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Abstract

In this paper, we study the following fractional Schrédinger-poisson systems involving fractional Lapla-
cian operator

{ (=A)u+V(|z))u+ ¢zl u) = f(lz|, ), =R’ (1)
(—A)p = u?, r € R3,

where (—A)%(s € (0,1)) and (—A)*(t € (0,1)) denotes the fractional Laplacian. By variational methods, we
obtain the existence of a sequence of radial solutions. (©2016 All rights reserved.
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1. Introduction

This paper is concerned with the existence and multiplicity of radial solutions to the following fractional
Schrédinger-poisson systems

(=8 u+ V ([al)u + (lal,u) = (i), = € B, )

(_A)t¢ = ’LL2, x e Rsa '
where s,t € (0,1), V, ¢ is potential functions and f is a continuous function with some suitable growth
conditions. Here (—A)* and (—A)! is the so-called fractional Laplacian operator of order s,t € (0, 1), which

can be characterized as (—A)*u = F~1(|¢[3Fu), (—A)u = F71(|€]*Fu), F denotes the usual Fourier
transform in R3.
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In the recent years, the study of fractional calculus and fractional integro-differential equations applied to
physics and other areas has grown, see, e.g. [10], 18420, 24] 25|, [34]. Very recently, the fractional Schrodinger
equation like equation (1.1 was introduced by Laskin (see [12}13] and [14]), and comes from an expansion of
the Feynman path integral from Brownian-like to Lévy-like quantum mechanical paths. In Laskin’s studies,
the Feynman path integral leads to the classical Schrodinger equation and the path integral over Lévy tra-
jectories leads to the fractional Schrodinger equation. The fractional Schrodinger equation appears in many
areas such as quantum mechanics, financial market, phase transitions, anomalous diffusions, crystal dislo-
cations, soft thin films, semipermeable membranes, flame propagations, conservation laws, ultra-relativistic
limits of quantum mechanics, quasi-geostrophic flows, minimal surfaces, materials science, water waves. For
details see [0l [7, [IT] for an introduction to its applications.

If s =t =1, the system (1.1]) reduces to the classical Schrodinger-Poisson system

—Au+V(|z))u+ ¢(|z|,u) = f(|z],u), =eR3,
—A¢p = u?, x € R3.

Several papers have dealt with this problem, see, e.g.,[I, [7] and references therein. In [28], the authors
proved the existence of a ground state solutions for the case when f is superlinear at infinity. Moreover,
infinitely many high energy solutions for the superlinear case were obtained in [7, [I5] via the fountain
theorem. In [7], the following Ambrosetti-Rabinowitz condition ((AR) for short) was assumed, i.e., there
exists 6 > 4 and L > 0 such that

0 < OF(x,u) <uf(x,u), Yo cR® |u|>L, (1.2)

where F'is the primitives of f. It is well-known that the condition (AR) is crucial in verifying the boundedness
of the (PS)., ¢ € R, sequence of the corresponding functional. Without condition (AR), this problem
becomes more complicated. In [7], by using the variant fountain theorem, the authors only considered the
case, where f(z,u) is odd in u and F(z,u) > 0 for all z € R?, u € R. The natural question is whether
system has infinitely many high energy solutions if f is odd but does not satisfy F(z,u) > 0. To
answer these questions, we assume the following more natural conditions (F3) or (Fy) and give a positive
answer. So, we generalize the result in [7], and deal with the Schrédinger-Poisson with fractional Laplacian
operator.

Moreover, the other main difficulty is to drive the boundedness of the (P.S). sequence of the corresponding
functional. To overcome this difficulty, we will employ the condition (F3) or (Fy) to ensure the boundedness
of the (PS). (or (C).) sequence. If f(z,u) is odd in u, we obtain infinitely many high energy solutions by
using the symmetric mountain pass theorem ([22, Theorem 9.12]).

Recently, for the investigations about radial solutions, in the spirit of [4], Dipierro et al.[9] proved the
existence of a positive and spherically symmetric solution to the equation

(—=Au+u = |[ufftu, xR, (1.3)

for subcritical exponents 1 < p < (N + 2s)/(IN — 2s), which generalized the results in [4] from the classical
Schrodinger equation to the fractional Schrodinger equation. On the other hand, the approach which they
used is a constrained minimization in [4]. But this approach cannot expect to work when V' is non-constant.
When the nonlinearity f satisfies the general hypotheses introduced by Berestycki and Lions [4], Chang and
Wang [6] and Secchi [23] also proved the existence of a radially symmetric solution with the help of the
Pohozaev identity for .

Motivated by the above facts, in the present paper we will study the fractional Schrodinger equation
(1.1) with non-constant potential V' and without (AR) type superlinear condition. Moreover, we use some
original arguments in [2] [3, [I7] to establish the existence of infinitely many radial solutions. To state our
results, we make the following assumptions:

(V) V e C(]0,+0)) is bounded from below by a positive constant Vp;
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(F1) f € C(]0,00) x R,R), and there exist constants aj,az > 0 and ¢ € (2,2%) such that

|f(r,u)] < aq —|—a2]u|q_1, Vr > 0,u € R,

N2i\728; (r,u) = o(Ju]) as |u| — 0 uniformly in r;

where 27 =

(F) 1imyy)—00 M = 00, a.e. for r € [0,400). There exists L > 0 such that

ul?

F(r,u) >0, VueRand |ul > L;
(F3) there exists L > 0 such that
1
F(ryu) = Zuf(r, u) — F(r,u) >0, VYr>0, and |u| > L;

(Fy) there exist # > 1 such that

OF (r,u) > F(rytu), Vr>0, ue€ R, and 7 € [0, 1];

(F5) f(r,—u) = —f(r,u) for any v € R and r > 0.

For convenience, let Z(u) denote the energy of the solution u (Z will be defined later). The main results
of this paper are the following theorems.

Theorem 1.1. Assume that (F), (F»), (F3), (F5) and (V') hold. Then when s,t € (0, 1) satisfying 4s+2t > 3,
the problem (1.1)) has a sequence of radial solutions {uy} such that Z(u,) — co as n — co.

Theorem 1.2. Assume that (F), (F2), (Fy), (F5) and (V') hold. Then when s,t € (0,1) satisfying 4s+2t > 3,
the problem (1.1)) has a sequence of radial solutions {uyn} such that I(u,) — co as n — oo.

Remark 1.3. The (AR) conditions implies (F3) and (F3) were introduced in [21], 24] 26, 27, 31H33| 33]. And
our conditions are weaker than (AR) condition used in [2], B 17, [30].

Remark 1.4. Condition (Fy), which is weaker than the assumption that: (F}) %ﬁu) is increasing in u > 0
and decreasing in u < 0. Which is originally due to Jeanjean[I1] for semilinear problem in R".

2. Preliminaries

In the sequel, s will denote a fixed number, s € (0,1), we denote by | - ||, the usual norm of the space
LP(R3), ¢, ¢; or C; stand for different positive constants.
Recall that the fractional Sobolev space is defined by

(R — {u RN Lo I 1) | Yy Rg)} |
|z —y[z

and endowed with the standard norm

1
WP, .\
s = d dd
fallae = ([ e+ [ O )
D)
s = —————dxd
i (/R/R r:c—y|3+2s y)

while
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is the Gagliardo (semi)norm. The space H*(R3) can also be described by means of the Fourier transform.
Indeed, it is defined by

HS(RS)—{ueL%RS):/( T IR Fu(©)P)de < oo},

fulla- = ([ 0+ \ﬁlz)‘s\fiu(é)P)d&)%

Now, we introduce the definition of Schwartz function S (is dense in H*(R?)), that is, the rapidly
decreasing C* function on R3. If u € S, the fractional Laplacian (—A)® acts on u as

and the norm is defined as

(—A)u(z) = C(s)P.V. /R utw) = uly) .

s o —yPree

u(z) — u(y)
— O(s) 1 ) = uy) 4
(s) et R3\B(0,e) |7 — y[3T2s Y

the symbol P.V. represents the principal value integrals, the constant C(s) depends only on the space
dimension and the order s. In [§], the authors show that for u € S,

(~A)u=F (g Fu),

and that 5
2 _
[U] Hs — C s

Moreover, by the Plancherel formula in Fourier analysis, we get

[l = C?S)K—A)iné.

Therefore, the norms on H*(R?) defined below,

1
OF 1)’
— d ————"—dxd
oo (Lt [ LS |3+2s ’
2\s 2 :
wo ([ s iRl E P
1
2 2| g 2 ?
U ul"dz 4+ [ (7] Fu(E)]7)dg
R3 R3
1
2 CANE 2
u ul*dz + [[(=A)>2ullz )
R3
are all equivalent.
For our problem (|1.1]), we define the working space H as follows

H= {u € H5(R?) : / €8 | Fu|?de +/ V(|2])|ul?de < —|—oo},
R3 R3

and it is endowed with the inner product and norm given by

= 2 ZFu(&)Fv z|)uvdx
(o) = [ 1€ FueF o+ [ Vialuoda,
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and

loll = ([ leP17u@as + [ vieblupa)

The homogeneous Sobolev space D2(R3) is defined by
D"(R®) = {u € L% (R?) : |¢|'a(¢) € L*(R*)},

which is the completion of C§°(R3) under the norm

e = [ -A)¢uPdo= [ ]a(e) s
R3 R3
and the inner product
(1, 0) s = /3(—A)éu(—A)évdx.
For the proof of Theorem we denote by ERthe radial symmetric functions space of H, namely,
E:=H,={ueH:u(z)=u(lz|)}.

For the proof of Theorem following [2], we choose an integer 2 < m < & with 2m # N — 1, write
R

2
elements of R? = R™ x R™ x R372™ as & = (11,22, x3) with z1,20 € R™ and x3 € R372". Consider the
action of

G = 0O(m) x O(m) x O(3 —2m),

on H is defined by
1

gu(z) = u(g 1),
Let 7 € O(N) be the involution given by 7(x1,z2,x3) = (22,21, x3). The action of G := {id, 7} on
Fix(Gy) ={ue H:gu=mu, Vg€ Gn},

is defined by

Set
E :=Fiz(G) ={u € Fiz(Gy,) : hu =u, VY h e G}.

Note that 0 is the only radially symmetric function in E for this case. Moreover, we need the following
embedding theorem also due to [16].

Lemma 2.1. E embeds continuously into LP(R3) for 2 < p < 2* := -5 and E embeds compactly into

3—2s”’
LP(R3) for all p € (2,27).
It follows from Lemma [2.1] that there exists constant ~, > 0 such that
lullp < wllull, YueE, pel2,2]].

Lemma 2.2. For anyt € (0,1), D¥2(R?) is continuously embedded into L (R®), i.e., there exists Sy > 0

such that
(]
R3

It is easy to reduce (|1.1)) to a single equation. Indeed, if 2t + 4s > 3, then % <2F = 3_628, SO we can
use the following embedding;:

2
%dr)% < S /Rg [(—A)2ul?dz, Vu € D"(R3).

12
E — L3+2 (R3),
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and the Holder inequality, for every u € E

1
[ tvde < ([l opian
R3 R3 R3

<&WM a3, vllpe2

< .
< StC%tHUH vl pe.2

Thus, by the Lax-Milgram theorem, there exists a unique ¢!, € D»?(R3) such that

/ v(=A) gl da = / (—A)2 ¢t (—A)2vde = / wvde,  veE D3 (RY).
R3 R3 R3

Therefore, ¢!, satisfies the Poisson equation
(_A)td)z = ’LL2, T € R37

and we write the integral expression for ¢!, in the form:

2
u*(y)
P (x) = ¢ /R3 P y’3_2tdy, z € R3,
The ¢; is called t-Riesz potential, where

I3 -2t

T(t)

_3 .
Ct =T 22 2t

It follows from ) that ¢f,(z) > 0 for all z € R3.
Combining (2.1 and ., we have

Il = [ 1(=8)F0! P
—/( INETAGINEE P
R3
- / (—A)'hgLda
R3

= / u?¢! da
R3

< Sillull? i 6L pes,

with the embedding F <— L%(R?’) (if 2t + 4s > 3) we have:
l¢ullpre < StHuHi%t < Cyluf®.
Hence, by Lemma, Lemma [2.2] and the Holder inequality we have

t Qd < t2;‘d L* 23+2td 342¢
[ ot < ([ 1ot Pian® ([ it

< CullghlIpealul’?
< Colful*,

where C1, Co > 0. Substituting (2.3)) into (T.1), we can rewrite (I.1)) in the following equivalent form

(=A)Yu+ V(z)u+ ¢hu= f(x,u), xcR>

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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Next, on F we define the following energy functional

1 1
T(w) = glulP + 5 [ dhaids = [ Fllal, e (26)

and we have the following fact.

Lemma 2.3. Assume that (V) and (Fy)—(F) hold, then T € C'(E,R) and

(T'(u),v) = (u,v) + /RB ¢ uvdx — /R3 f(z], w)vdz. (2.7)

Furthermore, the critical points of T are solutions of problem (1.1]).
Proof. For convenience, set
) = [ Flal,w)de.
R3
By (F1) and (F3), for any € > 0, there is C. > 0 such that

C:

9
[f(l2],w)| < elul + Clul”™" and [F(je],u)] < Sful* + ?W‘* (2.8)

For any u,v € E and 0 < |t| < 1, by mean value theorem and ({2.5]), there exists 0 < 6 < 1 such that

|F (], u + tv) — F(|z|, )]
i

< |f(jal,u+ Broyo]

< elu + Otv||v| + Cclu + Otv]|7 |
< elullv| + g|v|? + C:lu + Otv|7 o]
< elulfv] + efvf* + 297 Ce(ful* o] + [v]?).

The Holder inequality implies that
elullv| + 8]v|2 + 2q’1C5(|u|q’1]v| + |v|?) € Ll(R?’).

Consequently, by the Lebesgue’s Dominated Theorem, we have
@)= [ el upods, Ve .
R3

Next, we show that J': E — E* is weak continuous. Assume that u, — u in E, by Lemma we get

u, —u in LP(R3), for p € (2,20).

Note that , ) ) )
19/ n) = 7 @)= = sup [ () = (), 0)
< sup / £l un) — £(l2], w)lold.
o<1 JRN

By the Holder inequality and Theorem A.4 in [29], we have

sup / (12l wn) — F(l2] w)loldz — 0, as n — oo,
v <1 JRN

thus,
T (un) — T (u)|| g+ — 0, as n — oc.
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In a similar discussion, set

1
‘I/(U,) =7 Qﬁqudl',
4 R3

we have

(V' (u),v) = . ¢t uvde, ¥ u,v € E,

and ¥’ is weak continuous.
Therefore, T € C*(E,R) and

(Z'(u),v) = (u,v) + /R3 ¢t uvdr — /R3 f(|z|, v)vdz.

Moreover, it is a standard way to verify that critical points of Z are solutions of problem (1.1]) (see
[29]). O

To prove our results, we need the principle of symmetric criticality theorem (see ([29], Theorem 1.28))
as follows.

Lemma 2.4. Assume that the action o the topological group G on the Hilbert space X is isometric. If
® ¢ CY(X,R) is invariant and if u is a critical point of ® restricted to Fix(G), then u is a critical point of
.

It follows from Lemma that we know that if u is a critical point of ® := Z|g, then wu is a critical
point of Z. Moreover, we say that ® € C'(E, R) satisfies (C').-condition if any sequence {u,} such that

O(un) = ¢, [0 (un) (1 + [Junll) = 0
has a convergent subsequence.
Lemma 2.5. Assume that (V'), (F1)—(F3) and 2t +4s > 3 hold. Then ® satisfies the (C').-condition.

Proof. Let {u,} C E be a (C).-sequence, then

D (uy) = c>0, (D(up),un) — 0. (2.9)
To prove the boundedness of {u,}, arguing by contradiction, assume that ||u,| — oco. Let v, = ”Z—"”,
then ||v,|| = 1 and |lvn]lp < Ypllvnl] = 7 for 2 < s < 2%. Passing to a subsequence, we may assume that
v, =~ vin E, v, = vin L? for 2 < p < 2} and v,, = v a.e. in R3.
First, we consider the case that v £ 0. Set
Q:={z eR?:v(x) # 0},
then meas(§2) > 0. For z € Q, we have |u,| — 0o as n — oo, so that, using (F»), for all z € €,
F F 4
(el va) _ Fllm) bl _ Fliom) |0
[[n | un|® un]] |t [*
and then, via Fatou’s Lemma,
F(
|||a:| HZ” drx — 400 as n — oo. (2.10)
Un

On the other hand, by (F%), there exists L > 0 such that

F(|z|,u) >0, Yz € R |ul> L. (2.11)
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Moreover, it follows from (F}) that for any & > 0 there exists c(¢) > 0 such that for all z € R?,|u| < L,

we have

[ ([z], w)] < elul + ee)|ul?.

Then, by the mean value theorem, for all |u| < L, we obtain,

1
UTUwLU)IZIFdeju)—vFOxLO)lzt/jfﬂxbnuMAdn
<) e
p

\|2

< Cl\U! ,

where ¢; = 5 + c(e )Lp ® > 0. Combining this with ( , we have

F(lz],u) > —c1|ul?, V(z,u) € R® xR,

which implies that there exists co > 0 such that

F(|z|,un) > —calun|?, for all x € R3\Q.

Hence,we obtain

F
[ b, e
wva llunl fal

/ |y, |2da
R3\Q

C2 2
- d
SR TR L
lun®
Z —C3 1 03>0,
nl
which implies that
F
lim inf/ de > 0.
n—oo Jr3\Q (|2 |
So, combining (2.10) with (2.15)), one has
F
lim (‘ﬂﬂin = lim ( / / Flla, Zn dr =
n=oe Jrz  |[|unl| n—oo0 r\Q  |[unll

It follows from ([2.5)), (2.16) and Fatou’s Lemma that

0= tim <O _ gy, 2n)

oo [lup [t neo ||un||4

1 1 [ ¢
g [ L[
n—09 [2llunll2 4 Jgs |lun|*

n—oo Jpa  lunll*

which is a contradiction.

_/RS

(], un)

lunl*

is]

—+00.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Next, we consider the case that v = 0, then v, — 0 in LP for 2 < p < 2%. It follows from (2.12]) and

[2.13) that, for all z € R? and |u| < L,

uf(lz],w) = 4F(J2], )| < (e + dar)uf® + e(e)|ul? < eqlul?,

(2.18)
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where ¢4 = (¢ + 4a1) + ¢(¢)LP~2 > 0. This, together with (F3), obtain that

uf(|z|,u) — 4F(]a:\ ) —cs|ul?, V(z,u) € R® xR, (2.19)
where ¢5 > 0 is a constant. Therefore, from and -, for the n large enough, we get

1
Z(cb/(un)aun>

1, 9 1
= qlunl®+ 5 | (Fal, un)un — 4P (2], un))do

R3

1 1

> flluall = s [ Junfdo (2:20)
RS

1

=l /R [vn ) |2

— 00, as n — oo,

c+o(l) =P(uy,) —

which is a contradiction. In any case, we deduce a contradiction. Hence {u,} is bounded in E. O

Next, we verify {u,} has a convergent subsequence. Passing to a subsequence if necessary, we may
assume u, — u in F and u, — u in L for all 2 < p < 2%. According to (2.12)), we have

/ 1zl ) — (2], ) fun — ulde < / (17 (el un)| + 1 (2], w)) i — wldz
R3 R3

< / (elun| + Celun |7t + elu| + Celu|?™) Jup — uldz
R3

o R (2.21)
<eC+C: (/ |un\qdaﬁ) ’ (/ |uy, — u\qda:) ’
R3 R3
— 0, as n — oo.
Observe that
n — ul|? = (un — u, up — )
= Jlunl® + fJul|* = 2(un, w)
= (D (up), un) / qﬁunundac +/ f(z|, un)undzx
3
+ (P (u), u) —/ ot udx +/ F(z], vw)udx — 2{uy, u) (2:22)
R3 3
= (@' (n) = ()t~ )~ [ (810~ Gl0)(n )
R3
+ [ (il ) = el )~ )
Because @’ is weak continuous, it is clear that
(® (up) — @' (u),un, —u) — 0, as n — oo. (2.23)
Moreover, by the Holder inequality, Sobolev inequality, we have
1
[ et = wdal < ([ 160, B0 ([ Jual5500) = ol )
< 5, 2 1wl el — ] (224

< 06Hun|| lun =l

— 0, as n — oo.
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Similarly, we obtain

¢t u(u, —u)dr — 0, as n — oc. (2.25)
R3

Thus,

Un

/ (A, up — ¢t u)(uy, —u)de — 0, as n — oo. (2.26)
R3

From (2.21)—(2.26) , we get
|lun, —ul| = 0, asn — oo.

Lemma 2.6. Assume that (V), (F1), (F2), (Fi1) hold. Then ® satisfies the (C').-condition.

Proof. Like in the proof of Lemma it suffices to consider the case v # 0 and v = 0, the (C). sequence
{un} is bounded in E.

If v # 0, the proof is identical to that of Lemma [2.5

If v = 0, inspired by [11], we choose a sequence {n} C R such that

O(nyuy,) = d(nuy,).
(Mnun) Jnax (nun)

Fix any m > 0, letting w,, = v4muv,,, one has

w, — 0 in LP(R3), 1<p< 2,

2.27
w, — 0, a.e. x € R3. ( )
Then, by (2.12)), (2.27) and Lebesgue dominated convergence theorem,
lim F(|z|, w,)dx < lim (5/ [y, |2dx + 6(8)/ |wy, [Pdz) = 0.
n—oo Jp3 n—o00 2 R3 P R3
So, for n sufficiently large, we obtain
1
D (npuy) > ®(wy,) = 2m + / ot widx —/ F(|x|,wy)dz > 2m,
4 Jpz " R3
which implies that limin f,— 0o ®(npuy) > 2m. By the arbitrariness of m, we have
nh_}rrgo O (npu,) = +00.
Since ®(0) = 0 and ®(u,) — c as n — oo, P(nu,) attains maximum at 7, € (0,1). Thus,

(D' (Mpun), nuun) = o(1) for large n. Therefore, using (Fy),

1

Blua) = 38 () 0a) = G+ [ (el )i — 4P )

3
1 1
=l + 5 [ Flel wa)do

> nYn TN 77’L7’Ld
> gl + 35 [ Fllal.nw)da
1

1.1

GGt + 5 [ (e — 47 (il )]
R3

1 1
= 5(‘1>(77nun) - Z<(I)/(77nun)777nun>) — 400 as n — oo.

This contradicts (2.9). In any case, we deduce that the (C'). sequence {uy} is bounded in E. This completes
the proof. m
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3. Proof of Theorems 1.1 and 1.2
To prove our results, we need the following Symmetric Mountain Pass Theorem ([22], Theorem 9.12)

Lemma 3.1. Let X be an infinite dimensional Banach space, X =Y @& Z, and Y is finite dimensional. If
® € CY(X,R) satisfies (C).-condition for all ¢ > 0, and

(I1) ®(0) =0, ®(—u) = ®(u) for allu € X;
(I2) there exist constants p,a > 0 such that ®|gp,nz > o;

(I3) for any finite dimensional subspace X C X, there is R = R(X) > 0 such that ®(u) <0 on X \ Bg.
Then ® possesses an unbounded sequence of critical values.

Let {e;} is a total orthonormal basis of F and define X; = Re;, then E = 7%, X;, let

Yn:@Xi, Ly = é;Xi, n € 7.

j=n+1
Then F =Y, & Z,, and Y, is a finite dimensional space.
Lemma 3.2. Assume that (F1), (Fz), (F3) (or (Fy)) hold. Then there are constants p, o > 0 such that
®lop,nz, > a.

Proof. For any u € Z,,, from Lemma [2.12)) and ¢!, > 0, we can choose ¢ > 0 small enough such that

1
B(u) = ol + / o uld / F(j2], u)dz
>l — Sl — g

V3e v4C.
> *HUH2 - %HUW — L= lu.

Thus, we can choose constants p, & > 0 such that (I>|@Bpm z, > «, the proof is complete. O

Lemma 3.3. Assume that (Fy), (Fy), (F3) (or (Fy)) hold, for any finite dimensional subspace E C E, there
holds

®(u) = —o00, |lul| = o0, uekE. (3.1)

Proof. Arguing indirectly, assume that for some sequence {u,} C E with ||u,|| — oo, there exists M > 0
such that ®(u,) > —M for all n € N. Let v, = ”Z—Z”, then ||v,|| = 1. Passing to a subsequence, we may

assume that v, — vy in E. Since E is finite dimensional, then v, — v; € E in E, v, — v; a.e. on RV,
and so |lv1]| = 1. Hence, we can conclude a contradiction by a similar fashion as (2.17). Then, the desired
conclusion is obtained. O

Corollary 3.4. Assume that (Fy), (F2), (F3) (or (Fy)) hold, for any finite dimensional subspace ECE,
there exists R = R(E) > 0 such that

d(u) <0, YueE, |ul|>R. (3.2)

Proof of Theorem ( 07". We only need to verify the conditions of Lemma Let X =E,Y =Y,
and Z = Z,, then E =Y @ Z. Moreover, Y is finite dimensional. From (F5), we know & is even. Clearly,
®(0) = 0. Lemma (or Lemma implies ® satisfies (C').-condition. Lemma and Corollaryimply
(I2) and (I3) of Lemma are satisfied. Thus, by Lemma ® possesses a sequence of radial critical
points {u,} C E such that ®(u,) — oo as n — oo, i.e., the problem has a sequence of radial solutions
{un} such that ®(u,) — oo as n — oo. O
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