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Abstract
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1. Introduction and Preliminaries

Banach contraction principle was introduced in 1922 by Banach [3]. In 2001, Rhoades [7] introduced
weakly contractive as follows:
(1) A mapping T : X — X is said to be a weakly contractive if for all x,y € X,

d(T.%', Ty) < d($, y) - ¢<d(.%', y)):

where ¢ : [0,00) — [0, 00) is a continuous and nondecreasing function such that ¢(¢) = 0 if and only if ¢ = 0.
If one takes ¢(t) = (1 — k)t, where 0 < k < 1, a weak contraction reduces to a Banach contraction.
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Now, we recall the definition of cyclic map. Let A and B be nonempty subsets of a metric space (X, d)
and T: AUB — AU B, then T is called a cyclic map iff T(A) C B and T(B) C A. In 2003, Kirk et al. [4]
introduced cyclic contraction as follows:

(i7) A cyclicmap T': AUB — AU B is said to be a cyclic contraction if there exists a € [0,1) such that

d(Txz,Ty) < ad(z,y)

for all z € A and y € B.
In 2013, K. Zoto [9] introduced d-cyclic-¢-contraction follows:
(7i1) A cyclicmap T': AUB — AU B is said to be a d-cyclic-¢-contraction if ¢ € ® such that

d(Tz,Ty) < ¢(d(z,y))

for all z € A, y € B, where ® the family of non-decreasing functions: ¢ : [0,00) — [0,00) such that
Yool ¢™(t) < oo for each ¢t > 0, where n is the n-th iterate of ¢.

Lemma 1.1. Suppose that the function ¢ : [0,00) — [0,00) is non-decreasing, then for each t > 0,
lim,, 00 @™ (t) = 0 implies ¢(t) < t.

If (X,d) is complete metric spaces, at least one of (i), (i7) and (i7i) holds, then T has a unique fixed
point (see[7]-[9]). Recently, Klin-eam and Suanoom [5] introduced dislocated quasi b-metric spaces, which
is a new generalization of quasi b-metric space (see[8]), b-metric-like space (see[I]), b-metric space (see[2]),
metric space, etc. as follows:

Definition 1.2 ([5]). Let X be a nonempty set. Suppose that the mapping d : X x X — [0,00) such that
constant s > 1 satisfies the following conditions:

(dl) d(x,y) = d(y,x) = 0 implies z = y for all z,y € X;

(d2) d(z,y) < s[d(z,z) + d(z,y)] for all z,y,z € X.
The pair (X,d) is then called a dislocated quasi b-metric space (or simply dqb-metric). The number s is
called to be the coefficient of (X, d).

Remark 1.3. When, in addition, the conditions d(z,y) = d(y,z) and d(x,z) = 0 are true, then d is a
b-metric.

Definition 1.4. Let {x,} be a sequence in a dgb-metric space (X, d).

(1) A sequence {z,} dislocated quasi-b-converges (for short, dgb-converges) to z € X if

nh_)ngo d(xn,z) =0= nh_)rlgo d(x,xy).

In this case z is called a dgb-limit of {z,} and we write (x,, — x).

(2) A sequence {z,} is called dislocated quasi-b-Cauchy (for short, dgb-Cauchy), if

n,rlrlLILloo d(CCn, $m) =0= TL,’})’ILIEOO d(l’m, xn)

(3) A dgb-metric space (X, d) is complete if every dgb-Cauchy sequence is dgb-convergent in X.

Moreover, they introduced the notion of dgb-cyclic-Banach and dgb-cyclic-Kannan mapping and derive the
existence of fixed point theorems for such space.

In this paper, we study the properties of dislocated quasi-b-metric spaces and introduce dgb-cyclic-weak
Banach contraction, dgb-cyclic-¢-contraction and derive the existence of fixed point theorems in dislocated
quasi-b-metric spaces. Our main theorem extends and unifies existing results in the recent literature.



C. Suanoom, C. Klin-eam, S. Suantai, J. Nonlinear Sci. Appl. 9 (2016), 27792788 2781

2. Main results

Every dislocated quasi-b-metric space (X,d) can be considered as a topological space on which the
topology is introduced by taking, for any € X, the collection {B,(z)|r > 0} as a base of the neighborhood
filter of the point z. Here the ball B, (x) is defined by the equality B,(z) = {y € X|max{d(z,y),d(y,x)} <

r}.
Definition 2.1 ([6]). Let X be topological space. Then X is said to be Hausdorff topological space if for
any distinct points z,y € X, there exists two open sets G and H such that x € G, y € H and GN H = ().

Proposition 2.2. Fvery dgb-metric space is Hausdorff topological space.

Proof. Let z and y be two distinct points in X. Then d(z,y) > 0 and d(y,z) > 0. Choose 6§ = d(géy). Then,
there exists

Bs(z) = {z € X|max{d(x, 2),d(z,z)} <}
and
Bs(y) = {z € X|max{d(y, z),d(z,y)} < 6}
such that z € Bs(z) and y € Bs(y).
To show that Bs(z) N Bs(y) = 0, suppose that Bs(z) N Bs(y) # 0. Then, there exists z € Bs(x) N Bs(y).
We have
d(z,y) < sd(z,z) + sd(z,y)
< smax{d(z, 2),d(z,z)} + smax{d(y, z),d(z,y)}
< s0+ sd =d(z,y).

So, d(x,y) < d(z,y) which is a contradiction. Therefore Bs(z) N Bs(y) = 0. O

Proposition 2.3. Every dgb-convergent sequence in a dgb-metric space (X,d) is dgb-Cauchy sequence.

Proof. Suppose that {z,} is dgb-convergent. Then there exists x € X such that x,, — x, that is

nhﬁn;() d(xn,z) =0= nhﬁrrolo d(x,zy).

Consider,
d(Tpy X)) < sd(zp, x) + sd(x, Tp,)-

Taking limit as n,m — oo we obtain
lim d(zp,zm) =0.

n,M—00
Similarly,
mlérgoo d(zpm,, xn) = 0.
Therefore {z,,} is dgb-Cauchy. O

Definition 2.4. A subset S of a dgb-metric space (X, d) is bounded if there exists &, M € (0, 00) such that
d(xz,z) < M for all x € S.

Proposition 2.5. Every dgb-convergent sequence in a dgb-metric space (X, d) is bounded sequence.

Proof. Suppose that {z,} is dgb-convergent. Then there exists z € X such that x,, — x, that is

lim d(z,,z) =0= lim d(z,z,).

Let € = 1. Then there exists ng € N such that d(x,,z) < € and d(x,z,) < € for all n > ng. Choose
K = max{d(z1,z),d(z2,2),...,d(zn,—1, ), 1}.

Thus, d(z,,z) < K for all n € N and so {z,} is bounded sequence. O]
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Proposition 2.6. Every dgb-Cauchy sequence in a dgb-metric space (X,d) is bounded sequence.
Proof. Suppose that {z,} is dgb-Cauchy. Then

lim d(xn, zm) =0= lm d(xm,, z,).
n—00 n—00

Let € = 1. Then there exists ng € N such that d(x,,x,) < 1 and d(z,,z,) < 1 for all n,m > ng. Let p be
any point in the space and let
k = maxd(z;,p).
i<m

The maximum exists, since {x; : i < m} is a finite set. If n < m, then d(z,,p) < k. If n > m, then
d(xpn,p) < d(xp, Tm) + d(zm,p) < 1+ k for all n € N. Therefore {z,,} is bounded sequence. O

The next two propositions for subsequence follow immediately from definitions of dgb-convergent se-
quence and dgb-Cauchy sequence respectively.

Proposition 2.7. Every subsequence of dgb-convergent sequence in a dqb-metric space (X, d) is dgb-conver-
gent sequence.

Proposition 2.8. Every subsequence of dqb-Cauchy sequence in a dgb-metric space (X,d) is dqb-Cauchy
sequence.

Proposition 2.9. Let {x,} be sequence in a dgb-metric space (X,d). Then x,, — x if and only if d(x,,z) —
0 and d(z,zy,) — 0.

Proof. Suppose that z,, — z. Then

nh_)nolo d(xp, ) = nh_}rrgo d(x,z,) =0.

Thus d(z,,x) — 0 and d(x, z,) — 0.
Conversely, Suppose that d(z,,z) — 0 and d(z,x,) — 0. Then

lim d(z,,z) = lim d(z,z,) =0.
n—o0 n—o0

By definition of dgb-convergent sequence, we get x,, — x. O
Proposition 2.10. Let {z,} be sequence in a dgb-metric space (X,d). If x, — x and x,, — y, then x = y.
Proof. Suppose that z,, — = and z,, — y. Then

33, den, ) = Jirg, dle,an) = Jimg, dlon,y) = livg dly, @) = 0.

Consider,
0 <d(z,y) < sd(z,zpn) + sd(zy,y)

and
0 < d(y,r) < sd(y,rn) + sd(zy, ).

Taking limit as n, m — oo, we obtain
d(z,y) = d(y,z) = 0.
Therefore z = y. O

Now, we begin with introducing the property of a continuous function.

Definition 2.11. Suppose that (X,dx) and (Y, dy) are dislocated quasi-b-metric spaces, E C X ,f: E —
Y and p € E. Then f is continuous at p iff for all € > 0 there exists § > 0 such that

max{dy (fz, fp),dy (fp, fr)} <e
for all z € E, when max{dx(z,p),dx(p,x)} < 9.
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Theorem 2.12. Let (X,dx) and (X,dy) be dislocated quasi-b-metric spaces, E C X ,f : E — Y and
p € E. Then f is continuous at p if and only if for every dislocated quasi-b-converges sequence {x,} in X,
limg, 00 fxn = fax.

Proof. Suppose that f is continuous at p and {x,} converges to p. Let € > 0. Then there exists § > 0 such
that max{dy (fz, fp),dy(fp, fx)} < €, when max{dx(x,p),dx(p,x)} < 6 for all x € E.

Since {x,} converges to p, there exists N € N such that max{dx (zn,p),dy(p,xn)} < ¢ for all n > N.
Since f is continuous at p, we have max{dy (fz,, fp),dy (fp, fxn)} <e¢, for all n > N.

Hence lim,, fz, = fx.

Conversely, let x € X and assume in the contrary that

Je >0V >0: max{dx(z,p),dx(p,z)} <, max{dy(fz, fp),dy(fp, fx)} > €.

Applying these successively for all § = %, we find a sequence {xj} such that max{dx (zk,p),dx (p,zr)} < %
and max{dy (fax, fp), dy (fp, fox)} > €. Thus

lim zp = p.
k—o0
By assumption, we have
lim fxp = fp.
k—o0
Hence, there exists a kg such that for all k& > kg
max{dY(ka> fp)> dY(fp7 f$k)} <e,

which is a contradiction. O

Definition 2.13. Suppose that (X,dx) and (Y, dy) are dislocated quasi-b-metric spaces, E C X ,f: E —
Y and p € E. Then f is continuous on F iff f is continuous at p for all p € E.

Next, we begin with prove fixed point theorems.

Definition 2.14. Let A and B be nonempty closed subsets of a dislocated quasi-b-metric spaces (X, d). A
cyclic map T : AU B — AU B is said to be a dqb-cyclic-weak contraction or dgb-cyclic-weakly contraction
if for all x € A, y € B,

where 9 : [0,00) — [0, 00) is a continuous and nondecreasing function such that ¢(¢) = 0 if and only if t = 0.

Lemma 2.15. Let (X,dx) and (Y, dy) be dislocated quasi-b-metric spaces and A and B be nonempty closed
subsets of a dislocated quasi-b-metric spaces (X,d). Consider a cyclic map T : AUB — AUB. If T is
dgb-cyclic-weak contraction, then T is continuous.

Proof. Let € > 0, all x € AU B and fixed p € AU B. Suppose that max{dx(x,p),dc(p,x)} < 6. Choose
€= g. Since T is dgb-cyclic-weak contraction, we have

Sd(TﬂLTp) < d(‘/Eap) - ¢(d($7p))
<

and

So, d(Tz,Tp) < € and d(Tp,Tx) < e. Thus T is continuous at p and hence T is continuous on A U B. O
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Now, we present a fixed point theorem related to dgb-cyclic-weak contraction.

Theorem 2.16. Let A and B be nonempty subsets of a complete dislocated quasi-b-metric space (X, d). Let
T be a cyclic mapping that satisfies the condition a dgb-cyclic-weak contraction. Then, T has a unique fixed
point in AN B.

Proof. Let z € A be fixed. Using contractive condition in assumptions, we have

d(T?x,Tx) < sd(T*x, Tx)
< Tz T, =2
< d(Tz,x)
and
d(Tz,T?z) < sd(Tz, T?z)
< e 0 w5 23
<d(z,Tz)
So
d(T3z,T?z) < d(T%z, Tx) — (d(T?x, Tx)) (2.4)
and
d(T?z,T3z) < d(Tx, T?z) — ¢(d(Tx, T?z)). (2.5)
For all n € N, we get
(T2, T ) < d(T" o, Tx) — (d(T" e, T ) (2.6)
and
A(T" e, T 2) < d(T™z, T ) — (d(T"x, T z)). (2.7)
Set ¢, = d(T"" 2, T"z) and 7, = d(T"z, T""'x). By inequalities and , we get
Snt1 < S — () < (2.8)
and
Tl < Tn — Y(70) < T (2.9)

Thus {s,} and {7,} are decreasing sequences of non-negative real numbers, and hence possess a lim,, o ¢, =
¢ > 0 and lim,,_yo 7, = 7 > 0. Suppose that ¢ > 0. Since 1 is nondecreasing, 1(s,) > ¥(s) > 0. By inequality
, we have ¢,11 < ¢, — (). Thus sy1m < g — NY(s), a contradiction for N large enough. Therefore
c=0.

Similarly, 7 = 0.

Next, we prove that {T"z} is a Cauchy sequence. Suppose that {7z} is not Cauchy, then there
exist € > 0 and subsequence {T™*x} and {T" x} with my > np > n such that d(T"*z, T"x) > € and
d(T™ 'z, T™z) < e. Now, we consider

sd(T™x, T z) < d(T™ o, T 1z) — p(d(T™ 1z, T 12))

2.10
< d(Tm™e g, T ), (2.10)
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which implies that
se < d(T™ g, T 1y, (2.11)

Take limit inferior in (2.11]) as k& — oo, we get

es < liminf d(T™ 1o, T 1z). (2.12)
We have
d(T™ g, T ) < sd(T™ 1o, T x) + sd(T™ x, T™ 1) (2.13)
< se4 sd(T™x, T 1z).
Take limit superior in (2.13) as kK — oo, we get
limsup d(T™ Lo, T 1z) < se. (2.14)
By (2.12)) and (2.14)), we get
lim d(T™ Lo, T 12) = se. (2.15)
Letting k£ — oo in , by property of ¢ and , we get
se < se —)(se) < se, (2.16)

which is a contradiction. Hence {T"z} is a dgb-Cauchy sequence. Since (X, d) is complete, we have {T"z}
converges to some z € X. We note that, {T?"z} is a sequence in A and {T?" 1z} is a sequence in B in a
way that both sequences tend to same limit z. Since A and B are closed, we have z € AN B and hence
AN B # . The continuity of T implies that the limit is a fixed point. Finally, to prove the uniqueness of
fixed point, let z* € X be another fixed point of T" such that Tz* = z*. Then, we have

d(z,2") =d(Tz,Tz") < sd(Tz,Tz") < d(z,2*) —(d(z,2%)) <d(z,2"). (2.17)
On the other hand,
d(z*,2) =d(Tz",Tz) < sd(Tz",Tz) < d(z*,z) —¢(d(z, z%)) < d(z*, z). (2.18)

By forms (2.17) and (2.18]), we obtain that d(z, z*) = d(z*, z) = 0, this implies that z* = z. Therefore z is a
unique fixed point of T". This completes the proof. O

Example 2.17. Let X = [-1,1] and T : AUB — AU B be defined by Tz = =* and ¢(t) = &. Suppose
that A = [~1,0] and B = [0, 1]. Defined the function d : X? — [0, 00) by

X
lal Iy

da,y) = o =y + 0+ 2.

We see that d is a dislocated quasi-b-metric on X (see[[5]]).

Let x € A. Then —1 < 2 < 0. So, 0 < %I < % Thus, Tx € B. On the other hand, let x € B. Then
Ogmgl.So,%S%SO.Thas,TxeA.

Hence, the map T is cyclic on X, because T'(A) C B and T(B) C A.

Next, we consider

1 1
2d(T, Ty) = 2Tz — Tyl + 15[Tal + —|Ty)
- =Y., 1, -z 1, -y
=2(— - 2 |+ =2
(|3 3 +10|3|+11|3|)
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- 9%, O e+ 01)
50 441 1470 5397

— 2 E—
£z~ yP? + ool + -1y

Y+ ——

- 50
1 1 1
— e — |2 = _ o2 = —
=z —yl"+ 10!%\ + vl = ¥z =" + g5 lel + 71l
Thus, T satisfies dgb-cyclic-weak contraction of Theorem [2.16| and 0 is the unique fixed point of T

Definition 2.18. Let A and B be nonempty subsets of a dislocated quasi-b-metric spaces. (X, d). A cyclic
map T : AUB — AU B is said to be a dgb-cyclic-¢-contraction and if there exists k € [0,1) and s > 1 such
that

sd(Tx,Ty) < ¢(d(z,y)) (2.19)

for all x € A, y € B, where ® the family of non-decreasing functions: ¢ : [0,00) — [0,00) such that
Yol ¢™(t) < oo for each t > 0, where n is the n-th iterate of ¢.

Theorem 2.19. Let A and B be nonempty closed subsets of a complete dislocated quasi-b-metric space
(X,d). Let T be a cyclic mapping that satisfies the condition a dgb-cyclic-¢-contraction. Then, T' has a
unique fixed point in AN B.

Proof. Let © € A be fixed, then using contractive condition of theorem, we have
sd(T%z, Tx) = sd(T(Tz), Tx)
< ¢(d(T'z,z))
and
sd(Tx, T?z) = sd(Tx, T(Tx))
< ¢(d(z, T'z)).
Inductively, we have for all n € N, we get
STz, ) < ¢"(d(Tz, z))

and
sUd(T"x, T" ) < ¢™(d(z, Tx)).

Let € > 0 be fixed and n(e) € N, such that

Ypon®" (d(Tz, ) <€
and
Ypon(e®" (d(z,Tz)) < €
Let n,m € N with m > n > n(e), using the triangular inequality, we have:
ATz, T"x) < s "d(T™x, T™ o) + s (1™ e, T 22) + ... + sd(T™a, TMx)
< s (T, T ) 4+ s A(TT e, T2 + L+ s (T e, T )
< " N d(Tx,z)) + ¢™ 2(d(Tz,2)) + ¢ *(d(Tx,2)) + ... + ¢"(d(Tz,2))
= X5 ¢ (d(z, Tx))
< @ (d(x, Tx)) <€
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Similarly,
d(T"x, T"z) < e.

Thus {T"x} is a Cauchy sequence. Since(X,d) is complete, we have {T"x} converges to some z € X. We
note that {T2"z} is a sequence in A and {T?" 1z} is a sequence in B in a way that both sequences tend to
same limit z. Since A and B are closed, we have z € AN B and then AN B # . Now, we will show that

Tz = z. By using , consider
d(z,Tz) < sd(z,T*x) + sd(T?"z, T>)
< sd(z, T?"z) + d(T?" 'z, 2).
Taking limit as n — oo in above inequality, we have
d(z,Tz) =0.
Similarly considering form , we get

d(Tz,2) < sd(Tz, T?"x) + sd(T*"x, 2)

<
< d(z, T 'z) + sd(T*"z, 2).

Taking limit as n — oo in above inequality, we have
d(Tz,z) =0.

Hence d(z,Tz) = d(Tz,z) = 0. This implies that Tz = z that is z is a fixed point of 7.
Finally, to prove the uniqueness of fixed point, let z* € X be another fixed point of T" such that Tz* = z*.
Then, we have

d(z*, z) < sd(Tz*,T"z) 4+ sd(T"x,Tz) < ¢(d(Tz*,T"z)) + ¢p(d(T"x,T'2)) (2.20)
and on the other hand,
d(z,2") < sd(Tz,T"z) + sd(T"x,Tz") < ¢(d(Tz,T"x)) + ¢(d(T"z, Tz")). (2.21)

Letting n — oo we obtain that d(z, z*) = d(z*,2) = 0, which implies that z* = z. Therefore z is a unique
fixed point of T'. This completes the proof. O

Example 2.20. Let X = [~1,1] and T': AUB — AU B be defined by Tz = =*. Suppose that A = [-1,0]
and B = [0,1]. Defined the function d : X? — [0, 00) by

T
lal , Iy

We see that d is a dislocated quasi-b-metric on X, where s = 2. Let x € A. Then —1 <2 <0.S0,0 < =* < %
Thus, Tz € B. On the other hand, let x € B. Then 0 < z < 1. So, %1 < +* <0. Thus, Txr € A.

Hence the map 7' is cyclic on X, because T(A) C B and T(B) C A.

Next, we consider

sd(Tx,Ty) = 2d(Tx, Ty)
1 1
=2(|Tz — Ty|* + —|Tx| + —=|T
(T2 = Ty[" + 51T2] + 71Ty

- Yo 1 ,—z 1 —y
=2(— - 2 Sty e i . 4
(|5 5|+10|5|+11|5’)
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= 2ozl — o+ olal + o)
“ 3l Y Ty 557
2 , 5 5
< 2|y — il el
< 3(\96 y|© + 20 x|+ 55!y\)
2 , 1 1
= Z(la—yP + ool + ol
= ¢(d(z,y)),

where the function ¢ € @ is ¢(t) = % Clearly, 0 is the unique fixed point of 7.

The following corollary can be taken as a particular case of Theorem if we take ¢(t) = kt for allt > 0
and some k € [0,1). That is the dgb-cyclic-Banach contraction, in the setting of dislocated quasi-b-metric
spaces.

Corollary 2.21. Let A and B be nonempty closed subsets of a complete dislocated quasi-b-metric space
(X,d). Let T be a cyclic mapping that satisfies the condition a dqb-cyclic-Banach contraction; that is, if
there exists k € [0,1) such that

d(Tz,Ty) < kd(z,y) (2.22)

forallx € A,y € B and s > 1 and sk < 1. Then, T has a unique fixed point in AN B.
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