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Abstract

Let X be a compact metric space and f be a continuous map from X into itself. In this paper, we
introduce the concept of the sequence asymptotic average shadowing property, which is a generalization
of the asymptotic average shadowing property. In the sequel, we prove some properties of the sequence
asymptotic average shadowing property and investigate the relationship between the sequence asymptotic
average shadowing property and transitivity. (©2016 All rights reserved.
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1. Introduction

By a dynamical system, we mean a pair (X, f), where X is a compact metric space with metric d and
f: X — X is a continuous map.

Since Blank [11 2] introduced the notion of average shadowing property and gave some concrete examples
satisfying the average shadowing property, a growing number of authors have concentrated their vigor on the
studies of the relation between average shadowing property and some topologically dynamical properties.
For instance, D. Kwietniak and P. Oprocha [6] gave some equivalent conditions for f to have the average
shadowing property. Niu [8] proved that if f has the average shadowing property and the minimal points of
f are dense in X, then f is weakly mixing and totally strongly ergodic. Readers can refer to [10, [12] for more
results. Also, it is notable that, as a generalization of the limit-shadowing property in random dynamical
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systems, in 2007, Gu [3] introduced another shadowing property which was called the asymptotic average
shadowing property. From then on, there are many results on the asymptotic average shadowing property
appearing in different mathematical journals. For concrete results one can refer to [4, [5, [7, 9]. In this paper,
we introduce the notion of the sequence asymptotic average shadowing property, which is a generalization of
the asymptotic average shadowing property. Besides, we investigate the relationship between the sequence
asymptotic average shadowing property and transitivity and prove that f is weakly mixing if the weakly
almost periodic points of f are dense in X and f has the sequence asymptotic average shadowing property.

The organization of this paper is as follows. In Section [2] we recall some concepts. In Section |3 we
introduce the notion of the sequence asymptotic average shadowing property and investigate some properties
about it. In Section [4] we prove that f is chain mixing if f has the sequence asymptotic average shadowing
property and f is a surjection. In Section [5] we study the relationship between the sequence asymptotic
average shadowing property and weakly mixing.

2. Preliminaries

The set of all nonnegative integers and positive integers are denoted by Z, and N respectively. Let
(X, f) be a dynamical system. For nonempty open sets U,V of X and z € X, we set

NU,V)={neNUN f™V) # 0},

and
N(z,V)={neN|f"(z) e V}.

A subset S of Z is said to be of positive lower density (PLD), if

t(Sn{0,1,--- ,n—1}) S

d(S) = liminf 0,
n— 00 n
and S is said to be of positive upper density (PUD), if
_ 1. n—1
4(8) = timsup X8O =)

n—»00 n

where f(-) denotes cardinality. S is said to be syndetic if there is N € Z such that [n,n + N| NS # ) for
eachn € Z..
We say that:

(1) f is topologically transitive if for any pair of nonempty open subsets U,V of X, N(U,V) # {;
(2) f is weakly mixing if f x f is topologically transitive.

For 6 > 0, a finite or infinite sequence {z;}}_, of X (p € Z; U {oo}) is called a d-pseudo orbit of f from
xo to x, with length p if d(f(x;),xi41) < 6 for every ¢ < p. x,y € X are called chain related if for every
0 > 0, there exist a finite §-pseudo orbit (é-chain) from x to y and a finite §-pseudo orbit from y to x. The
map f is called:

(1) chain transitive if any pair of points of X are chain related,;

(2) chain mixing if for any pair of points z,y € X and ¢ > 0, there exists N € Z4 such that for any
n > N, there is a finite §-pseudo orbit from z to y with length n.

A point x in X is called a weakly almost periodic point of f if for any € > 0, there exists an integer
N¢ > 0 such that
t{rlf"(x) € B(z,€),0 <r <nNc}) = n,

for all n > 0, where B(z,€) denotes the e-spherical neighborhood of x.
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Denote by W (f) the set of weakly almost periodic points of f. It was proved in [14] that
x e W(f) < d(N(z,B(z,¢€))) >0 forall e€>0.

Let (X, f) and (Y, g) be two dynamical systems with metrics d and p, respectively. Next we define the
metric on X x Y as follows: for (x1,y1), (x2,y2) € X x Y, let

o((z1,91), (22, y2)) = max{d(z1,z2), p(y1,y2)},

then ¢ is a metric on X x Y.

Let M(X) be the set of all probability measures on (X, B(X)), where B(X) denotes the Borel o-algebra
generated by the open sets of X. pu € M(X) is called an invariant measure of f if u(f~1(A)) = u(A) for
any A € B(X). Denote by M (X, f) the set of all invariant measures of f. A closed f-invariant subset M
of X is called the measure center of f if u(M) =1 for any p € M (X, f) and there is no proper subset of
M possessing these properties. We denote the measure center of f by M(f). It was proved in [14] that

W(f) = M(f).

Definition 2.1 ([3]). A sequence {z,}72, of points of X is called an asymptotic-average-pseudo-orbit of
faf limy, o % Z:L:()l d(f(zi),zit1) = 0. A sequence {x,}22, of points of X is said to be asymptotically

shadowed in average by the point y in X if lim,, s % Z?:_ol d(f'(y),r;) = 0. A map f is said to have the
asymptotic average shadowing property (Abbrev. AASP) if every asymptotic-average-pseudo-orbit of f is
asymptotically shadowed in average by some point in X.

3. {n;}-AASP and some properties

For a given sequence {n;};>1 of positive integers, where ng = 0, we introduce the concept of {n;}-
asymptotic average shadowing property.

Definition 3.1.
(i) A sequence {z,} 2 of points of X is called an {n;}-asymptotic average pseudo orbit of f if
n—1

LN (e (@), i) = 0.

lim —
n—oo N 4
(ii) A sequence {z,}7>, of points of X is said to be {n;}-asymptotically shadowed in average by the point
yin X if

lim de (frotmttni) ) = 0.

(iii) A map f is said to have the {n;}-asymptotic average shadowing property (Abbrev. {n;}-AASP) if
every {n;}-asymptotic average pseudo orbit of f is {n;}-asymptotically shadowed in average by some
point in X.

Remark 3.2. Tt follows from Definition [2.1] and Definition [3.1] that for any & > 1, f* has the AASP if and
only if f has {k,k,--- }-AASP.

Lemma 3.3 ([3]). If {ai}2, is a bounded sequence of non-negative real numbers, then the following state-
ments are equivalent:

(i) lim, oo L ZZ o @i = 0.

(it) There is a subset J of Z of density zero such that limj .o aj = 0 provided j ¢ J.
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Proposition 3.4. Let (X, f) be a dynamical system.
(i) Let {n;}i>1 be a given positive integers sequence, where ng = 0. For any k > 1, let
mj = N(i—1)k+1 T N(i—1)k+2 T T+ Nik,
fori>1 and m§ = 0. If f has {n;}-AASP, then f has {mk}-AASP.

(i) For any k > 1, suppose that {mf}izl s a given sequence of positive integers satisfying mlg =0 and
k< mf < My, for anyi > 1, where My, is a positive integer. Write mf =N Dk+1 TN 1)kr2t Nk,
where ng = 0 and n; > 1 for any i > 1. If f has {mF}-AASP, then f has {n;}-AASP.

Proof. (i) Suppose that f has {n;}-AASP. Let {x;}2, be an {m¥}-asymptotic average pseudo orbit of f,
namely,
n—1

1
lim — Zd Fre (@), 2441) = 0.

n—oo N
Let yi = x; and yppy; = f”lk+1+”lk+2+'“+”lk+ﬂ' (z;) for all 1 < j < k and [ > 0. It is not difficult to get
that

n—1

lim *Zd frie yz) yz—l—l) 1 lk—i— Zd ZH (i), Zig1)-

So we can obtain that limn%m%Z?:_ol d(f"*(yi), yi+1) = 0, which implies that {y;};°, is an {n;}-
asymptotic average pseudo orbit of f. Hence, there exists z € X such that

n—1

lim *Zd (ot (), ) = .

n—oo n

On the other hand, we have

_ —1 k-1
i 23 (), ) < ;Z Aok () Y
P iso 5=0 j=0
1 lk—1
= kg D AU ), )
=0

Therefore, lim;_,o, + Y2128 d(f76+1 474 (2), 2;) = 0, which implies that f has {m}}-AASP.

(ii) Suppose that f has {m¥}-AASP. By the continuity of f, for any e > 0, there exists § € (0, ¢/k) such
that d(a,b) < & implies d(f*(a), f(b)) < €/k for all 0 < i < M.

Let {x;}:2, be an {n;}-asymptotic average pseudo orbit of f, namely,

n—1

_ MNi4+1
nlingonZd friH (), wipq) = 0.

By Lemma there exists a set Jy C Z4 of zero density such that limj o d(f"+!(z;),zj41) = 0
provided j ¢ Jo. Write J1 = {j : {jk,jk+1,--- ,jk+k—1}NJy # 0} and J = UjeJl{jk:,jk‘+1, oo jk4+k—1}.
Then both J; and J have density zero and lim;_,o d(f™**(2;),2j41) = 0 provided j ¢ J.

For the above § > 0, there exists N; > 0 such that d(f"+!(z;),2j41) < 6 for all j > Ny and j ¢ J.
Hence, we have d(f"*st1(2p1s), Tjkyst1) < 0 for 0 < s <k, j > Ny and j ¢ J;. By the continuity of f,
we can get that

d(frareat ks (g ) wiggs) < %e forall1<s<k, j>Nyandjé¢Ji. (3.1)
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Especially, we have d(fmit+1++ktk(z.), x416) < € for all j > Ny and j ¢ Ji. So we have
lim; 00 d(fm§+1(wjk),:z:(j+1)k) = 0. It follows from Lemma that {z}32 is an {m}}-asymptotic av-
erage pseudo orbit of f. Since f has {mF}-AASP, there exists z € X such that

mE4+mb4.. +m —
,}ggOEde GHMIHEI (), 2ig) = 0.
Therefore, it follows from Lemma that there exists a set Ko C Zy of zero density such that
lim; o0 d(f™0F™MH T (), 2,) = 0 provided j ¢ Koo Let K = Ujcp, {ik. gk + 1, ,jk + k — 1},
Then K has density zero.
For the above § > 0, there exists Ny > 0 such that d(f"0t™T %k (2) z;,) < ¢ for all j > Ny and
j ¢ Ko. According to the continuity of f, we have

d(frotrmtthikts (z), fraket ks (g ) < % forall1<s<k, j> Nyandj¢ K. (3.2)
Write N = max{N1, No}, A= K UJ. Then A has density zero. It follows from (3.1)) and (3.2 that

d(fn0+n1+..4+njk+s (Z), mijrs) < %

Hence, we have lim;_,, d(fm0T™+ 7 (2), 2;) = 0 provided j ¢ A. By Lemma again, we know that
f has {n;}-AASP. O

+%e§eforall0§s<k,j>Nandj§§K0UJ1.

Remark 3.5. When n; =1 for all i > 1, mf =k for all 7« > 1. It follows from Proposition that f has the
AASP if and only if f* has the AASP for any positive integer k. So Proposition generalizes the result
of Proposition 2.2 in [3].

Proposition 3.6. Let (X, f) be a dynamical system and {n;};>1 be a given sequence of positive integers,
where ng = 0. Then f has {n;}-AASP if and only if f x f has {n;}-AASP.

Proof. Suppose that f has {n;}-AASP. Let {x;, y;}32, be an {n;}-asymptotic average pseudo orbit of f x f,

namely,
n—1
1 e
lim =" o((f x )" (@i, 9:), (is1, vip1)) = 0.

n—00 N, 4
=0

In this case, we have lim, s % Z?:_Dl d(fm+1 (z;), 2i41) = 0 and lim, o 1 sy 01 d(f 1 (ys), yiy1) = O.
Hence, {z;}°, and {y;}3°, are {n;}-asymptotic average pseudo orbit of f. So there exist 21,22 € X such
that limy,_ec g LS d(frot et (21), @) = 0 and limy, oo 2 SO0 d(F10F T (29), ) = 0.

By Lemma there exists a set Jy C Z4 of zero densfuy such that limj_,e d( ™07 (21),25) = 0
when j ¢ Jo. Besides, there exists a set J; C Z of zero density such that limj_,o d(f™0F 1 (23),y;) =0
when j ¢ Jy. Let J = Jy U Jy, then J is a subset of Z, of zero density and

lim ((f x f)"07 (21, 22), (w5,95)) = 0.

j—}

By Lemma again, we have

n—1
. % D @((f x [yt (2, 29), (i, yi)) = 0.
1=0

That is to say, f x f has {n;}-AASP.
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On the other hand, suppose that f x f has {n;}-AASP. Let {z;};°, be an {n;}-asymptotic average
pseudo orbit of f, namely,

n—1
1
3 — Ni+1 . . —
nhm - E_O d(f"+(x;), xiv1) = 0.

It is easy to see that {x;, x;};2, is an {n,}-asymptotic average pseudo orbit of f x f. So there exists
(21,22) € X x X such that

n—1
1
o — no+t-+n; o)) =
nhﬁ\nolonzosp((f X f) (21,22),(561,1'@)) =0,
which implies that lim,_,ec + Sy d(frot (), 2) = 0. Consequently, f has {n;}-AASP. O

4. {n;}-AASP and chain transitivity

In this section, we are going to study the relationship between {n;}-AASP and chain transitivity. We
give our main results as follows:

Theorem 4.1. Let (X, f) be a dynamical system and f be a surjection, {n;}i>1 be a given sequence of
positive integers, where ng = 0. If f has {n;}-AASP, then f is chain transitive.

Proof. Let x and y be any pair of X, e > 0 be a given real number. Set D = diam(X). We define a sequence
{w;}22, in X as follows:

wo =T, w1 =Y,

w2 = T, W3 =Y,

W4 = T, W5 = fn5(x)vw6 =Y-n,, W7 =Y,

Wok = X, Woky] = fn2k+1 (.CI?), Tty Wokggk—1_1 = fn2k+1+n2k+2+m+n2k+2kil71(x)a

Wok 42k—1 = Ynppi1 | —Nokt1 _g— " —Nok pk—1,q7 > Wokqok 2 = Yonppyy » Wokyok1 =,

where f(y_;) = y_;+1 for every j > 0 and yp = y. For 28 <n < 281 we have

n—1
1 . 2k +2)D
- ;d(f (i), wigr) < =

So limy, o0 £ Z?:_Ol d(f"+ (w;), wi+1) = 0, which implies that {w;}2, is an {n;}-asymptotic average
pseudo orbit of f. Since f has {n;}-AASP, there exists z € X such that

n—1
1
m = no+nit+n; A
nlLH;O - E_O a(f (2),w;) = 0. (4.1)

For the above € > 0, by the continuity of f, there exists 6 € (0,¢€) such that d(a,b) < 0 implies
d(f(a), f(b)) < eforall a,be X.

Claim 1.
(i) There exist infinitely many positive integers j such that
wy, c {x’fn2j+1 (55)7‘]“"2j+1+"2j+2($)7 . ’fnzj+1+”2J’+2+"'+”2j+2j*171 ($)}7

and
d(frTT (2),w,) < 6.
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(i) There exist infinitely many positive integers t such that

wy, € {y—n2t+1,1_n2t+1,2_"'_n2t+2t71+17 s Ymngi1 gt g0 Y—nger1 o y},

and
A (), w,) < 6

Proof of Claim 1. Without loss of generality, we prove only (i).
Suppose on the contrary that there exists a positive integer N such that for all m > N, whenever

w; € {$, fn2m+1 (x)jfn2m+1+n2m+2 (:L’), L. 7fn2m+1+n2m+2+“‘+n2m+2m—1_1(I)}’

we have d(frotmt+ni(2) ;) > §. It follows that

n—1

1
iminf — no+ni—+-+n; .
hnrr_lgéf - EO a(f (2),w;) >

which contradicts with (4.1)). So Claim 1 is correct.
we can take jo and fo such that I, < I, and d(f™ ™ (2), wy,) < 0,

d(frotmT i, (2),wy,,) < 8. We can let wy;, = f7(x) for some j; > 0 and wy,, =y, for some t; > 0.
Therefore, we can construct an e-chain from x to y as follows:

i +ni+--+ng. +1 +ni+--+ -1
{wvf($)7 7f]1(x)afn0 " nl]O (Z)v 7fn0 " Mo (Z)ayftuyftﬁrlf" ay}'

So the proof is finished. O

According to Claim

Corollary 4.2. Let (X, f) be a dynamical system and f be a surjection. Suppose that {n;}i>1 is a given
sequence of positive integers, where ng = 0. If f has {n;}-AASP, then f is chain mizing.

Proof. Tt is easy to see that f x f is a surjection from X x X to itself. By Corollary 12 of [I1], f is chain
mixing if and only if f x f is chain transitive, thus the proof is evident from Proposition [3.6] and Theorem

d1l O

5. {n;}-AASP and weakly mixing

In this section, we firstly introduce the concept of relative density and then give some properties of
relative densities.
Let M C Z4 and write M = {mg, m1,--- ,my,--- }, where m;11 > m;.

Definition 5.1. Let A C Z., then the relative upper and lower densities of A to M are defined respectively
as follows:

d(A|M) = limsup f(AN{mo,m,---,mi_1})
(d(A|M) = lim inf BAN {mo,my, -~ mi-1})
B 1—00 i

If d(A|M) = d(A|M), then the relative density of A to M d(A|M) = d(A|M) = d(A|M).

)

Remark 5.2. It follows from Definition |5.1 that d(A) = d(A|Z4).

To prove the following proposition, we firstly give a useful lemma.

Lemma 5.3. Let ay, by, be two sequences of nonnegative real numbers. If lim, . b, exists and lim,_, b, #
0, then
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- an _ lmsup, o an .
(i) limsup,,_, . by = " Timpoebn

AR FI an __ liminf a
(i1) liminf,, o = Tt

Proof. The proof of this lemma is easy, so we omit it here. O

Proposition 5.4. For the above M C Z4 and A C Z4, if the density of M exists, then the following
assertions hold.

(i) If B = {m;|j € A}, then d(A) = d(B|M) and d(A) = d(B|M);

.y 3 d(ANM d(ANM
(ii) d(A|M) = %05 and d(A|M) = 49520,

Proof. (i) Note that for any ¢ > 0, we have §(AN{0,1,--- ,i —1}) = (B N {mg, m1,--- ,mi—1}). So (i) is
easy.
(ii) According to Lemma we have

d(ANM)  limsup, ., S(ANMN{0.1,i~1})

d(M) o hng)oo ﬁ(Mm{Ovlj'“ 7i_1})

e HANM {01 i 1))
Y i {01, i—1})

And for any large enough i > 0, there exists j > 0 such that M N{0,1,--- ,i—1} = {mg,m1,--- ,mj_1}.

Therefore, E(d‘?mM]‘f) = limsup;_, ﬁ(Aﬁ{mo,m;,m,mj_l}) = d(A|M). Similarly, we can proof d(A|M) = %.

O

The following two lemmas are needed in the proofs of our main results in this section.
Lemma 5.5. If A, B C Zy, and d(A) >~ >0, d(B) = 1, where v < 1, then d(AN B) > 7.

Proof. Since 1 =d(B) <d(B\ A)+d(ANB),d(B\ A) <d(Z; \ A) <1 — 1, it is easy to see that Lemma
b5 holds. O

Lemma 5.6. If A, B C Zy, and d(A) >~ >0, d(B) > 1 —~, where v < 1, then d(AN B) > 0.

Proof. Since 1 —v < d(B) < d(B\ A) +d(ANB), d(B\ A) < d(Zy\ A) <1— 1, it is easy to see that
Lemma [5.6] holds. O

Now, we are going to show our main results. For a given sequence {n;};>1 of positive integers, where
no = 0, write s; = 3 3]_gn; and S = ;2o {s;}-

Lemma 5.7. Let (X, f) be a dynamical system and d(S) = 1. If f has {n;}-AASP and W(f) = X, then f
1s topologically transitive.

Proof. Suppose that U and V' are two nonempty open subsets of X. We choose u € U, v € V and r > 0 such
that B(u,r) C U and B(v,r) C V. Since W(f) = X, we can pick x € B(u, 5) and y € B(v, 5) such that both
N(x, B(u, 5)) and N(y, B(v,5)) have positive lower density. Let R, = N(x, B(u,3)), R, = N(y, B(v,3)),
then d(R;) = di >0, d(Ry) = dy > 0.

Let d = min{dy, d} and m; = 2°. We define a sequence {w;}2, in X as follows:

wo = x, W = fm(x>7 Wiy o1 = fn1+n2+"'+nm1*1(x)7

Wi, = fn1+n2+~--+nm1 (y)’ Wiyl = fn1+n2+---+nm271(y),

— f?’Ll—‘rnQ—‘r"'—l-ank (x)’ . fn1+n2+-~~+nm2k+171 (x)

Wiy, : 7wm2k+1—1 = 5
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wm2k+1 - fn1+n2+~~-+nm2k+1 (y), o 7wm2k+2—1 = fn1+n2+~~+nm2k+2_1 (y)7
For any mor < n < mMoky2, We have
-1
15 . 2(k+2)D
- i4+1 . .
n ;_0 d(f * (w1>7w2+1) < Mok .

So limy 00 Sy d(f (w;), wig1) = 0, which implies that {w;}32, is an {n;}-asymptotic average
pseudo orbit of f. Since f has {n;}-AASP, there exists w € X such that

n—1

lim © 37 d( ot (), ;) = 0, (5.1)
i=0

n—00 1 4

Let

oo
Jv=J {mas,mai + 1, maiy — 1},
i=0

oo
Jo = U {maojy1,maiv1 + 1, -+ ,moiyo — 1},

=0
Ay = {i € Bl w), w) < £
4, = {i € Bld(Form = w) w) < £}
B, = {j € Sla(f (w), F(2)) < 5 }
B, = {j € Sld(f (w). () < 5 |-

Claim 2. E(Jl) = 1, E(JQ) =1.

Proof of Claim 2. Take k; = mo;41.

8(J1 {0, 1, k; —1}) S M2i+1 — M2 _ 2(2iH1)* _ 9(20)?
ki ~ moiy1 2(2i+1)2
1
T 9(2i+1)2—(2i)2
1
— ST

=1

Therefore, d(J1) = 1. Take k; = mo; 12, then

ﬁ(JQ N {O, 1, ki — 1}) > M2iyo — M2i11 2(2i+2)2 _ 2(21'+1)2
ki N mM2i42 B 2(2i+2)?
1
= 1= SGmer-ge
1
o4i+3"

Therefore, d(J2) = 1.
Claim 3. d(4;) > 1—4d, d(A,) > 1—d.
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Proof of Claim 3. Without loss of generality, we only prove d(A;) > 1 —d. Suppose on the contrary
that d(A,) <1—d, then d(Z, \ A,) > d, which together with d(J;) = 1 and Lemma 5.5 yields

d(Zo\ Ag) N 1) > d.

Therefore,
12 1
limsup — » ("M (w), w;) > limsup — > d(frotmttni () w;)
n—eo 150 n=00 M (A0, 1}

7"7

> §d((Z+ \ Az) N Jh)

v
2 b

which is in contradiction with (5.1). So the claim is true.
Claim 4. d(B;) = d(A;) >1—d, d(B,) = d(A,) >1—d.

Proof of Claim 4. Without loss of generality, we only prove d(B,) = d(A;). It is easy to see that
B, ={s; € S|j € A,}. It follows from Proposition and the condition d(S) = 1 that d(A;) = d(B|S) =

E(%;S) = d(B;). So the claim is true.

According to Claim {4| and Lemma we have d(R, N By) > 0 and d(R, N By) > 0, so we can
take ig € Ry N B, and jo € Ry N By such that ig < jo. Then f(z) € B(u,%), f(y) € B(v,%) and
d(fo(w), fo(x)) < 5, d(f(w), f(y)) < §. Hence, d(f(w),u) <, d(fP(w),v) < r. Let ko = jo — 40,
then U N f~%0 (V) # 0. Since U, V are arbitrary, f is topologically transitive. O

The following lemma comes from [I3]. For the completeness of this article, we give its whole proof.

Lemma 5.8. Let (X, f) and (Y, g) be two dynamical systems, then M(f)x M(g) = M(f xg). In particular,
n

—f—
M(f) x M(f)=M(f x f). In general, M(f) x M(f) x---x M(f)=M(fxfx---xf),n>2.

3

Proof. Suppose that (z,y) € M(f) x M(g), then (z,y) € X x Y and for any neighborhood U of (z,y),
there exist a neighborhood U; of z in X and a neighborhood Us of y in Y such that Uy x Uy C U. Since
x € M(f) and y € M(g), = and y are support points of f and g respectively, thus there exist pu; € M (X, f)
and p2 € M(Y,g) such that p;(Ur) > 0 and p2(Uz) > 0. Set m(U) = u1(U1) x p2(Usz), then m can be
prolonged to the o-algebra generated by the open subsets of X X Y, we also denote the prolongation of m
by m, so m € M(X xY) and m(U) > m(Uy x Us) = u1(U1) X p2(Usz) > 0. Therefore, (z,y) is a support
point of f x g (z,y) € M(f X g).

Conversely, noting that W(f) = M(f), W(g) = M(g) and W(f x g) = M(f x g), we only prove
W(f xg) CW(f)x W(g). Suppose that (z,y) € M(f x g), for any e; > 0 and ez > 0, set € = min{ey, €2},
then B((x,y),¢€) is a neighborhood of (z,y) and B((x,y),€) C B(x,€e1) x B(y,€2). Since (x,y) € W(f x g),
by the definition of weakly almost periodic point, we get that there is N > 0 such that for any n > 0

8Gl(f % 9)'((2,y)) € Vi x V2,0 < i < nN) = 4(il f'(2) € V1,9'(y) € V2,0 < i <nN) >m,
where V| = B(x,€1),Va = B(y, €2). Thus
4(i| fi(z) € V1,0 <i < nN) > n,

and ‘
4(ilg'(y) € Va,0 < i < nN) > n.

So xz € W(f) and y € W(g). This proves W(f x g) C W(f) x W(qg). O
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Theorem 5.9. Under the same conditions of Lemmal[5.7], f is weakly mizing.
Proof. The proof is evident according to Lemma and Lemma [5.8 O
Remark 5.10. If f has the AASP, then S =7Z,.
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