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Abstract

By using the Closed Range Property of the involved pairs (in short CLR property), common fixed point
results for two pairs of weakly compatible mappings satisfying contractive condition of integral type in
complex valued metric spaces are established, which are new even in ordinary metric spaces. We furnish
suitable illustrative examples. (©2016 All rights reserved.
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1. Introduction and Preliminaries

Fixed point theory is one of the most fruitful and applicable topics of nonlinear analysis, which is very old
but still a young area of research. Banach contraction principle [7] is indeed the most popular result of metric
fixed point theory. This principle has fruitful application in several domains such as: Ordinary differential
equations, Partial differential equations, Random differential equations, Integral equations, Economics, Wild
life and several others. Owing to its importance, especially due sound and natural applications, this principle
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has been extended and generalized in numerous spaces namely: 2-metric spaces, D-metric spaces, G-metric
spaces, Partial metric spaces, b-metric spaces, rectangular metric spaces and several others.

Recently, Azam et al. [0] introduced the notion of complex valued metric spaces, which are relatively
more general than ordinary metric spaces, and studied fixed point theorems for mappings satisfying a
rational type inequality. The authors in [2, B 8, 10, 2] 14, 15l 16, 20, 23] continue the study of fixed
point in complex valued metric spaces. Verma and Pathak [24] adopted the concepts of (E.A) and (CLR)
properties in complex valued metric spaces and utilize the same to prove some common fixed point theorems
for two pairs of weakly compatible mappings satisfying a contractive condition of maximum type. Manro et
al. [I8] proved common fixed point theorems satisfying integral type contractive condition using the (E.A)
and (CLR) properties in complex valued metric space which generalize the noted theorem of Branciari [9].
In recent years, the theorem of Branciari [9] had also been generalized to two pairs of weakly compatible
mappings, by several authors in metric spaces, which include [4] 5], 111, 14} 17, 21] and some others.

Our aim is to prove common fixed point theorems for two pairs of weakly compatible mappings satisfying
contractive condition of integral type in complex valued metric spaces. Furthermore, some common fixed
point theorems for two pairs of weakly compatible mappings satisfying integral type contractive condition
of maximum type are also studied. Besides, our results also extend the corresponding results of [18] proved
in complex valued setting.

To prove our results, we need to recall some basic definitions and results which can also be found in [6].
Let C be the set of complex numbers and z1, zo € C. Define a partial order =3 on C as follows:

21 3 22 if and only if Re(z1) < Re(z2), Im(z1) < Im(z2).

Consequently, one can say that z; = 29 if one of the following conditions is satisfied:

(1) Re(z1) = Re(z2), Im(z1) < Im(z2);
(2) Re(z1) < Re(z2), Im(z1) = Im(z2);
(3) Re(z1) < Re(z2), Im(z1) < Im(z2);
(4) Re(z1) = Re(z2), Im(z1) = Im(z2).

In particular, we write 21 3 22 if 21 # 22 and one of (1), (2) and (3) is satisfied, and we write z; < 23 if only
(3) is satisfied. Notice that

(i) a,be Rand a < b= az 3 bz forall z € C;
(i) 02 21 2 22 = |21] < |22l
(iii) 21 = 22 and 29 < 23 = 21 < 23.
Definition 1.1 ([24]). The “max” function for the partial order relation “ =" is defined as follows:

~

1. max{z1, 22} = 22 < 21 3 22;
. if 21 Z max{z, 23}, then z1 3 29 or 21 3 z3;
3 max{z1, 22} = 20 & 21 3 22 or |z1]| < |z].

Azam et al. [6] defined the complex valued metric space (X, d) in the following way:

Definition 1.2. Let X be a nonempty set. Suppose that the mapping d : X x X — C satisfies

1. 0 2 d(z,y), for all z,y € X and d(z,y) = 0 if and only if x = y;
2. d(z,y) = d(y,z), for all z,y € X;
3. d(z,y) Zd(x,z) +d(z,y), for all z,y,z € X.

Then d is called a complex valued metric on X and the pair (X, d) is called a complex valued metric space.

Example 1.3 ([10]). Let X = C. Define the mapping d : X x X — C by
d(z1,22) = |21 — 23],

where 0 < k < 7. Then (X, d) is a complex valued metric space.
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Definition 1.4 ([6]). Let {x,} be a sequence in a complex valued metric space (X,d) and € X. Then x
is called the limit of {z,} if for every ¢ € C with 0 < ¢ there is an ng € N such that d(z,,x) < ¢ for all
n > ng, and we write li_)m Ty = T.

n—oo

Lemma 1.5 ([6]). Any sequence {x,} in complex valued metric space (X,d) converges to x if and only if
|d(xp, )| = 0 as n — oo.

Definition 1.6 ([22]). Let S and T be selfmaps defined on a nonempty set X. Then

(i) = € X is said to be fixed point of T"if Tx = x;
(ii) = € X is said to be a coincidence point of S and T if Sz = Tx;
(iii) = € X is said to be a common fixed point of S and 7' if Sx =Tz = x.

Jungck [I3] introduced the concept of weakly compatible maps in ordinary metric spaces, while Bhatt
et al. [8] defined the same concept in the complex valued metric spaces in the following way.

Definition 1.7. Let X be a complex valued metric space. Then a pair of self-mapping S, 7T : X — X are
said to be weakly compatible if they commute at their coincidence points i.e., x € X with Sz = Tx implies
that STx =TSx.

Aamri and Moutawakil [I] generalized the notion of noncompatible mappings to (E.A) property in
ordinary metric spaces, while Verma and Pathak [24] adapted the same concept for complex valued metric
space in the following way.

Definition 1.8. Let 7,5 : X — X be two selfmaps on a complex-valued metric space (X,d). Then the
pair (7', 5) is said to satisfy property (E.A), if there exists a sequence {z,} in X such that

lim Tz, = lim Sx, =z for some z € X.
n—oo n—oo

Sintunavarat and Kumam [22] introduced the notion of (CLR) property in ordinary metric spaces.
Similarly Verma and Pathak [24] defined this notion in a complex valued metric space in the following way.

Definition 1.9. Let 7,5 : X — X be two selfmaps on a complex-valued metric space (X,d). Then T and
S are said to satisfy the common limit range property of with respect to S (denoted by (CLRg)) if there
exists a sequence {x,} in X such that

lim Tz, = lim Sz, = Sx for some z € X.
n—o0 n—oo

n—o0

Lemma 1.10 ([19]). If {a,} is a sequence in [0,00), then lim fd)(s)ds = 0 if and only if a, — 0, as
0

n — 0.

2. Main results

From [9], let ® = {¢ : ¢ : [0,00[— [0, 00] is a Lebesgue-integrable mapping which is summable on each
g
compact subset of [0, co[, nonnegative, nondecreasing and such that for each € > 0, [¢ (¢)dt > 0}.
0

Now, let Cy = {z € C: z 2 0}. Then for any z1, 20 € C,, define

[21,22] = {r(s) € C:7(s) = z1 + s(z2 — 21) for some s € [0, 1]}, (2.1)
(21,22] ={r(s) € C:r(s) = 21 + s(z2 — z1) for some s € (0,1]}. (2.2)
A set P = {2z = wo, w1, wa, ..., w, = 22} is a partition of [z1, zo] if and only if the sets {[w;—1,w;)};,

are pairwise disjoint and their union along with z9 is [z1, z2].
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Let ¢ : [z1, 22] — C be defined by

C (l‘,y) = (¢1 (:C) ) ¢2 (y)) )

where (z,y) € [21, 22] and ¢1, ¢p2 € . Now, for a given partition P of [21, 22], we define the lower summation
by

n—1
S1 (¢ P) =37 (1 (i) 2 (i) [(@irr, o) — (i)l
n=0
and the upper summation by
n—1
S (6 P) = D¢ (61 (i) s 62 (1)) (@i, i) = (i)l
n=0

22
Then the integral [(dc, if exists, is defined by

21

z2 n—1
/Cdc =lim Y (61 (21) , 62 (4) (i1, yivn) — (20, 51)]
2 n=0

n—1

=lim » ¢ (91 (xir1) , &2 () |(@isr, yir) — (@i,90)]
n=0

For any ¢ := ((bla QSQ) : [(a7 b)7 (C7 d)] — C, define

=(c,d)
Cdo = ( o1 (8) |22 — 21| ds, [ ¢2 (S)ZQZldS) .
Lo /

z

Using (2.1]), we have

22
1

z2=(c,d)
/ Cde = ( / 61 () [#(s)] ds, / . <s>f<s>ds) -
z1=(a,b) Cq Co

Particularly for any ¢ := (¢1, ¢2) : [(0,0), (a,b)] — C we have

z2=(a,b) a b
/ Cde = ( / b1 (5) [#(s)| ds, / & <s>f<s>ds) |
1 ) 0 0

21=(0,0

We denote the set of all complex integrable functions ¢ : [z1, 22] — C by £ ([21, 22, C).

Lemma 2.1. Let ¢ € L1 ([21,22],C) and {z,} be a sequence in C,; then li_}In fC (s)ds = (0,0) if and only
n—oo 0

if zn — (0,0), as n — oo.

Proof. From (2.1)), we have r(s) = (0,0) + s (2, — (0,0)) = #(s) = z,. Then

Zn

Qn bn
lim [¢(s)ds=0 & lm ( [or(s)1zalds. [0 d) —~(0,0).
0 0

0
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Zn

Qn, bn
lim [((s)ds=0 < li_>m/¢1(s)ds:()and li_)m/qbg(s)ds:()

n—00
0

< ap, — 0and b, — 0, as n — oo (by Lemma [1.10))
< ap, —~0and b, — 0, asn — o0
<z, — (0,0), as n — oo. O

Definition 2.2. A complex valued function ¢ : R® — C is measurable if both of its real and imaginary
parts are measurable.

Now we extend our ideas to complex valued measurable functions. Let £ C R™ be a measurable set.
Suppose f : E — C. Split f into its real and imaginary parts so that f = Re (f) +iIm (f). Then we define
the Lebesgue integral of f by

[1=[reny+iftm) = [retr), [rmp)].
E E E E E

provided that Re (f) and I'm (f) are Lebesgue integrable. Denote the set of all such complex valued lebesgue
integrable functions by L' (E,C).
We define &* = {¢ : R” — C is a complex valued Lebesgue-integrable mapping (i.e., ¢ € El (E,QC)),

which is summable and nonvanishing on each measurable subset of R”, such that for each ¢ > 0, f @ (t)dt =
0
0}.
The following remark and lemma are consequences of the above discussion.

Remark 2. 3 Let ¢ € <I>* such that Re (¢), Im () € ® and let {z,} be a sequence in C, converging to z;
then hm fap ds—fgo
0

Lemma 2.4. Let ¢ € ®* such that Re(y), Im(p) € ® and let {z,} be a sequence in Cy; then
hm fcp )ds =0 if and only if z, — (0,0), as n — oo.

Now, we present our main results:

Theorem 2.5. Let (X,d) be a complex valued metric space and K,L, M, N : X — X be four selfmappings
satisfying the conditions:

(1) either the pair (K, M) has (CLRg) property or the pair (L, M) has (CLRy) property;
(2) for each x,y in X and 0 < X\ < 1, one has

d(Kz,Ly) d(Kx,Mz)+d(Ly,Ny)
/ o)t =<\ / o(t)dt.
0 0

If K(X) C N(X) and L(X) C M(X), then the pairs (K, M) and (L,N) have a coincident point in X.
Moreover if the pairs (K, M) and (L, N) are weakly compatible, then the mappings K, L, M and N have a
unique common fized point in X .

Proof. Assume that the pair (K, M) has (CLRg) property. Then there exists a sequence {z,} in X such
that
lim Kz, = hm Mz, = Kz for some z € X. (2.3)

n—oo

Since K(X) C N(X), there exists a u € X such that Kz = Nu.
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We assert that Lu = Nu. On contrary, let Lu # Nu. For this, using condition (2) of Theorem with
T =, and y = u, it would follow that

d(Kzpn,Lu) d(Kzn,Mzy)+d(Lu,Nu)
/ o(t)dt < A / o(t)dt.
0 0

Taking limit as n — oo and making use of (2.3), we would get

d(Kz,Lu) d(Lu,Kx) d(Lu,Kx) d(Kz,Lu) d(Lu,Kx)
/ e(t)dt 3 )\/ e(t)dt = )\/ e(t)dt = ‘/ go(t)dt‘ <A / gp(t)dt‘,
0 0 0 0 0

which is not possible as 0 < A < 1. Thus Kz = Lu and hence Lu = Nu = Kz. But L(X) C M(X), so
there exists a v € X such that Lu = Mwv. Therefore

Lu= Nu= Mv=Kz. (2.4)

Now, we claim that Kv = Mwv. To substantiate our claim, let suppose that Kv #% Mwv. Then on setting
x = v, y = u in condition (2) of Theorem [2.5, we would have

d(Kv,Lu) d(Kv,Mv)+d(Lu,Nu)
[ ez ol
0 0

which on using equation ([2.4)), would yield

d(Kv,Kz) d(Kz,Kv) d(Kv,Kz) d(Kz,Kv)
/ e(t)dt 3 )\/ p(t)dt = / gp(t)dt‘ < )\‘/ o(t)dt
0 0 0 0

d(Kv,Kz)
/ go(t)dt‘ = 0, yielding thereby Kv = Kz. Therefore from ({2.4), we have
0

)

which is possible only if

Kv=Lu= Mv=Nu= Kz = z (say). (2.5)
Now, using the weak compatibility of the pairs (K, M), (L, N) and (2.5)), it follows that
Kv=Mv = KMv=MKv = Kz=Mz (2.6)

and
Nu=Lu = LNu=NLu = Lz=Nz. (2.7)

That is, z is a coincident point of each of the pairs (K, M) and (L, N) in X.
Next, we confirm that z is a common fixed point of K, L, M and N in X. For this, using condition (2)
of Theorem [2.5| with z = z and y = u, we have

d(Kz,Lu) d(Kz,Mz)+d(Lu,Nu)
[ ez ol
0 0

which, on using equation ([2.5)), gives

d(Kz,z) d(Kz,Kz)+d(z,2)
/ o(t)dt < A / o(1)dt = 0.
0 0

Thus, d(Kz,z) = 0= Kz = z and hence from equation ([2.6)), it follows that

Kz=Mz=z. (2.8)
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Similarly, setting x = v and y = z in condition (2) of Theorem we get Lz = z, which in view of

equation (2.7)) gives
Lz=Nz=z. (2.9)

Making use equations (2.8)) and (2.9)), we get
Kz=Lz=Mz=Nz=z.

That is z is a common fixed point of K, L, M and N in X.
To prove the uniqueness of the common fixed point, let z* # z be another fixed point of K, L, M and
N,ie., Kz* = Lz* = Mz* = Nz* = z*. Using condition (2) of Theorem 2.5, we would have

d(z*,z) d(Kz*,Lz) d(Kz*,Mz*)+d(Lz,Nz)
[ ewar= | et 3 [ o(b)dt,
0 0 0

d(z*,2*)+d(z,2)
/ cp(t)dt‘ =0,
0

which is a contradiction. Thus z = z* and hence z is a unique common fixed point of K, L, M and N in
X. O

d(z*,z)
= ’/ @(t)dt‘ <A
0

By setting N = M in Theorem we get the following corollary involving three mappings.
Corollary 2.6. Let (X,d) be a complex valued metric space and K,L,M : X — X be three self-mappings

satisfying the conditions:
1. either the pair (K, M) has (CLRf) property or the pair (L, M) has (CLRy) property;
2. for each x,y € X and 0 < A < 1, one has

d(Kz,Ly) d(Kz,Mz)+d(Ly,My)
/ p(t)dt 3 )\/ p(t)dt.
0 0

If K(X) C M(X) and L(X) C M(X), then each of the pairs (K, M) and (L, M) has a coincident point in
X. Moreover if the pairs (K, M) and (L, M) are weakly compatible, then the mappings K, L and M have a
unique common fized point in X.

By setting L = K and N = M in Theorem we get the following corollary involving a pair of
mappings.

Corollary 2.7. Let (X, d) be a complex valued metric space and K, M : X — X selfmappings satisfying the
conditions:

1. the pair (K, M) has (CLRg) property;

2. for each x,y € X and 0 < A < 1, one has

d(Kz,Ky) d(Kz,Mz)+d(Ky,My)
/ o(t)dt < A / o(t)dt.
0 0

If K(X) C M(X), then the pair (K, M) have a coincident point in X. Moreover if the pair (K, M) are
weakly compatible, then the mappings K and M have a unique common fixed point in X.

If we replace (CLR) property by (E.A) property in Theorem [2.5) we get the following corollary:

Corollary 2.8. Let (X,d) be a complex valued metric space and K,L,M,N : X — X four selfmappings
satisfying condition (2) of Theorem and one of the pairs (K, M) and (L,N) has (E.A) property such
that N(X) (or M(X)) is a closed subspace of X. If K(X) C N(X) and L(X) C M(X), then each pair
(K, M) and (L,N) have a coincidence point in X. Moreover if the pairs (K, M) and (L, N) are weakly
compatible, then the mappings K, L, M and N have a unique common fized point in X.
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Proof. Since the (E.A) property together with the closedness property of a suitable subspace imply closed
range property, the proof follows on the lines of the proof of Theorem [2.5] Hence, it is omitted. O

To illustrate Theorem we construct the following example:

Example 2.9. Let X = (—1,1) U (1,5) be a metric space with metric d : X x X — C defined by d(z,y) =
e/™|z — y|, where z,y € X and 0 < m < &+ Define selfmaps K, L, M and N on X by

(3 ifze(-1,1)U(L3 (3 ifze(-1,1)U(L,3]

K””‘{ el if ¢ € (3,5) ’ Le=1 e jpe35) ’
. x—1 ifze(1,3)

Mx:{ix 3 iiégl—jlg]l)u(?)@ and Nz = ¢ 3 ifex=3 .

: : 5 if € (—1,1) U (3,5)

Also define ¢ : R? — C by ¢(t) = 322, where t = (a,b) and z = a + ib. Then
K(X)=(1,2)u{3}, L(X)=(2,3], M(X)=(-1,3]u{4}, N(X)=(0,2)U{3,5}.

Firstly, we verify condition (1) of Theorem For this, let {z,} = {3 — n%ﬂ}nzl be a sequence in X.
Then

lim K:Un:limK<3— 21 >:1irn 3=3 and

n—00 n—00 nc+1 n—00
lim Mz, = lim M|(3 1 —im (23— 1 y_3) =3
i Moy = lim M3 == ) = lim {203 = 5=—) =3 =3,

i.e., there exists a sequence {x,} in X such that lim, . Kz, = lim, o Mz, =3 = Kz for all z € (1,3].
Thus

lim Kz, = lim Mz, =3 = Kz for some z € X.
n—oo n—o0o

Hence (K, M) has (CLR) property.

To check condition (2) of Theorem we distinguish the following three cases.
Case 1. Let 2,y € (1,3); then Ko = Ky =3, Max =2z — 3 and Ny =y — 1.
Now, for all A € [0,1) we have

) . d(Kz,Mz)+d(Ly,Ny)
0

p(t)dt.
0

Case 2. Let z,y € (—1,1) U{3}; then Kz = Ly =3, Mz =4, Ny =5 and

d(Kz,Ly) d(Kx,Mx)+d(Ly,Ny)
/ e(t)dt =0 = )\/ e(t)dt, ¥ Xel0,1).
0 0

Case 3. Let z,y € (3,5); then Kz = 231, Ly = Y11 Mz = 4 and Ny = 5.

Now
d(Kz,Ly) e£m|xT—l_yT+1| e£m|1712172| 1 . .

/ CP(t)dt:/ 322dt:23 _ f|$—y—2|3e3”" <8€3Lm,

0 0 0 8
and » .
d(Kz,Mx)+d(Ly,Ny) eim (15 4l 5= —5) . |
/ <p(t)dt223 = g(|x_9|_|_|y_9|)3e3bm “ Gdedim.
0 0
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Thus
d(Kz,Ly) ] ) d(Kz,Mz)+d(Ly,Ny)
/ @(t)dt < 8e3™ =< \64e3™ < )\/ o(t)dt,
0 0
d(Kz,Ly) d(Kz,Mz)+d(Ly,Ny) 1
N /0 o)t < )\/0 o), ¥ X € [8, 1) .

Therefore, in view of foregoing three cases, the integral contractive condition (2) is satisfied.
Also K(X) C N(X) and L(X) € M(X) and the pairs (K, M) and (L, N) are weakly compatible. Thus
all the conditions of Theorem are satisfied and 3 is a unique common fixed point of K, L, M and N.

To illustrate Corollary we construct the following example.

Example 2.10. Let X = (1,3] U [4,6] be a metric space with metric d : X x X — C defined by d(z,y) =
e™|x —y|, where 2,y € X and 0 < m < &+ Define selfmaps K, L, M and N on X by

Koo {3 ee( U0 1o |3 ifze(l3lu[,0
2 ifze (3,3 ’ 3 ifze (3,3 ’
3 ifze(L,3) 3—az ifze(1,3)

Mz=< 3 ifze{3}U[4,6] and Nx=( 3 ifz € {3} U[4,6] .
20 ifze (3,3 4 if z € (3,3]

Also define ¢ : R? — C by ¢(t) = 322, where t = (a,b) and z = a + ib. Then by routine calculation one
can verify all the conditions of Corollary so that % is a unique common fixed point of K, L, M and N.

Our next theorem is proved under maximum integral contractive condition.

Theorem 2.11. Let (X,d) be a complex valued metric space and K,L,M,N : X — X four selfmappings
satisfying the conditions:

(1) either the pair (K, M) has (CLRg) property or the pair (L, N) has (CLRy) property;
(2) for each x,y € X and 0 < X\ <1, one has

d(Kz,Ly) d(Ly,Mz)[1+d(Kz,Mz)d(Kz,Ny)] d(Kz,Ny)[14+d(Ly,Mz)d(Ly,Ny)]
/ o(t)dt T A max (/ gp(t)dt,/ go(t)dt).
0 0 0

If K(X) C N(X) and L(X) C M(X), then each of the pairs (K, M) and (L, N) have a coincidence point
in X. Moreover if the pairs (K, M) and (L,N) are weakly compatible, then the mappings K, L, M and N
have a unique common fized point in X.

Proof. Let the pair (K, M) have (CLRk) property; then there exists a sequence {z,} in X such that

lim Kz, = lim Mz, = Kz for some z € X. (2.10)

n—oo n—0o0

Since K(X) C N(X), there exists a u € X such that Kz = Nu.

We claim that Lu = Nu. If not, then on using condition (2) of Theorem with = z,, and y = u, it
would follow that

d(Kxn,Lu) d(Mzn,Lu)[1+d(Mzy, Kzp)d(Nu,Kzn)]
/ o(t)dt = A max (/ p(t)dt,
0 0

/d(Nu,Kxn)[1+d(Mxn JLu)d(Nu,Lu))

go(t)dt) .

0
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Taking limit as n — oo and using (2.10)), we would have

d(Kz,Lu) d(Kx,Lu) d(Kx,Lu)
/ p(t)dt 3 A max </ o(t)dt, 0> = )\/ o(t)dt,
0 0 0

d(Kz,Lu)
/ gp(t)dt' =0,
0

thus Lu = Kz and Lu = Nu = Kz. But L(X) C M(X), so there exists v € X such that Lu = Mwv. Hence

d(Kz,Lu) d(Kz,Lu)
implies that / gp(t)dt’ <A ‘ / np(t)dt', which is possible only if
0 0

Lu= Nu=Mv = Kuz. (2.11)

Next, we show that Kv = Mwv. Let, on contrary, Kv # Mwv; then on putting z = v and ¥y = u in
condition (2) of Theorem we would obtain

d(Kv,Lu) d(Mv,Lu)[1+d(Mv,Kv)d(Nu,Kv)] d(Nu,Kv)[14+d(Mv,Lu)d(Nu,Lu))
/ o(t)dt = A max </ cp(t)dt,/ cp(t)dt).
0 0 0

Using equation (2.11)), we would have

d(Kv,Kz) d(Kz,Kv) d(Kz,Kv)
/ o(t)dt 2 A max <0,/ go(t)dt) , = )\/ p(t)dt
0 0 0

d(Kv,Kzx) d(Kz,Kv)
/ gp(t)dt’ <) ‘/ gp(t)dt‘,
0 0

which is contradiction. Thus Kv = Kz and hence Kv = Mv = Kz. Therefore from equation (2.11)), it
follows that

=

Kv=Lu= Nu= Mv =Kz = z(say). (2.12)
Now, using the weak compatibility of the pairs (K, M), (L, N) and equation ([2.12) it follows that

Kv=Mv = KMv=MKv = Kz=Mz (2.13)

and
Nu=Lu = LNu=NLu = Lz=Nz. (2.14)

That is z is a coincident point of each pair (K, M) and (L, N) in X.
Next, we have to show that z is a common fixed point of K, L, M and N in X. For this, by putting
x =z and y = u in condition (2) of Theorem we have

d(Kz,Lu) d(Lu,Mz)[14+d(Kz,Mz)d(Kz,Nu)) d(Kz,Nu)[1+d(Lu,Mz)d(Lu,Nu)]
/ p(t)dt 2 A max (/ go(t)dt,/ go(t)dt).
0 0 0

Using equations (2.12)) and (2.13)), we get
d(Kz,z) d(z,Kz) d(Kz,z) d(Kz,z)
/ e(t)dt 3 Amax (/ cp(t)dt,/ cp(t)dt) —/ p(t)dt,
0 0 0 0

which is possible if fod(KZ’Z) @(t)dt = 0, thus Kz = z and hence from equation (2.13)), we get
Kz=Mz=z. (2.15)
Similarly, if we put £ = v and y = z in condition (2) of Theorem we get

Lz=Nz=z. (2.16)
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Using equations (2.15)) and (2.16)), we get
Kz=Mz=Lz=Nz=z. (2.17)

That is z is a common fixed point of K, L, M and N in X.
To prove the uniqueness of the common fixed point, let z* # z be another fixed point of K, L, M and
N,ie., Kz*=Lz* = Mz* = Nz* = z*. Then using condition (2) of Theorem we would have

d(z,z*) d(Kz,Lz*)
| ewa= | o(t)dt
0 0

d(Lz* ,M2)[1+d(Kz,Mz)d(Kz,Nz*)] d(Kz,Nz*)[1+d(Lz*,Mz)d(Lz* ,Nz*)]
<A max </ go(t)dt,/ <p(t)dt>
0 0
d(z,z*) d(z,z*)
A max (/ w(t)dt,/ (p(t)dt)
0 0

d(z,2*)
- [ e
0

which is not possible. Thus z = z* and z remains a unique common fixed point of K, L, M and N in X. [
By setting N = M in Theorem [2.11], we get the following corollary involving three mappings.

Corollary 2.12. Let (X,d) be a complex valued metric space and K,L,M : X — X three selfmappings
satisfying the conditions:

1. either the pair (K, M) has (CLRk) property or the pair (L, M) has (CLRy,) property;

2. for each x,y € X and 0 < A < 1, one has

d(Kz,Ly) d(Mz,Ly)[1+d(Mz,Kz)d(My,Kz)) d(My,Kz)[1+d(Mz,Ly)d(My,Ly)]
/ p(t)dt 3 A max </ o(t)dt, / gp(t)dt).
0 0 0

If K(X) C M(X) and L(X) C M(X), then each of the pairs (K, M) and (L, M) have a coincidence point
in X. Moreover if the pairs (K, M) and (L, M) are weakly compatible, then the mappings K, L and M have
a unique common fixzed point in X .

By setting L = K and N = M in Theorem [2.11] we get the following corollary involving a pair of
mappings.

Corollary 2.13. Let (X, d) be a complex valued metric space and K, M : X — X two selfmappings satisfying
the conditions:

1. the pair (K, M) has (CKRy) property;

2. for each x,y € X and 0 < A < 1, one has

d(Kz,Ky) d(Ky,Mz)[1+d(Kz,Mz)d(Kz,My)] d(Kz,My)[1+d(Ky,Mz)d(Ky,My)]
/ o(t)dt = A max </ go(t)dt,/ gp(t)dt).
0 0 0

If K(X) C M(X), then each pair (K, M) have a coincidence point in X. Moreover if the pair (K, M) is
weakly compatible, then the mappings K and M have a unique common fixed point in X.

If we replace (CLR) property by (E.A) property in Theorem we get the following corollary.

Corollary 2.14. Let (X,d) be a complex valued metric space and K,L, M,N : X — X four selfmappings
satisfying condition (2) of Theorem and one of the pairs (K, M) and (L, N) has (E.A) property such
that N(X) (or M(X)) is a closed subspace of X. If K(X) C N(X) and L(X) C M(X), then each of the
pairs (K, M) and (L, N) have a coincidence point in X . Moreover if the pairs (K, M) and (L, N) are weakly
compatible, then the mappings K, L, M and N have a unique common fized point in X.
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Proof. As indicated earlier, the proof easily follows on the lines of the proof of Theorem [2.11] so we omit
it. O
To illustrate Theorem [2.11] we provide the following example.

Example 2.15. Let X = {%1} U (0, %) be a metric space with metric d : X x X — C defined by d(z,y) =
ilx —y|, where x,y € X. Define selfmaps K, L, M and N on X by

Ke={ § fze{53003) VL3 re={ 7 fre{z3u0UML)
3 ifzel3,1) ’ 5 ifzelg,1) ’
1 . -1 1 3 1 : — 1 3
_J 5 ize{z5}tU(03)Ull35) _J & ifze{5}U(0,3)U[l3)
Mx_{ -z ifzelll) PNT=E 2L fee L)

Also define ¢ : R? — C by ¢(t) = 52*, where t = (a,b) and z = a + ib. Then

11 11 1 —1 1 13
KX)=<== LX)=4¢2,= M(X)= - — N(X) =< - = .
0 ={53} to={13} = (o3]u{F} veo-{5}u]33)
Firstly, we verify condition (2) of Theorem For this let {z,} = {5 + #_2}”21 be a sequence in X.
Then

1 1 1 1
lim Kz, = lim K(—l—)z lim 3= 3

n—00 n—00 2 n+ 2
. . 1 1 ) 1 1 1
ot My = tin (54 5) = (5= 05) =5
that is, there exists a sequence {z,} in X such that lim Kz, = lim Mx, = % = Kz for some x € X.
n—oo n—oo
Hence (K, M) has (CLRf) property.

To check condition (2) of Theorem we distinguish the following cases.

Case 1. Let z,y € {31} U (0,3) U[1,3); then Kz =}, Ly = 2, Mz = 5! and Ny = §. Now

d(Kz,Ly)
/ o(t)dt = 2°
0

I3

i i \°
= <> = 7.651622719 x 1079,
0 42

Also i
2130 (105

5
= 0.0244851927i.
21) 0.0244851927;

d(Ly,Mz)[1+d(Kz,Mz)d(Kz,Ny)]
/ o(t)dt = 2°

0 0

Hence for all \ € [m, 1) we have

d(Kz,Ly)
/ @(t)dt =7.651622719 x 1079}
0

=A0.0244851927;

/d(Ly,Mw) [14+d(Kz,Mz)d(Kz,Ny)]

d(Kz,Ny)[1+d(Ly,Mz)d(Ly,Ny)]
o), [

v o(0at).

0 0

Case 2. Let z,y € [%,1); then Koz = Ly = %,M{L‘ =1—xand Ny =2y — % Now, for all A € [0,1) we

have

d(Kz,Ly)
/ o(t)dt =0 2 Amax <
0

d(Ly,Mz)[1+d(Kz,Mz)d(Kz,Ny)]
/ plt)i,

/d(K;B,Ny) [14+d(Ly,Mz)d(Ly,Ny)]

@(t)dt).

0 0
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Therefore from the above two cases, it follows that for all A € [

1
3200000 1) we have

d(Kz,Ly) d(Ly,Mz)[1+d(Kz,Mz)d(Kz,Ny)] d(Kz,Ny)[14+d(Ly,Mz)d(Ly,Ny)]
/ (t)dt 3 A max (/ gp(t)dt./ @(t)dt).
0

0 0

Also K(X) € N(X) and L(X) C M(X) and the pairs (K, M) and (L, N) are weakly compatible. Thus
all the conditions of Theorem are satisfied, and % is a unique common fixed point of K, L, M and N.

To illustrate Corollary we furnish the following example.

Example 2.16. Let X = {5} U [0,1) be a metric space with metric d : X x X — C defined by d(z,y) =
ilx —y|, where x,y € X. Define selfmaps K, L, M and N on X by

ool O

if z €[0,3) ' Lx:{o if z €[0,1)

Kz = ] Z ; . _ ;
{ 1fx€{71}u[%,1) é 1f$€{71}u[%,1)
if x € [0,

we={ 5 iy e ve

8

if x € [0,
if z € {5

1
gy

o= &

Also define ¢ : R? — C by ¢(t) = 52*, where t = (a,b) and z = a + ib. Then by routine calculations,
one can verify all the conditions of Corollary and 0 is a unique common fixed point of K, L, M and N.

Remark 2.17. The derived results generalize the results contained in [18].
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