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Abstract

A Holling type III predator-prey system with stage structure for the predator and two delays is inves-
tigated. At first, we study the stability and the existence of periodic solutions via Hopf bifurcation with
respect to both delays at the positive equilibrium by analyzing the distribution of the roots of the associated
characteristic equation. Then, explicit formulas that can determine the direction of the Hopf bifurcation
and the stability of the periodic solutions bifurcating from the Hopf bifurcation are established by using the
normal form method and center manifold argument. Finally, some numerical simulations are carried out to
support the main theoretical results. (©2016 All rights reserved.
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1. Introduction

Predator-prey systems are very important in population dynamics and have been investigated by many
authors [2] [, [14] 15 I8, 23] 24]. It is well known that there are many species whose individual members
have a life history that takes them through immature stage and mature stage. Starting from this point,
many scholars have investigated predator-prey systems with stage structure [1, 12, 13| 19 21], 22 25]. In
[19], Wang considered the predator-prey system with stage structure for the predator:

dx(t) a1y2(t)

dt = LU(t) (T - Cll‘(t) - 1+mz(t))’
i) eOnl) oy, (1) - Di (), (1.1)
W) = Dy (t) — raa(t),

*Corresponding author
Email addresses: my7216@163.com (Juan Liu), zzzhaida@163.com (Zizhen Zhang)

Received 2015-09-15



J. Liu, Z. Zhang, J. Nonlinear Sci. Appl. 9 (2016), 3074-3089 3075

where z(t) denotes the density of the prey at time ¢. y;(¢) and y2(t) denote the densities of the immature
predator and the mature predator at time ¢, respectively. a is the intra-specific competition coefficient of
the prey. a; is the capturing rate of the mature predator, as/a; is the rate of conversing prey into new
immature predator. r is the intrinsic growth rate of the prey. 1 and r9 are the death rates of the immature
predator and the mature predator, respectively. D is the transformation rate from the immature predator
to the mature predator. m is the half saturation rate of the predator. And all the parameters in system
are positive constants. In [19], sufficient conditions for the global stability of a positive equilibrium of
system were obtained by applying a general Lyapunov function and Razumikhin-type theorem.

It is well known that time delays can play an important role in many biological dynamical systems.
They may cause a stable equilibrium to become unstable and cause the populations to fluctuate. Based on
this consideration, Xu [22] incorporated time delay due to the gestation of the mature predator into system
and obtained the following delayed predator-prey system:

dycllt(t) _ %)gﬂgf) — 1 (t) — Dy (¢), (1.2)
2l = Dyi(t) — raga(t),

where the constant 7 > 0 is the time delay due to the gestation of the mature predator, and all the parameters
a, ai, az, D, r, r1 and re have the same meanings as in system . In [22], Xu obtained the sufficient
conditions for the local stability of each equilibrium of system and the existence of the Hopf bifurcation
at the positive equilibrium. He also considered the persistence and the global stability of system . But
studies on dynamical system not only involve the persistence and stability, but also involve many other
behaviors such as periodic phenomenon [5, 26] 27], global attractivity [11} 28] and chaos [20]. In particular,
the properties of periodic solutions are of great interest [3], 6] [7, 8, 10} [16]. Based on this consideration, and
motivated by the work of Wang [19] and Xu [22], we shall consider the bifurcation phenomenon and the
properties of periodic solutions of the following predator-prey system with multiple delays:

dz(t 2(t)yalt
o0 = ra(t) — an(ta(t - m) - SEORO,
d 2(t— -
G- SEERER - nu(®) - Dnd), (13)
dygt(t) = Dyi(t) —raya(t),
where the constant 71 > 0 is the time delay due to the negative feedback of the prey and the constant 72 > 0
2
is the time delay due to the gestation of the mature predator. %)Qyz(t) is a Holling-III functional response
1+ma?(t)

which describes the consumption of the prey by the mature predator.

The objective of this paper is to study the effects of the two delays on the dynamics of system .
Some sufficient conditions for the local stability of the positive equilibrium and the existence of periodic
solutions via Hopf bifurcation with respect to the two delays are obtained. By applying the normal form
method and center manifold theorem, the direction and the stability of periodic solution bifurcating from
Hopf bifurcation are determined. Some numerical simulations are also included to illustrate the theoretical
analysis.

2. Local stability and Hopf bifurcation

An important and one of the interesting phrases in mathematical ecology is the coexistence of species in
the ecosystem. Therefore, we are interested only in the positive interior equilibrium point of system (|1.3]).
It is not difficult to verify that if the condition (H) asD > mra(r; + D) and r > az™ holds, system (|1.3)

(r14+D)r2 « _ ra(r—az®)(1+m(z*)?)
a2D—m(r1+D)rz’ Y= a1 Dx* ’

has a unique positive equilibrium E*(z*,y},v3), where z* =

r—ax* m(z*)?
gy = e )om )
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Let z1(t) = x(t) — x*, 22(t) = y1(t) — yi, z3(t) = y2(t) —y3. We still denote 21 (t), 22(t) and z3(t) by z(t),
y1(t) and ya(t), respectively. Then system ((1.3]) at the positive equilibrium E*(z*,y],y5) can be rewritten

as the following system:

dlt) = ana(t) + araye(t) + bzt — ) + fi,
dyét(t) = ay(t)+ 021$(t — 7'2) + co3y2(t — ™2) + f2,
d
ycit(t) = azyi(t) + aszy2(t) + f3,
where
x 20127 y5 ay (z*)?
a1=r—art — ———F-— a3 = ——————,
n (T+m@)2)? "~ T4 m(ar)?
age = —r1 — D,asze = D, azg = —r,
b = —az’ s "1, + D)
=—ar’,c0) = —————=,Co3 = —(r
11 b 21 (1 + m<x*)2)27 23 D 1 bl

f1 = a142® (t) + a5z ()2 (t) + ar62” () + arra®()ya(t) + biox(t)a(t — 1) + - -
f2 = 024562(t — 7'2) + 025$(t — Tg)yg(t — 7'2) =+ 626.%'3(15 — TQ)d + 627.1‘2(t — Tg)yz(t — 7'2) —+ .-

f3=0,
3mai (")’ — a1, 2, 2"
a14 = g = ———
T T mE? T T A m )
dmayz*ys(1 — m(z*)?) 6may (z*)? — 2a,
a16 = GV , 17 = o3 ,b1a = —a,
(1 +m(z*)?) (1 + m(z*)?)
as — 3maz(z*)? 2a97*
C - C = —
24 (1 + m(z*)2) Y2, C25 1+ m@))?
4ma2m*y§(m(x*)2 _ 1) 2&2 _ Gmag(x*)z
€26 = *)2\4 » €27 = %1213
(14 m(a*)?) 1+ m(z*)?)
The linearized system of system (2.1)) at E*(z*, v}, y3) is
B0 ya(t) + arsys(t) + bus(t — ),
dyét(t) = a2y (t) + 021$(t — 7’2) + c23Y2 (t — 7'2),
dyflt(t) = a3y (t) + aszya(t).

The associated characteristic equation of system (2.2)) is

A 4 mad? + ma A + mo + (N2 A2 + i +no)e N+ (p A + po)e N2 + goe MNTET2)

where
mo = —a11G22a33, M1 = a11022 + a11a33 + az2as3, me = —(a11 + a2 + ass),
nog = —agzazsbii, n1 = (a2 + azz)bii, ng = —biy,
Po = (11G32C23 — A13G32C21,P1 = —aA32C23, Jo = a32b11C23.

Casel: 71 =1 =0, (2.3)) becomes

N (mg 4 n2)A + (my + ny + p1) X+ mo + no + po + qo = 0.

:07

It is not difficult to verify that ng + go = 0 and mg + po > 0. Therefore, (2.4) can be reduced to

A3+ (mg + n2) A% + (m1 + n1 + p1)A + mo + po = 0.

(2.1)

(2.2)

(2.3)
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It is clear that all the roots of have negative real parts if (H;) ma+ng > 0 and (ma+mng2)(mi+ni+p1) >
mo + po holds. Hence, the positive equilibrium E*(z*,y], y3) is locally asymptotically stable in the absence
of delay, if the condition (H;) holds.
Case 2: 71 > 0,2 =0.

On substituting 7 = 0, becomes

)\3 + m22/\2 + mo1 A + mog + (7122)\2 + n21)\)€_)‘7—1 =0, (2.6)

where
M2 = Mg, M21 = M1 + P1, M2y = Mg + Po, N22 = N2,N21 = NJ.

Let A = iw;i (w1 > 0) be a root of (2.6). Substituting into (2.6 and separating the real and imaginary parts,
we have

no1wi sin MW — nQQW% COSTIW1 = mggw% — mao, ( )
2.7
N91wi COS T1W1 + nggw% sin TIW1 = wi’ — Mmo1w1.
Squaring both sides and adding them up, we get the following sixth degree polynomial equation:
6 2 2 4 2 2 2 2
wy + (M3 — Ny — 2ma1)wy + (Myy — nay — 2maemaz)wi + myy = 0. (2.8)
Let
2 2 2 2 2 2
Wi = V1, M5y — Ny — 2Ma1 = €22, M3 — Ny — 2MpMay = €21, M5y = €20.
Then ([2.8) becomes
U% + 6221)% + eo1v1 4 eg9 = 0. (29)

Denote
3 2
fi(v1) = v] + e22v7 + e21v1 + €.

Obviously, eap > 0. Discussion about the roots of (2.9) is similar to that in [I7]. So we have the following
lemma.

Lemma 2.1. For (2.9)), since esp > 0, we have the following results:
(i)If €35 — 3ea1 < 0, then (2.9) has no positive roots;

.. 2 . . . % —ego+ 6%2—3621 "
(ii) If €55 — 3ea1 > 0, (2.9) has positive roots if and only if v = ———52—= >0 and f1(v]) < 0.
. . . .. 2 % —e22+1/€35—3e21
Suppose that the coefficients in fi(v;) satisfy the condition (Ha;) e5,—3ea21 > 0, v = —FE—>0
and fi(vf) < 0. Then (2.9) has at least one positive roots. Without loss of generality, we assume that it
has three positive roots. And we denote the three positive roots as vi1, vi2 and viz. Thus, (2.8]) has three
positive roots wix = /vig, k = 1,2,3. For every fixed wy, k = 1, 2,3, the corresponding critical value of
time delay is
2 .
i 21 — M29N9g )wi,, + (Mognag — Ma1n 25
2 = L arecos (n21 — ma2 22)2 Lk ( 20722 — T2y 21) L ur
Wik NoWiy, + Ny Wik
k=1,2,3,7=0,1,2--

. 0
Let m10 = min{r\ "}, k € {1,2,3}, w10 = Wik|r =
Next, we verify the transversality condition. Differentiating the two sides of (2.6)) with respect to 71 and
noticing that A is a function of 71, we can get

@}—1 _ 322 + 2mag X + may 2npA+ng1 Ly
dT1 )\()\3 + m22)\2 + mgl)\ + m20) )\(?7,22)\2 + TL21/\) A

{
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Thus
x| _; 322 4 2maog X + may 2n99A + Ny
Re{Z21-1  _ Ref— _
of dry Paciano e A(A3 + Mo + mar A + myg) A(n22A? + no1 ) Paieno
_ 3wl + 2(m3, — 2ma1)wiy +m3; — 2maomaz  n3; + 2ndpwi
(wiy — ma1wi0)? + (Mo — Magwiy)? n3ywiy +n3wiy’

}A:iwlo =+ Re{

From ({2.8), we can get
2 212 2 4 2 2
(wiy — ma1w10)? + (ma0 — magwiy)® = n3pwiy + 3 wiy-
Then, we have

4 2 2 2 2 2
3wy + 2(m3ze — N5y — 2ma1)wiy + My — Nap — 2magmag

Re{ } =
A=iw1io 2 4 2,2
NooWig + N Wi
2 !
_ 3u, + 2expui tea f1(v1x)
=5 .1 5 2 2.4 IR
NoaWiy T N1 Wig NooWip T Ny Wiy

where vy, = w}, € {v11,v12,v13}. Therefore, Re{jj} };lzwm # 0 if (Has) f{(vl*) # 0 holds. Noticing that
{dRe b i and Re{ g:l b iy have the same sign. Then we have {dRe b iy 7 0 f (Ha3) fi(vie) #0

dr
holds. According to the Hopf bifurcation theorem in [9], we have the followmg results.

Theorem 2.2. Supposed that the conditions (Ha1) — (Haz) hold. The positive equilibrium E*(x*,y],v3)
of system (1.3|) is asymptotically stable for 11 € [0,719) and system (1.3)) undergoes a Hopf bifurcation at
E*(2*,y1,y3) when 7 = T10.

Case 3: 71 =0, > 0.
Substitute 7 = 0 into (2.3)), then ([2.3) becomes
A3+ m32/\2 + m31 A+ msgp + (psi A + pg())\)e_)‘T2 =0, (2.10)

where
mg32 = M2 + N2, m31 = my1 + N1, M30 = Mo + No, P31 = P1,P30 = Po + qo-

Let A\ = iwa(wz > 0) be a root of - Separating real and imaginary parts, leads to

: 2
P31W2 SIN Tew2 + P30 COS Towo = M3awW5 — M30, (2.11)
P31W2 COS Tows — P30 SIN Tows = Wi — Mg wa,
which follows that
4 2
wg + e3a2wy + e31w; + e30 =0, (2.12)
with
2 9 2 2 9 9 2
€32 = Mgg — 4131, €31 = M3y — P31 — 4130132, €30 = M39 — P3o-
Let w3 = vy , then (2.12) becomes
2
U% + e32v5 + e31v2 + e3g = 0. (2.13)

Define
fa(v2) = U;’ + 63203 + e31v2 + e3p.

Obviously, if e3p < 0, then (2.13]) has at least one positive root. On the other hand, if e3p > 0 , similar as

in case 2, (2.13) has positive roots if €3, — 3e3; > 0, v} = M > 0 and fa(v3) < 0. Therefore, we
give the following assumption.




J. Liu, Z. Zhang, J. Nonlinear Sci. Appl. 9 (2016), 3074-3089 3079

(Hs1) Equation has at least one positive root. Without loss of generality, we assume that it has
three positive roots which are denoted as v91, v99 and v93. Thus, has three positive roots woy, = /v,
k=1,23.

The corresponding critical value of time delay 7'2(? is

7_2(?;) _ 1 ALCCOS P31Way, + (’m32p?;0 —2m31p231)w§k ~ mM3ops0 2jm
W2k DP31W3, + D3 W2k
k=1,2,3,7=0,1,2---.

)

Let 79 = min{TQ(,g)}, ke {1,2,3}, w9 = W2k|7-2:7-20.
Next, we suppose that (Hsz) f}(ve«) # 0, where vo. = w3y € {va1,v22,v23}. Then, similar as in case 2,
we have {dlj;(;‘) Frmiwgo 7 0 if (Hsz) f5(v2s) # 0 holds. According to the Hopf bifurcation theorem in [9], we

have the following results.

Theorem 2.3. Supposed that the conditions (Hs1) — (Hsz) hold. The positive equilibrium E*(x*,y],v3)
of system (1.3)) is asymptotically stable for o € [0,720) and system (1.3) undergoes a Hopf bifurcation at
E* (2, 41, y3) when 2 = 7.

Case 4: i =1 =7>0.
On substituting 71 = 70 = 7, (2.3)) can be rewritten as

A mga A+ mag A+ mag + (naaA? + na X + nag)e N 4 quoe” T =0, (2.14)

where
M4 = M2, M4l = M1, M40 = Mo, N42 = N2, N41 = N1 + P1, M40 = N + P0, 440 = qo-

Multiplying e*” on both sides of (2.14)), it is obvious to get
n42/\2 + ng A+ ngo + ()\3 + m42)\2 + ma A+ m40)€)\7— + Q40€7)‘T =0. (2.15)
Let A = iw(w > 0) be the root of (2.15). Then we can get

(w3 — myiw) sin Tw — (Maow? — My — qao) oS Tw = Nyow? — Ny, ( )
2.16
(w3 — my1w) cos Tw + (Maow? — My + qao) Sin Tw = Ny w.
It follows that . ) 5
oS Tl — Alw + Agw + A3 Sin T — B1w5 + Bow® + ng
wl + 01w4 + ng2 + CY37 wl + Clw4 + 020J2 + 03’
where
A1 = ng1 — muyanga, Az = myonaz + My2anag — Ma1n41 — N42G40,
Az = n4o(qao — muo), B1 = naa, Ba = muanar — mainaz — N,
2
B3 = my1n40 — maona1 — n41q40, C1 = miy — 2my1,
2 2 2
Then we have
12 1 4 2
w2 + essw'? + eqqw® + eqzw® + eqw? + eq1w? + eqp = 0, (2.17)

where
€40 = C’g - A%, €41 = 20203 - B?% - 2A2A3,
€49 = 022 +2C1C5 — A% —2A1A3 — 2By B3,
eq3 = 203 +2C1Cy — 241 Ay — B% — 2B Bs,
€44 = 012 +2C9 — A% —2B1Bs,e45 = 2C1 — B%
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Let w? = v, then (2.17) becomes
6 5 4 3 2 _
V° + eq50° + eqqv” + eq30° + eq0v” + eq1v +eq9 = 0. (2.18)

If all the parameters of system are given, we can obtain the roots of by using Matlab software

package. Thus, in order to get the main results in the present paper, we make the following assumption.
(Hy41) Equation has at least one positive root. Without loss of generality, we assume that it has six

positive roots which are denoted as v, va, v3, v4, vs5 and vg. Then, has six positive roots wy = /g,

k=1,2,3,4,5,6. The corresponding critical value of time delay Tlg] )is

T(j) _ i ArCCOoS A1w4 + A2w2 + A3 2]771'
k Wi Wl + Chw? + Cow? + Cs Wi

k=1,2,3,4,56,7=0,1,2--.

)

Let 7o = min{r\"'}, k € {1,2,3,4,5,6}, wo = Wi|r—r-
Next, we verify the transversality condition. Differentiating (2.15|) regarding 7, we get

{@}71 o (3)\2 + 2m42)\ + 7TI41)6>\T + 2n42)\ + n41 _ Z
dr - )\[Q406_>‘T — ()\3 + Mo A2 + mg A+ TTMQ)@AT] A
Therefore O\ A+ Bi AC + BD
A1 _RefTOty o _ AV T DY
Re{ G hamivo = Rl g h=icn = Gz o
where

A= (my — 3w3) COS Towo — 2M4oWp SIN Towo + N41,

B = (my1 — 3w§) sin Towg + 2myewg oS Towg + 240wy,

C = (m41w8 — wé‘) cos Towo + (qaowo + maowo — m42w8’) sin Towo,

D= (m41wg — wf‘j) sin Towo + (qaowo — Maowo + m42w8) COS Towo-

Thus, if the condition (Hy2) AC + BD # 0, the transversality condition is satisfied. According to the Hopf
bifurcation theorem in [9], we have the following results.

Theorem 2.4. Suppose that the conditions (Hy1) — (Haz) hold. The positive equilibrium E*(x*,y7,v5)
of System (1.3)) is asymptotically stable for T € [0,79) and System (1.3) undergoes a Hopf bifurcation at
E*(x*,y],y5) when T = 19.

Case 5: 71 # 7 and 5 > 0.
We consider ([2.3) with 75 in its stable interval and 71 is considered as a parameter. Without loss of

generality, we consider system (|1.3)) under case 3.
Let A = w14 (w1x« > 0) be the root of (2.3)). Then we have

A1 sin Twis + Ag cos Tiwrs = Ag,
(2.19)

Al COST1W1x — Ag sin T1W1x = A4,
where

. 2
A1 = nqwix — qo Sin w14, Ag = ng — N2W7i, + o COS ToW1x,
Az = mgwf* — My — P1W SIN Tow — Pg COS ToW1 4,

3 .
Ay = Wy, — MiWix — P1W1x COS ToW1x + Po SIN ToW1 .
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It follows that
co(wix) + c1(wix) €os Towi s + ca(w1x) Sin Tow1, = 0, (2.20)

where

co(wix) = w?* + (m% — n% — 2m1)wi"* + (m% + p% — n% + 2ngng — 2m0m2)w%* + m% + p(Q) — n% — qg,

c1(wix) = —2p1wi, + (2map1 + 2nago — 2mapo)wi, + 2mopo — 21040,
co(wix) = (2po — 2m — 2p1)wi’* + (2mop1 + 2n190 — 2m1pPo)wWix-

Suppose that (Hs1) Equation (2.20]) has finite positive roots
If the condition (Hs1) holds we denote the roots of (2.20)) as wl*l,wl*g, -wisk- Then, for every fixed

wisi(i = 1,2,--- k), the corresponding critical value of time delay {7'1 l7=1,2,---}is
G) 1 A1A4 + AsAg 25

T = —— arccos
1%
v W1xs A% + A% W13

7i:1527"'k7j2071)2)""

Let 11, = min{rl(ggﬁ =1,2,-- -k}, wy = Wixi|ln=r,- Next, In order to give the main result, we make the
following assumption.
dRe()\) . _
(H52) { dm 7'1 Tix # 0. (221)

Hence, According to the Hopf bifurcation theorem in [9], we have the following theorem.

Theorem 2.5. Supposed that the conditions (Hgs1) — (Hs2) hold and 1o € [0,790). The positive equilibrium

E*(z*,yy,y5) of system (L.3) is asymptotically stable for 71 € [0,71+) and system (1.3|) undergoes a Hopf
bifurcation at E*(x*,y;,v5) when 71 = Ti.

3. Direction and Stability of bifurcated periodic solutions

In Section [2| we have shown that system undergoes Hopf bifurcation for different combinations
of 71 and 7» satisfying sufficient conditions as described. In this section, we will study the direction of
the Hopf bifurcation and the stability of the bifurcating periodic solution of system w. r. to 7 for
79 € (0, 799) by using the normal form method and center manifold theorem described in Hassard et al. [9].
Let 7 = 114 + i, 4 € R so that the Hopf bifurcation occurs at p = 0. Without loss of generality, we assume
that 7o, < 714, where 79, € (0, 720).

Let ui(t) = x(t) — x*, ua(t) = y1(t) — yi, uz(t) = y2(t) — y5 and rescaling the time delay t — (¢/71), then
system can be transformed into the following form

W(t) = Lyug + F(p, ue), (3.1)

where u(t) = (ui(t), uz(t), us(t))” € C = C([~1,0],R®) and L, : C — R} F : R x C — R? are given
respectively by
T2x
Ly = (712 + ) (A'9(0) + C'6(=—) + B'é(-1),

1
and
F(Na ¢) = (Tl* + M)(FMF?’F?))T?
with
ail 0 ais b11 0 0 0 0 0
A/ = 0 ano 0 ,BI = 0 0 0 ,Cl = C21 0 C23 :
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and

Fi = a1467(0) 4 a1561(0)$3(0) + a16¢7(0) + a17¢7(0)$3(0) + b12¢1 (0)pr (1) + -+ -
Fy = C24¢1(—7) + 025%(_7)%(_@) + 026¢3(_L) + cord}(— 7'21* Jp3(——) +---,
F3;=0.

Hence, by the Riesz representation theorem, there exists a 3 x 3 matrix function (6, u) : 6 € [—1,0] whose
elements are of bounded variation such that

0
%¢:/}mwaw%¢ea

In fact, we choose
UM+MNW+BW%W 0 =0,

(T + p)(B'+C),  0€[-2,0),
n(0, ) = , .
(Tl*—’_:U’)Ba 06( 2)
0, 6=-1
For ¢ € C([—1,0], R?), we define
wh) - _1<g<o,
Alp)o = 0 (3.2)
JZ dn(0, 1)e(0), 0 =0,
and
oy {0, ~-1<60<0, (53)
o = .
F(i,¢), 0=0.
Then system (3.1) can be transformed into the following operator equation
alt) = Al)u + R, (3.4)

where u; = u(t +6) = (ui(t + 0),u2(t + 0),us(t + 0)). For o € CL(][0,1],(R?)*), where (R®)* are the
3-dimensional space of row vectors, we define the adjoint operator A* of A(0):

o e 0<est (35
A*(p) = 3 3.5
fEl dnT(S7 0)(,0(—8)7 s = 07

and a bilinear inner product:

(etsn o) = 00000~ [ [ st nnanonoteiie (3.

where n(6) = n(6,0).

By the discussion in Section [2 we know that 4iw,7i, are eigenvalues of A(0). Thus, they are also
eigenvalues of A*. Let ¢(0) = (1, g2, g3)T ¢™*™? be the eigenvectors of A(0) corresponding to the eigenvalue
iwyT1x and ¢*(s) = %(1, @, q5)e™*T+5 be the eigenvectors of A* corresponding to the eigenvalue —iw,71..
By a simple computation, we can obtain

(tws — ass)(iws — ajp — byre™"*7ix) iwy — app — byre” T
q2 = ,q3 = )
a13a32 a3
«  dwetarn +bre™ ™ (iwy + ago)(iws + arp + by et )
42 = 621eiw*7'2* 43 = cheiw*T2* ’
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From (3.6, we have

1 B ) » » B )
(¢ . q) = 5[1 + q2G5 + q3G3 + biiTiee” T 4 Toe T T2 (00135 + €23G543))-

Let
D =14 @@ + 335 + briTiee ™™ 4 1o 2 (135 + o3 05q3),

such that (¢*,¢q) =1, (¢*,q) = 0.
Following the algorithms given in [9] and using similar computation process in [3], we can get that the
coefficients which will be used to determine the important qualities of the bifurcated periodic solutions:

2T

920 =" lara + 4150 (0) + bi2g ™ (1) + G5 (ena (4D (= 210 + ensg) (= )g® (- ),
T1x T1x T1x
Tox Tox
g11 = [2a14 + a15(¢P(0) + 7@(0)) + br12(¢W (—1) + 7V (~1)) + G (2c244" ’(——Tj ) (”(——Tj )

+ e (qM (—22)g®) (= 22) 4+ g (= 22)g® (= 2y,

T1x T1x T1x T1x

2 X\ —| *
gor === [ + 150 (0) + b12g ) (~1) + G e2a(q) (= 2))” + ensg ") (- 257 (- 2))),
T1x T1x T1x

T2x

2714 ) )

1
+ WP(0) + W5 (0)) + 3ase + a1z (39(0) + 24 (0))

+ oW (0)g ™M (1) + W§o><0> 7V (~1) + Wi (~1)

1 T2x T2x T2x T2x
+5Wa'(-1)) +q2<@4<2w1&><—%>q<“< )+ W) (a0 (=)
1% T1x T1x T1x
T2 T2 To% « _ T
(Wi (- 20 (- 22 4 i) (-2 (- )
T1x T1x T1x T1x
(3) (T2 (1) (T2 L), Toxy (1), Tex
Y (=0 (= 20 W) (- eV (- )
7- * T * T * . 7- *
+3e26(gW (= )27 (—22) + ear (gD (—22))2q D (-2
T1x T1x T1x T1x
T2x To% \ _ T2x
+2¢0 (=) (=) (= )],

T1x T1x T1x

with

WQO(G) Zg20q<0) elw*n*@ + Me_iw*ﬁ*@ + Elein*n*G
W T BWs T1x )
Wi (0) = — 9190 o 19119(0)

Wy T1x Wy T1x

e—iw*Tl*O + E2'

where F7 and Fs satisfy the following equations, respectively

20wy — a11 — blle_QZW*Tl* 0 —a13 My,
—6216721“}*72* 2twy — a99 —623672%')*72* FEi1=2 Moy R
0 —as 21wy — as3 M3,
ai1 + b1 0 a3 N1t
o1 agg co3 | Eo=—| Nop |,

0 c32 33 N3
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with

M1 = a4 + a15q(3)( 0) + bl2q(1)(_1)
May = eaa(qD (= Z2)) 4 c95q (= 22)g®) (= 22,

T1x T1x T1x
M31 == 07
Ni1 = 2a14 + a15(¢® (0) + d3(0)) + bi2(¢V(~1) + ¢V (-1)),
_ (1)_T2x (1) () _ T2\ (3)_ T2x (1) T2y (3)_T2x
Nap = 2co4q'M( m) (— Tl*)+025( ( n*)q ( m)+q ( 7'1*)q ( n*))’

N31 = 0.

Thus, we can calculate the following values:

2
Cl(o) - 27’1*w* (911920 - 2‘911|2 %) + %’
Re{C1(0)}

H2 = = Re{N(r1s)}’ (3.7)
ﬁg = QRG{Cl (0)},
Ty = (GO} tmIm N (1)}

T1xWx

Based on the discussion above, we can obtain the following results.

Theorem 3.1. The direction of the Hopf bifurcation is determined by the sign of ua: if pa > 0(u2 < 0), then
the Hopf bifurcation is supercritical(subcritical); The stability of bifurcating periodic solutions is determined
by the sign of Ba: if B2 < 0(B2 > 0), the bifurcating periodic solutions are stable(unstable); The period of the
bifurcating periodic solution is determined by the sign of Ta: if To > 0(T> < 0) , the period of the bifurcating
periodic solutions increases(decreases).

4. Numerical simulation

In this section, we give some numerical simulations to support the theoretical analysis obtained in Section
2] and Section 3] Let a =1, a1 =4, ag =3, m =8, r = 1.5, 11 = 0.25, o = 0.15, D = 0.5. Then we have
the following particular case of system (|1.3]):

X x2
L = Lsa(t) - e()a(t — ) - TR,
22 (t—7 —T
dul) Sl 0,95y (1) — 0591 (¢), (4.1)
W2l — 0.5y, (t) — 0.152(),

which has a unique positive equilibrium E*(0.4330, 0.4620, 1.5401). It is easy to get that ma+ngs = 1.1196 > 0
and (mg + ng)(mi + n1 + p1) = 0.2212 > mgy + pg = 0.096, namely, the condition (H;) holds.

For 71 # 0,72 = 0, we have e3, — 3e2; = 1.1868 > 0, vi, = 0.2107, fi(vix) = —0.0038 < 0, there-
fore, the condition (Ha;) holds. Then, we get wig = 0.4798, 70 = 1.6403. Furthermore, fi(vi.) =
0.1679 > 0. Namely, the condition (Hz2) holds. From Theorem we know that the positive equilib-
rium E*(0.4330,0.4620, 1.5401) is asymptotically stable when 71 € [0,7109). The corresponding waveform
and the phase plot are illustrated by Fig When the delay 7 passes through the critical value 719 the
positive equilibrium £*(0.4330,0.4620,1.5401) will loss its stability and a Hopf bifurcation occurs, and a
family of periodic solutions bifurcate from the positive equilibrium E*(0.4330,0.4620, 1.5401). This property
is illustrated by the numerical simulation in Fig Similarly, we have woy = 0.2503, 799 = 2.3604 when
71 = 0,79 # 0. The corresponding waveform and the phase plots are shown in Figs
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Figure 1: E* is locally asymptotically stable when 7 = 1.35 < 1.6403 = 719 with initial value 70.520, 0.755, 1.98”
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Figure 2: E* is unstable when 71 = 1.68 > 1.6403 = 710 with initial value ”70.520, 0.755, 1.98”

P 1
06 Ucm 08
=09/ ‘H\C\“‘ \
= [V A
X 0.4\‘\\“‘“ e

0.3

2
OO

200 400 600
Time t

0 200 400 600 ) 0.2
Time t Yi® (t)

Figure 3: E™ is locally asymptotically stable when 7o = 1.75 < 2.3604 = 729 with initial value 70.520, 0.755, 1.98”



J. Liu, Z. Zhang, J. Nonlinear Sci. Appl. 9 (2016), 3074-3089

3086

1
0.8
206
0.4

0'20 200

0 200

Figure 4:

0 200

f
i

\‘U
“‘\H\(““\“ ‘\‘ﬁ\“‘\“‘\fN‘\\)\‘H\/\\\m
\“\““W\““‘ ‘w‘\“u\‘\w“““‘\“w\w‘\w
J\m“e‘/ vw_“ VUVVVUVV VY

400
Time t

400
Time t

600

h

\ \ ‘ H e

0 200

400
Time t

400
Time t

600

200 400

Time t

600

(1)
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Figure 6: E™ is unstable when 7 = 1.35 > 1.0219 = 7 with initial value ”70.520, 0.755, 1.98”
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Figure 7: E™* is locally asymptotically stable when 7 = 1.28 < 1.3247 = 71, T2, = 1.05 € (0,720) with initial value ”0.520,
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Figure 8: E* is unstable when 71 = 1.55 > 1.3247 = 714, 72+ = 1.05 € (0, 720) with initial value 70.520, 0.755, 1.98”

For 71 = 79 = 7 > 0, we can obtain wy = 0.3559, 70 = 1.0219. From Theorem [2.4] we know that when the
delay 7 increases from zero to 79, the positive equilibrium E*(0.4330, 0.4620, 1.5401) is asymptotically stable.
Once the delay 7 passes through the critical value 7y the positive equilibrium £E*(0.4330,0.4620, 1.5401) will
loss its stability and a Hopf bifurcation occurs. This property is illustrated by the numerical simulations in
Figs

Then, regards 71 as a parameter and let 7, = 0.85 € (0, 72). We have w, = 0.5459, 7, = 1.3247. By
Theorem the positive equilibrium E*(0.4330,0.4620, 1.5401) is asymptotically stable when 71 € [0, 71.)
and unstable when 7 > 7., which can be depicted by the numerical simulations in Figs In addition,
N(114) = 0.1863 — 0.0532i and from we can get C1(0) = —10.0724 + 7.1892i, us = 54.0655 > 0,
B2 = —20.1448 < 0, T5 = —5.9640 < 0. Thus, from Theorem we know that the Hopf bifurcation with
respect to 71 with 79, = 0.85 € (0,7y) is supercritical, the bifurcating periodic solutions are stable and
decreasing.

5. Conclusion

In the present paper, a stage-structured predator-prey system with Holling-III functional response and
multiple delays is investigated. Compared with the system considered in [22], the system in this paper
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accounts for not only the feedback delay of the prey but also the time delay due to the gestation of the
mature predator. The sufficient conditions for the stability of the positive equilibrium and existence of the
Hopf bifurcation for the possible combinations of two delays are obtained. By a computation, we find that the
two delays can play a complicated role on system and the feedback delay of the prey is marked because
the critical value of 7| is smaller than 7 when we only consider one of the two delays. Furthermore, special
attention is paid to the direction and the stability of the bifurcating periodic solutions are determined
by applying the normal theory and the center manifold theorem and we get that the periodic solutions
bifurcating from the Hopf bifurcation are stable for 71 > 0,72 € (0,729) under some certain conditions.
Namely, the species in system could coexist in an oscillatory mode under some certain conditions.
This is valuable from the viewpoint of the biology.
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