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Abstract

In this paper, a viscosity splitting method is investigated for treating variational inclusion and fixed point
problems. Strong convergence theorems of common solutions are established in the framework of Hilbert
spaces. Applications are also provided to support the main results. (©2016 All rights reserved.
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1. Introduction and Preliminaries

Let H be a real Hilbert space with inner product (z,y) and induced norm ||z| = \/(z,x) for z,y € H.
Let C be a nonempty convex and closed subset of H.

Let T': C — C be a mapping. In this paper, we use Fiz(T) to stand for the set of fixed points of 7.
Recall that T is said to be an a-contractive mapping iff there exists a constant o with 0 < o < 1 such that

[Tz = Tyll < aflz —yll, Vo,yecC.

T is said to be nonexpansive iff
[Tz =Tyl < ||z —yll, Va,yeC.
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If C is also bounded, then the set of fixed points of S is not empty; see [5] and the references therein. In the
real world, many important problems have reformulations which require finding fixed points of nonexpansive
mapping. Mann iteration is powerful to study fixed points of nonexpansive mappings. However it is only
weakly convergent. Recently, many authors studied the problem of modifying Mann iteration so that strong
convergence is guaranteed without any compactness assumption; see [7, [8, 12, 13| 14} 16| 24, 25, 26| 27] and
the references therein.

T is said to be a A-strict pseudocontraction iff there exists a constant A with 0 < A < 1 such that

|72 — Tyl < llz — yl| + Ale — Ta — y + Ty|2, Va,y e C.

The class of A-strict pseudocontractions was introduced by Browder and Petryshyn [6] in 1967. It is clear
that the class of A-strict pseudocontractions strictly include the class of nonexpansive mappings as a special
cases. It is also known that every A-strict pseudocontraction is Lipschitz continuous; see [6] and the references
therein.

Let A: C — H be a mapping. Recall that A is said to be monotone iff

(Az — Ay,x —y) >0, Va,yecC.
A is said to be A-strongly monotone iff there exists a positive constant A > 0 such that
(Az — Ay,x —y) > Az —y[*, Va,yeC.
A is said to be inverse A-strongly monotone iff there exists a positive constant A > 0 such that
(Az — Ay, z —y) > N|Az — Ay|]?, Vz,y € C.

From the above, we see that A is inverse \-strongly monotone iff A~! is strongly monotone. A is said to be
L-Lipschitz continuous iff there exists a positive constant L > 0 such that

Az — Ay|| < L|jz —yl|, Va,yeC.

It is obvious that A is inverse A-strongly monotone, then A is also monotone and %—Lipschitz continuous.
Recall that the classical variational inequality is to find an = € C' such that

(Az,y —z) >0, VyeC. (1.1)

The solution set of variational inequality is denoted by VI(C,A). Projection methods have been
recently investigated for solving variational inequality . Let Projc be the metric projection from
H onto C' and I the identity on H. It is known that z is a solution to iff x is a fixed point of
mapping Projc(I —rA). If A is inverse A-strongly monotone, then Projc(I —rA) is nonexpansive. If C'is
bounded, closed and convex, then the existence of solutions of variational inequality is guaranteed by
the nonexpansivity of mapping Projc(I —rA).

Recall that an operator B : H = H is said to be monotone iff, for all z,y € H, f € Bx and g € By
imply (z —y,f —¢g) > 0. In this paper, we use B~1(0) to stand for the zero point of B. A monotone
mapping B : H = H is maximal iff the graph G(B) of B is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping B is maximal if and only if, for any
(x,f) e Hx H, (x—y,f—g) >0, for all (y,g9) € G(B) implies f € Bz. For a maximal monotone operator
B on H, and r > 0, we may define the single-valued resolvent J?” = (I + rB)~!, where D(B) denote
the domain of B. It is known that J? : H — D(B) is firmly nonexpansive, and B~1(0) = Fix(J?). The
property of the resolvent ensures that the Picard iterative algorithm z,1 = JPz, converge weakly to a
fixed point of JZ, which is necessarily a zero point of B. Rockafellar introduced this iteration method and
call it the proximal point algorithm (PPA); for more detail, see [20, 23] and the references therein. The
PPA and its dual version in the context of convex programming, the method of multipliers of Hesteness and
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Powell, have been extensively studied and are known to yield as special cases decomposition methods such
as the method of partial inverses [22], the Douglas-Rachford splitting method, and the alternating direction
method of multipliers [10]. In the case of B = By + By, where B; and By are maximal monotone on H,
the forward-backward splitting method z, 41 = (I + r,B1) (I — rnBa)xp, n = 0,1,---, where 7, > 0,
was proposed by Lions and Mercier [15], and in a dual form for convex programming, by Han and Lou
[11]. In the case where By = N¢, this method reduces to a projection method proposed by Sibony [21] for
monotone variational inequalities . Recently, many authors have studied the splitting algorithm; see
12, B[4, 9, 17, 18], 19] and the references therein.

In this paper, a viscosity splitting method is investigated for treating a inclusion problem with two
monotone operators and a fixed point problem of A-strict pseudocontractions. Strong convergence theorems
of common solutions are established in the framework of Hilbert spaces. Applications are also provided to
support the main results.

The following lemmas are essential to prove our main results.

Lemma 1.1 ([3]). Let C be a nonempty convex and closed subset of a real Hilbert space H. Let A: C — H
be a mapping, and B : H = H a mazimal monotone operator. Then F(J.(I —rA)) = (A + B)~1(0).

Lemma 1.2 ([25]). Let {an} be a sequence of nonnegative numbers satisfying the condition an+1 < (1 —
tn)an +tpbn+cn, Y > 0, where {t,} is a number sequence in (0,1) such that lim, oo t, =0 and > 07 o t, =
00, {bn} is a number sequence such that limsup,,_,. b, < 0, and {c,} is a positive number sequence such
that Y 07 ¢n < 00. Then limy, o0 an, = 0.

Lemma 1.3 ([I]). Let H be a Hilbert space, and A an mazimal monotone operator. For X >0, > 0, and
x € E, we have Jyx = JM<§x + (1 — %) J,\:E), where Jy = (I +XA)~! and J, = (I + pA)~L

Lemma 1.4 ([6]). Let C be a nonempty convex and closed subset of a real Hilbert space H. Let T : C — C
be a A-strict pseudocontraction. Define a mapping S by S = I + (1 — B)T. If beta € [\, 1), then S is
nonexpansive and Fix(T) = Fixz(S).

Lemma 1.5 ([6]). Let C be a nonempty convex and closed subset of a real Hilbert space H. Let T : C' — C
be a A-strict pseudocontraction. Then T is Lipschitz continuous and I — T is demiclosed at zero.

2. Main results

Theorem 2.1. Let C be a nonempty convex closed subset of a real Hilbert space H. Let A : C — H be an
inverse k-strongly monotone mapping and let B be a maximal monotone operator on H. Let f : C — C be a
fized a-contraction and let T : C — C be a A-strict pseudocontraction. Assume that (A+ B)~1(0) N Fiz(T)
is not empty. Let {an}, {Bn} be real number sequences in (0,1) and let {r,} be a real number sequence in
(0,2k). Let {x,} be a sequence in C generated in the following process: xg € C, pt1 = Bnyn+ (1— 5n)Tyn,
Vn > 0, where {y,} is a sequence in C such that |yn — (I +roB) " (o f(zn) + (1 — an)zn — rnA(an f(zn) +
(1-— an)xn))H < en. Assume that the control sequences satisfy the following restrictions: lim, . an = 0,
Yo g =00, » o7 oy —ap_1] <00, 0<a<r, <d <28 Y0 | —rast] <00, >t llen] < o0,
Yol |Bn = Bn-1] < o0, and X < B, < a” < 1, where a,a’ and o’ are three real numbers. Then {z,}
converges strongly to a point & € Fiz(T) N (A + B)~1(0), where & = Projpig(ryn(a+B)-1(0)f (%), that is, T
solves the following variational inequality (f(z) — Z,z — z) > 0, Va € Fiz(T) N (A + B)~(0).

Proof. Since A is inverse k-strongly monotone, one has
(I —rpA)x — (I —ryA)yl]? = ||z — yl|? — 2r(z — y, Az — Ay) + 1,2 || Az — Ay]|?
<l —yl* = rn(2k — )| Az — Ay,

From the restriction imposed on {r,}, one has I — r, A is nonexpansive. Setting T;,, = B,I + (1 — )T,
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where I is the identity, one sees from Lemma [1.4] that T;, is nonexpansive with Fiz(T,) = Fiz(T). Fixing
p € Fiz(T) N (A + B)71(0), one has from Lemma that p = T,p = (I +r,B)"Y(p — r,Ap). Setting
zn = an f(zy) + (1 — an)xy, one has
120 = pll < el f(2n) = pll + (1 = an)||zn — p
< (1 - an(l - O‘))Hxn - p“ + an||f(p) _pH'

Hence, one has

zn1 — 2l < llyn — 2|
< lyn — (T+71B) " (20 = raAz) | + (20 — rnAza) — (p = Ap)||
< Hzn _pH +en
< (1= an(1 = @)l — pll + anll f(p) — pll + €
Hf( ) pH
pll, =—————1} +en.

< max{||x, —

By mathematical induction, one finds that sequence {z,} is bounded, so are {y,,} and {z,}. Notice that

l2n = 2n—1ll < |om — anll|en—1 = f@p-1)l| + (1 —an(l— a)) [zn—1 = zn]. (2.1)
Putting w, = z, — r, Az, we find from (2.1)) that

|wn — wp—1]| < [l2n — 2n-1ll + [Irn — ra—1ll[| Azn—1]]
< lon — an—1l|n—1 = f(@n-1)[| + (1 — (1 - O‘)) [#n—1 — 2| (2.2)
+ [rn — r—1| | Azn—1]|-

Set JB = (I +r,B)~!. Using Lemma one has

Hin - mn—&-l” = ||Tn—lyn—1 - Tn?/n”
< Hyn—l - ynH + |/Bn - /Bn—lwyn - TynH
< ||J£Lwn JB wn—l” + ‘Bn - ﬁn—lmyn - TynH +en—1+en

Tn—1

Tn—1 Tn—1
<1 = == (I wn = wno1) + 7 (wn — wn)|

n n

+ |Bn - /Bn71|||yn - Tyn“ +en—1+en (23)

Tn—1
<|(1- V(TP wy — wy) + (W — wp—1))|

n

+ |Bn - /Bn71|||yn - TynH +ep—1+en
Tn

+ |ﬁn - ﬂn—l’”yn - TynH + €n—1 + €n.

Combining (2.2)) with ., one has
’r’ﬂ - Tn—1| || . JB

<

n ngnH + [ wn—1 — wy|

|Zn — Tpy|| < wn” + o — an—1ll|zn—1 — f(zn_1)||

n
+ (1 —an(l— a)) [#n—1 = @nl| + rn — ra—a|[[Azn |
+18n = Bu—1lllyn — Tyn” + én—1+ én.
Using the restrictions imposed on {r,}, {e,}, {an} and {$,} and Lemmal[L.1] we find lim,, o0 || — Zp41]| =

0. Since a,, — 0 as n — oo, we find
lim ||z, — z,|| = 0. (2.4)
n—oo
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Since || - ||? is convex, we have

1z = plI” < ol f(@n) = plI* + (1 — o) |20 — p|?
< lan = plI? + ol f(2n) — plI*.
This in turn implies
i1 — p”2 < lyn — Jg(zn - TnAZn)HQ + HJEL(ZTL —rnAzp) _pH2
+ 2||J£ (zn — rnAzn) — pllllyn — Jfl (2n — TnAz)||

< |(zn — rnAzn) — (p — rnAp)||2 =+ 2€nHJ7€L(Zn —Azp) — pl + ei

< |lzn _pH2 —1rn(26 — 1) || Az, — APHZ + 2en||zn — pl| + 6721

< ”wn _pH2 + an”f(f”n) - p||2 — (2K — Tn)HAzn - Ap”2 + 2€nHzn —pll + ei.

It follows that
(2 = )| Azn — Ap| < llon — plI? + anllf (@n) =PI — [2ns1 — B2 + @20 — bl + en)en:

Therefore, one finds
lim [[Ap — Az,|| = 0. (2.5)
n—oo

Since in is firmly nonexpansive, one has
17 (2 = 1nAzn) = plI* < (20 — rnAzn) — (p — 70 AD), I (20 — TnAzn) — D)
< 3 (Ien = radzn) = (0 = ru )P + 175 (2n — raAza) — p?
— 20 = IB (20 = TuA20) = 1n(Azy — AP)|?).

It follows that

||J£l (2n — TnAzp) — p||2 < lzn — p”2 —|lzn — Jv{i (2n — TnAZn)||2
— || Azp — Ap||2 + 21|20 — Jfl(zn — Az ||| Azn — Ap||.

Hence, one has

| Zn41 _pH2 < lyn — Jrji(zn - ""nAzn)Hz + HJEL(Zn — rnAzy) — pH2
+ 2HJ£L(Zn —rpAzn) = pllllyn — Ji(zn — Azl
< |5 (2 = raAza) = plI* + en (2l J7) (20 — TnAzn) = pl| + €n)
< lzn _PH2 — |l2n — Jﬁ(zn - TnAZn)”Q
+ 21|20 — J,],i(zn — rpAzn)||||Azn — Apl|
+ en(2|]J£(zn —rnAz,) —p| + en)
< lwn = pl® + anllf (@n) = plI* = 120 = T (20 = rnAz) |
+ 21|20 — J,],i(zn — rpAzn)||||Azn — Apl|
+ en(2|]J£(zn —rnAz,) — p|l + en),

which further implies from ([2.5])

lim ||z, — J2 (2, — mnA2,)|| = 0. (2.6)

n—oo
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Since T}, is nonexpansive, one has

1Bnrn + (1 = Ba)Txn — 20| < ||Bn2n + (1 = Bn)T2n — Bryn — (1 = Bn)Tynl|
+ ||:L‘7L - Bnyn - (1 - Bn)TynH
<||@n = ynll + |20 — Tpt1l|

< lzn — 2zl + ll2n — Jfl(zn — Az || + |0 — Tag| + en.
In view of (2.4) and (2.6)), one has limy, 0 || Bnxn + (1 — Bn) T2y — 2, || = 0. Note that

|Txn — znl| < || T2n — Bnwn — (1= Bp)Tnll + || Bnrn + (1 = Bp)Tn — 4|

From the restriction imposed on sequence {3, }, one finds that lim,,_, ||Tz, — z,| = 0.
Next, we show that
limsup(f(z) — &, z, — ) <0, (2.7)

n—oo

where 7 is the unique fixed point of the mapping Proj 44 p)-1(0)nriz(r)f- To show this inequality, we choose
a subsequence {zy,} of {z,} such that

limsup(f(z) — &, 2, — T) = lim (f(Z) — &, 2n, — T) < 0.

n—00 i—00

Since {zy, } is bounded, we find that there exists a subsequence {ij} of {2y, } which converges weakly to .

Without loss of generality, we assume that z,, — . Putting p,, = Jfl (2n — rnAzy), we find that p,, — 2.
Next, we show & € (A + B)~1(0). Notice that z, — r,Az, € iy + 7 Bpin; that is,

Zn — TnAzZn — lin

€ Buy.
n

Let p € Bv. Since B is maximal monotone, we find

Tn

It follows that (—AZ — pu, 2 — v/) > 0. This in turn implies that —A# € BZ, that is, # € (4 + B)~1(0).
Now, we are in a position to show that & is also in Fiiz(T). Since z,, — &, we find from Lemma [L.5] that
% € Fiz(T) immediately. This proves that holds.
Finally, we show that {z,} converges strongly to Z, where Z is the unique fixed point of mapping

Projaypy-10)nFie(r) f-
Note that

o — 31 < €l f (@) = 5, 20— 8) + (1= an(1 = ) 120 — 7] 2n — 3|
It follows that ||z, — Z||? < 204, (f(Z) — Z, 2z — Z) + (1 — an(1l — a))|lzn — Z||>. Hence, one has
|znt1 = 2] < yn — 2|
<NIB (20 — raAzn) — Z)* + en (2] T2 (20 — TnAzn) — Z|| + €5)
< lzn — 2|1 + en(2)| T2 (20 — rnAzn) — 7| + en)
<20, (f(Z) = Ty 2 — T) + (1 — an(l — @) ||z — 2|2
+ en(QHJfl(zn —rpAzn) — Z|| + en).

An application of Lemma to the above inequality yields that lim,_, ||, — Z|| = 0. This completes the
proof. O
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From Theorem the following results are not hard to derive.

Corollary 2.2. Let C be a nonempty convex closed subset of a real Hilbert space H. Let A: C — H be an
inverse k-strongly monotone mapping and let B be a mazximal monotone operator on H. Let f : C — C be
a fived a-contraction and let T : C — C be a nonexpansive mapping. Assume that (A + B)~1(0) N Fix(T)
is not empty. Let {an}, {Bn} be real number sequences in (0,1) and let {r,} be a real number sequence in
(0,2K). Let {xn} be a sequence in C generated in the following process: xg € C, Xpi11 = Bnyn + (1 — Bn)TYn,
Vn > 0, where {y,} is a sequence in C' such that |y, — (I +1,B) " (anf(zn) + (1 — an)zn — rnA(an f(z,) +
(1-— an)xn))H < en. Assume that the control sequences satisfy the following restrictions: lim, o ap = 0,
Yol gQn =00, > ap —ap_1] <00, 0 <a<r, <d <2k Y7 |rn— 1] <00, Yo gllen] < oo,
Yool 1B — Bn-1] < 00, and 0 < B, < a” < 1, where a,d’ and o are three real numbers. Then {z,}
converges strongly to a point & € Fiz(T) N (A + B)~Y(0), where & = Projpig(ryn(at+B)-1(0)f (%), that is, T
solves the following variational inequality (f(z) — 2,z — ) > 0, Yz € Fiz(T) N (A + B)~(0).

Corollary 2.3. Let C be a nonempty convex closed subset of a real Hilbert space H. Let A: C — H be an
inverse k-strongly monotone mapping and let B be a maximal monotone operator on H. Let f : C — C be
a fived a-contraction. Assume that (A + B)71(0) is not empty. Let {can}, {Bn} be real number sequences
in (0,1) and let {r,} be a real number sequence in (0,2k). Let xy € C' and {x,} be a sequence in C such
that ||2p41 — (I + o B) o f(zn) + (1 — o)z — rpA(anf(zn) + (1 — an)zn))|| < en. Assume that the
control sequences satisfy the following restrictions: limy,_yo0 0y = 0, Y o0 0y = 00, Y o7 o — 1| < 00,
0<a<r, <d <26 Y2 |m—ren] <00, Y02 llen]] < 0o, where a and o’ are three real numbers.
Then {x,} converges strongly to a point T € (A + B)~1(0), where T = Projiasp)-1(0)f (%), that is, T solves
the following variational inequality (f(z) — Z,7 — x) > 0, Vz € (A + B)~1(0).

Let C be a nonempty closed and convex subset of a Hilbert space H. Let i¢ be the indicator function

of C, that is,
) 0, ze€dC,
ic(x) =
oo, x¢C.

Since i¢ is a proper lower and semicontinuous convex function on H, the subdifferential di¢ of i¢ is maximal
monotone. So, we can define the resolvent J,,aic of di¢c forr > 0, i.e., Jf,)ic = (I+7r0ic)~!. Letting x = incy,
we find that
y€ex+riicr < ye€x+rNeox
= (y—z,v—2x)<0,Yoel
<= = = Projcy,
where Projc is the metric projection from H onto C' and Neoz :={e € H : (e,v — z),Yv € C}.

From Theorem [2.1} we have the following results on variational inequality ((1.1)).

Corollary 2.4. Let C be a nonempty convex closed subset of a real Hilbert space H. Let A : C' — H be
an inverse k-strongly monotone mapping. Let f : C — C be a fivred a-contraction and let T : C — C
be a A-strict pseudocontraction. Assume that VI(C,A) N Fixz(T) is not empty. Let {an}, {Bn} be real
number sequences in (0,1) and let {r,} be a real number sequence in (0,2k). Let {xy} be a sequence in C
generated in the following process: xg € C, Tpiy1 = Pnyn + (1 — Bn)TyYn, Yn > 0, where {y,} is a sequence
in C such that ||y, — Projc(anf(zn) + (1 — an)zn — rpA(an f(zn) + (1 — an)zn)) || < €. Assume that the
control sequences satisfy the following restrictions: limy o0 0y = 0, Y o0 0y = 00, Yo7 oy — 1| < 00,
0<a<r,<d <2r >, |rm—rn1] <00, > o gllen]] <00, > 071 |Bn—Pn-1| < o0, and X < 3, <a” <1,
where a,a’ and a” are three real numbers. Then {x,} converges strongly to a point T € Fix(T)NVI(C,A),
where T = Projpi,rnvic,a)f(¥), that is, T solves the following variational inequality (f(z) -,z —x) > 0,
Vo € Fiz(T)NVI(C, A).
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