2 — t]
AT (2= B) — b (a—B+ 1)

Hence we have

sup [(Fz)(t2) — (Fx)(t1)| — 0 as to — t1,
z€B

and the limit is independent of 2 € B. Therefore the operator F : B, — B, is equicontinuous and uniformly
bounded. The Arzeld-Ascoli theorem implies that F'(B,) is relatively compact in X.
By lemma the problem (|1.1)—(L.2)) has at least one solution. The proof is completed. O

Remark 3.10. The condition (Ag) can be replaced by the following condition
(4) [t 2, y)l <m(t) +d|z)?, p>1,
and the conclusion of Theorem remains true. Some additional restrictions about 7 in (3.9)) are needed.

Example 3.11. Consider the problem

1
D33x(t) = e (5% — 3t) + %|x(t)]1/3, 0<t<l,
(3.10)

1

1
z(0) +z(1) = 2/0 z(s)ds, 2'(0) = =

- °DY2g(1).

1 1 1

We have |f(t,z)| < |5t* — 3t| + Q—Ix\l/?’ with d =, p = - and m(t) = |5t2 — 3t| € L°°(0,1).
0 T

Hence, by Theorem the boundary value problem (3.10) has at least one solution on [0, 1].

3.2. Uniqueness results

Our first result on existence and uniqueness is based on nonlinear contractions.

Definition 3.12. Let E be a Banach space and let A: F — E be a mapping. A is said to be a nonlinear
contraction if there exists a continuous nondecreasing function ¥ : RT — R such that ¥(0) = 0 and
U(e) < e for all € > 0 with the property:

[Az — Ayl < ¥(lz —yl),  Va,ycE.
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Lemma 3.13 ((Boyd and Wong), [8]). Let E be a Banach space and let A : E — E be a nonlinear
contraction. Then A has a unique fized point in E.

Theorem 3.14. Let f:[0,1] x R — R be a continuous function satisfying the assumption:

(By) |f(t,x) — f(t,y)| < h(t)117*|1—|:—|_y||’ fort € [0,1],z,y > 0, where h : [0,1] — RT is continuous and
r—y

H* the constant defined by

1 1— a—1 bF 2_ o a Bs—1
H* ::/ ﬁh( )ds +2|1|1|2 5 —b|/ h(s)ds

_ )a
s)d h(s)ds.
yg—a/ )5+2—a\/F(a+1) (s)ds
Then the boundary value problem (1.1] . has a unique solution.

Proof. We define the operator F' : C — C as in ([3.1)) and the continuous nondecreasing function ¥ : R — R
by

H*e
H* +¢’
Note that the function ¥ satisfies ¥(0) = 0 and ¥(e) < ¢ for all € > 0.
For any z,y € C and for each t € [0, 1], we have

Ue) = Ve > 0.

_ )a—l

(P20~ (Fn) 0] < [ T 0(6) ~ S p(sDlds
b2t - HIL2-p) (1 (1-s)* !
: /0 X

[f(s,2(5)) = f(s,y(s))|ds

2|F(2—B)—b\ a—f)
1 (1
12 — ay ; |f(s,2(s)) — f(s,y(s))|ds
! (1 —5)

’2 — a! o D(a+1) (s,2(s)) — f(s,y(s))|ds

Y(llz —yll) (1-s)t
< 7 {/0 F(a) h(s)ds

b|1( 2—5)
)
2T —3) — 0| J, (s)ds
_ al 1—8
s)d s)d
2—ay/ S+2—a]/ Mat1) S}
< ¥([lz —yl).

This implies that [|[Fz — Fy| < U(|Jz — y||). Therefore F' is a nonlinear contraction. Hence, by Lemma

the operator F' has a unique fixed point which is the unique solution of the boundary value problem
(1.1)—(1.2). This completes the proof. O

Our next existence and uniqueness result is based on the celebrated fixed point theorem due to Banach.

Theorem 3.15. Assume that f : [0,1] Xx R — R is a continuous function satisfying the condition (Ay).
Then the boundary value problem (1.1)—(1.2)) has a unique solution if

LA <1,
where A is given by (3.2)).
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Proof. Let us fix sup;cjo 11| f(¢,0)] = N, and choose
NA
r> .
—1-LA
Then we show that FB, C B,, where B, = {x € C : ||z|| < r}. For x € B,, we have

(Fa)(t)] < sup { /0 (=9 b5, ()l ds

te0,1] o)
b2t — DIT(2-8) [1(1—s)vF1
i 2I0(2-5) —b| /0 T(a— B) |f(s,2(s))|ds

(1- (1—s)*
|2_a|/ |ds+ |/ Tla+ 1) |f(s,z( ))ds}

(t=s)*!
gsup{ [ 1o t60) = 16,001+ 115,00

t€[0,1]

_ _ g)a=p1
ot _b,/ Sy e = e ¢ 0

(1 —s)" 1
+ |2_a| / (17 (s,2(5)) = F(5,0)| + | £(s,0))ds

(1—23)
S [ 17 s69) — 16,001+ 15600

b|T(2 — B)
S(UWJW{FW+4) 202 —-p) —bl(a—pB+1)

1 |al
TR dfatrn T 2—a\r(a+2)}
=(LA+N)A<r.
Now, for z,y € C and for each ¢ € [0, 1], we obtain

(t — )
|<Fx><t>—<Fy><t>|st2%§]{ [ (o) Gt
2t~ DIPE =) 1 (1) .
o 9l /0 ol (s.(s) = (5.5l

1 1
2=l /0 F(a) 1 F(5,2(5)) — £, ()l

|al - — f(s,y(s))|ds
+ |2_ay/0 e R }
< LAz —y]|-

Therefore |[Fx — Fy|| < LA||z — y||, and as LA < 1, F is a contraction. Thus, the conclusion of the
theorem follows by the contraction mapping principle (Banach fixed point theorem). O]

Example 3.16. Consider the problem

)
sin(7t) _ z(t)] +£7 0<t<l,
(et +3)2 [z(t) +1 " 2

1
z(0) +z(1) = 4/0 z(s)ds, 2'(0) =

D32 (t) =

(3.11)

% eDL/2y(1).
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Here a =3/2,5=1/2, a =4, b= 1/2. With the given values, we find that
A = 2.8453114.

Here the boundary conditions are as in the Example (3.3) and f(t,2) = (sin?(mt)/(e! + 3)2)(Jz|/(1 +
1z])) + (v/3/2). Since |f(t,z) — f(t,y)] < (1/16)|x — y|, then, (A4) is satisfied with L = 1/16. Thus
LA ~0.1778319 < 1. Hence, by Theorem the boundary value problem (3.11)) has a unique solution on
[0,1].

We give another existence and uniqueness result for the BVP (|1.1)—(1.2]) by using Banach’s fixed point
theorem and Holder inequality.

Theorem 3.17. Suppose that the continuous function f :[0,1] x R — R satisfies the following assumption:

(B2) |f(t,x)—f(t,y)| <m(t)|x—yl, fort € [0,1], z,y € R and vy € (0,a—1) and the function m : [0,1] — R
1
is Lebesque integrable with power % (we write briefly m € L7 ([0,1],RT)).

1 NG
Denote ||m| = </ |m(s)|7d5> f
0
ImllZ <1,

where Z is defined by . then the boundary value problem (1.1] . ) has a unique solution.

Proof. For z,y € C and for each t € [0, 1], by Holder inequality, we have

_ S)a—l

|(Fz)(t) — (Fy)(1)] S/O (tr@\f(sax(S))—f(S,y(S))ldS

b2t - )@ - 8) [ (15
+ o= -5 [ Ut - sGsutelas

1 (1 8)0‘ 1 - . . .
12—a\ . T(a) |f(s,2(s)) = f(s,y(s))|d
1 — s)o‘
r2a/ D1 (570 = £, u(s)lds
(t—
< [ i) - sl

pIr@2-p) [t -s)* !
2[0(2 - B) —bl F(Oé—ﬁ)

y2a/ m(s)|z(s) — y(s)|ds
12—a/ 10:1 (s)](s) —y(s)lds
([ esrya) ([ ooy
’ 2|1|“b<|2F (Zﬁ_>6)b| Hi@?” (/01 (0=sp) ™ ds)u ( / l(m(s))lhdS)V
e (/0 (A=) d) ( / 1<m<s>>l/vd8)7
e ( /01 (1 )7 s - (/ 1<m<s>>1/ms)7

m(s)|x(s) — y(s)lds
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<Hmllllsc—y||< 1—7 >1‘7+ bT(2 - B) Hmllllm—yll< 1—~ )1‘”’
R C)) a—vy—1 2T(2-5)—b T(a—B) \a-B—7

1 Hmllllm—yll< -y >“+ lal IImIII:v—yH( 1y )”
2—al  T(e) a—y-1 2—al T(@+1) \a+1-~

= [lm[Z]|z —yl-

+

Thus, the mapping F' is a contraction. Hence the Banach fixed point theorem implies that F' has a
unique fixed point which is the unique solution of problem (|1.1)—(1.2)). This completes the proof. O

4. The boundary value problem (|1.1))—(1.3)

This section is devoted to the study of problem ([1.1)—(1.3]). First of all, we consider the following lemma
to define the solution for problem (|1.1))—(/1.3]).

Lemma 4.1. Let 2T'(y + 1) —an” # 0 and T'(2 — B) # b. Given y € C([0,1],R), the unique solution
x € C%([0,1],R) of the problem

Dex(t) =y(t), 0<t<l, 1<a<2,
4.1
{ 2(0) +z(1) = al"z(n), 2'(0)= bDBx(l), 0<B,v<1, 0<n<l, 1)
s given by
B t (t o S)a—l
o) = [ S —u(s)ds
L(vy+1) G A R ) S
T RrG D) —an) [a/o Tlatq) &M /0 Ty V() ] (4.2)
[T(y+2) —an’™] br(2 — B) L1 —s)ap-t
y (t SCENE = mm) M55, Tacs vk
Proof. We omit the proof as it is similar to that of Lemma O
In relation to problem 7, we define an operator G : C — C as
s MG+ 1)
(G)(0) = | i (s a(e)ds + s
ﬂ Y R (k) W
[ el St — [ S <>>d]
R O e BN CEY)
(v + DEC(y+1) —an) J (T(2—5) —b)
1 ]_—8 a—F—1
X /0 ————f(s,x(s))ds,
and set
. 1 F'(v+1) an®*t 1
S ESVR T eEs p by eV RS vy
(4.3)

s ‘ L(y+2) — a1 ‘ br'(2 — )
(v+DEC(y+1) —an) | ) D2 =p) =bT(a =B +1)
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With the above operator and the estimate (4.3), we can reproduce all the existence and uniqueness
results obtained in Section |3 for the boundary value problem (|1.1))—(/1.3]).

5. Discussion

We have discussed the existence and uniqueness of solutions for Caputo type fractional differential
equations supplemented with classical (nonlocal Riemann-Liouville) integral and flux boundary conditions.
Several known and new results can be obtained by fixing the parameters involved in the problems at hand
and some of them are listed below.

(a) Taking a = 0, b = —1, our results correspond to anti-periodic fractional boundary value problems [I]
in the limit § — 1.

(b) In case we fix a = 0, b = —1, we obtain the new results for fractional differential equations with new
anti-periodic type boundary conditions: 2(0) = —z(1), 2/(0) = —D"z(1).

(c) Choosing a = 0, b > 0, the results of this paper correspond to a fractional boundary value problem
with anti-periodic boundary condition x(0) = —z(1) and a periodic like condition 2’(0) = b°D?xz(1).
These conditions are fractional analogue of source type flux conditions 2/(0) = ba’(1) occurring in
thermodynamics problems. On the other hand, for a« = 0,b < 0, the results of this paper correspond
to a fractional boundary value problem with sink type flux conditions. Clearly the choice b = 0 gives
us the results associated with anti-periodic boundary condition x(0) = —x(1) and zero flux condition
2'(0) = 0.

(d) The nonlocal Riemann-Liouville integral boundary condition in (1.3)) is a generalization of the classical
integral condition considered in ([1.2)) in the sense that it makes the length of the interval flexible from
(0,1) to (0,m), 0 < n < 1 and modifies the integrand z(s) by (7 — s)"~!z(s)/T'(v). Thus the problem

(1.1)—(1.3) is a generalization of the problem (|1.1))—(1.2).
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