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Abstract

This paper mainly studies the optimality conditions for a class of pessimistic trilevel optimization prob-
lem, of which middle-level is a pessimistic problem. We firstly translate this problem into an auxiliary
pessimistic bilevel optimization problem, by applying KKT approach for the lower level problem. Then we
obtain a necessary optimality condition via the differential calculus of Mordukhovich. Finally, we obtain an
existence theorem of optimal solution by direct method. (©2016 All rights reserved.
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1. Introduction

Multi-level optimization problem specially trilevel and bilevel optimization problems are active research
areas in mathematical programming at present [3| 10, 1], 15l 17, 18, 20} 23]. Trilevel optimization model
which can be described as the following ((1.1])-(1.3])

min fl(xayvz)
T

(1.1)
st gi(z) <0,(y,2) € Y(w),
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where () is the solution set of the following problem

H?;/in fQ(x,y,Z)

(1.2)
st. ga(z,y,2) <0,z € p(z,y),
where 1 (x,y) is the solution set of the following problem
min f3($7 Y, Z)
z (1.3)

s.t. 93(%2/72) < 07

here x € R", y € R™, and z € RP; f; : R"x R"x RP - R, i =1,2,3; g1 : R - R%, g, : R" x
R™ x RP — R%, i = 2,3; fi(x,y,2), folz,y,2), f3(x,y,z) are the top-level, middle-level and lower-level
objective functions, respectively. This model has a framework to deal with decision processes involving three
decision makers with hierarchical nested structure. The top-level decision maker has the first choice, then
the middle-level decision maker reacts optimal solution to the top maker’s selection, finally the lower-level
decision maker reacts optimal solution to the top and middle maker’s sections. But sometimes the ()
and ¥ (x,y) are not singletons, so the lower-level decision maker may reacts a solution that the least one the
middle-level want to get, to the middle-level. In a similar way the middle-level decision maker may reacts
a solution that the least one top-level want to get to the top-level this is what “min,” and “min,” stands
for. This model is an appropriate tool to solve the optimization problems in several areas such as electric
system [1], transportation [6], supply chain management [21], and so on.

The model are called pessimistic trilevel optimization problem, if the lower-level (middle-level) reacts a
solution that the least one the middle-level (top-level) want to get to the middle-level (top-level). In this
paper, we consider the following pessimistic trilevel optimization problem with middle-level problem being
pessimistic (PTOPM), in which the lower-level decision maker may reacts a solution that middle-level most
want to get to the middle-level, but the middle-level decision maker reacts a solution that the least one
top-level want to get to the top-level:

”

mxin {max fi(z,y, z)}

Y,z
s.t. gl(x) < Oa (y,Z) € w(x)a

where 1 (x) is the solution set of the following problem and suppose that 1(z) is not a singleton.

(1.4)

Hlillfz(flf,y,Z)
v (1.5)
s.t. 92($7ya2) < O’Z € ¢($ay)a

where ¥ (x,y) is the solution set of the following problem

mzinf3($7y’ Z) (1 6)
s.t. g3($7yaz) <0. ‘

This model has many applications. For example in cloud market pricing [19, 22], the Software-as-a-
Service (SaaS), the Platform-as-a-Service (PaaS), and the Infrastructure-as-a-Service (IaaS) are the top-level
decision maker, middle-level decision maker, and lower-level decision maker respectively. All of them wish
to optimization their profit, but every levels’ price influence the setting of other levels’ price. If the PaasS is
able to persuade the IaaS to select an optimal solution which is the best one from the PaaS’s point of view.
But the SaaS is unfortunately. PaaS selects an optimal solution which is the worst one from the SaaS’s
point of view. Then it can be described as a PTOPM —.

Although PTOPM has many applications, but to the best of our knowledge, there are few results on the
optimality conditions and algorithms for the PTOPM —. Since optimality conditions are essential
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to the design of algorithm and the convergence analysis, thus in this paper, we will discuss the optimality
conditions for PTOPM.

For describing this model better, we introduce some definitions and hypotheses:

(1) Feasible set for the lower-level for each fixed (z,y):

K(z,y) ={z € R* : g3(x,y,2) < 0}.
(2) Inequality constraint set for the top-level:
X ={z€eR":qi(z) <0}.
(3) Inequality constraint set for the middle-level:
Y ={ye R":3(x,z), s.t. g2(z,y,2) <0}.
(4) The upper and middle level’s decision space:
QX,Y) = {(:z:,y) € R"™ 3z, sit. g1(x) <0,gi(w,y,2) <0,i= 2,3} .
(5) The solution set of the lower-level optimization problem for fixed (z,y) € Q(X,Y):
Y(z,y) ={z € RP: z € argmin {f3(x,y, 2) : g3(z,y,2) < 0}}.

(6) The solution set of the middle-level optimization problem for fixed z € X:

V(@) = {(y,2) : (y,2) € R™? € argmin { fo(x,y, 2) : g2(x,y,2) <0,z € P(w,y)}} .

The rest of this paper is organized as follows. In Section [2] we recall some important results about
variational analysis. In Section [3| we firstly translate the PTOPM into a pessimistic bilevel optimization
problem by KKT approach, and the relationships between the two problems are discussed. Then we get a
necessary optimality condition for the PTOPM - via the pessimistic bilevel optimization problem.
In Section {4} we get an existence theorem of optimal solution.

2. Preliminaries

In this section, we mainly recall some basic definitions and results about variational analysis, which are
needed in our main results.

Definition 2.1 ([13]). Given a point z, limsup,_,; Z(z) is said to be the Kuratowski-Painlevée outer upper
limit of a set-valued mapping = : R® — 28" at z, if

limsupE(z) :={v € R™ : 3z, — Z,vp, — v with vy € =(2x) as k — oo} .
Z2—Z

Its graph gphZ is denoted as follows:

gphZ = {(u,v) € R" x R™ :v € Z(u)}.

Definition 2.2 ([9]). Given a set-valued mapping = : R — 2™ and a point z with Z(2) # (), we say that
= is inner semicompact at Z if and only if for every sequence zp — Z with Z(z;) # () there is a sequence of
yr € =(zx) that contains a convergent subsequence as k — oo.

Definition 2.3 ([2]). Let P be a nonempty subset of R". A set-valued mapping = : P — 28" is said to be
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(i) lower semicontinuous (shortly, lsc) at z € P if for each open set V' C R™ with Z(z) NV # (), there
exists § > 0 such that
E(z)NV #£0, Vze B(z)9).

= is lower semicontinuous if it is lower semicontinuous at all z € P.

(ii) compact-valued if, the images Z(v) of all points v € P are compact.

Definition 2.4 ([I3,16]). For an extended real-valued function t : R" — R, y(Z) is said to be the Fréchet
subdifferential of ¥ at a point Z of it’s domain if

3w@y—{veR”ﬂmnﬁww)_w@y_@J_z>20}

e Iz = 2|

given a point z, 0y (Z) is said to be the basic/Mordukovich subdifferential of ¢ at Zz if
d(z) = limsup di(z).

Z2—Z

If v is convex, 1(Z) # (), then 91 (Z) reduces to the subdifferential in the sense of convex analysis:
D) = fv € R": () — ¥(2) > (v, — ), ¥z € R},

the two subdifferentials coincide in this case.
0Y(Zz) is nonempty and compact when 1 is local Lipschitz continuous, its convex hull is the Clark

subdifferential 9v(Z): )

() = codh(2), (2.1)
here,“co” stands for the convex hull of the set in question. Via this link between the basic and Clark
subdifferential, we have the following convex hull property which plays an important role in this paper:

co0(—1)(z) = —cody(z). (2.2)
Definition 2.5 ([16]). Let © be a nonempty subset of a finite dimensional space Z, given z € 2, the cone
{5 (€,2/ —2) <o(||lZ/ — 2|) V' € Q}

is called regularity normal cone. The cone
N(z;9Q) = {f 136k = & = 2(z €Q) 1&g € N(Zk;Q)}

is called the limiting (Mordukhovich) normal cone to §2 at point z.

Proposition 2.6 ([16]). Let X C R™ and D C R™ be two closed sets, ' : R™ — R™ be a continuously
differentiable mapping. Here F(x) = (fi(x), -+, fm(x)). Let C = {x € X : F(z) € D}, at any & € C one
has

) {iyivfi(x) +z:y € N(F(z); D),z € N(::;;X)} ;
where y = (Y1,Y2,** ,Ym)- On the Z:tlher hand, one has
c {iyﬁﬁ(i) +z:y € N(F(2); D),z € N(@;X)} ,
i=1
at any T satisfying the constraint qualification that, the only vector y € N(F(Z); D) for which
- i’yivfi(f) € N(z; X),
i=1

is y = (0,-- ,0).
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3. Necessary optimality condition

Next we give the definition of optimal solution of PTOPM ([1.4))-(1.6]). It can be described as the following
problem (3-1)-(32)

rr;in {opm(x) |z € X}, (3.1)

where

ppm(x) :=max {fi(z,y,2) | (y,2) € Y()}. (3-2)

Definition 3.1. A point (z*,y*,2*) € R™ x R™ x R? is called a local pessimistic solution for problem

B-I-B-2) if 2* € X, (y*,2*) € ¥(z*) with
h@®y", 2%) = fi(a®,y,2) V(y,2) € ¥(a”), (3-3)
and there exists an open neighborhood U (z*,d),d > 0, with
Opm (") < ppm(z) Vo e X NU(2",0). (3.4)
It is called a global pessimistic solution if § = oo can be selected.

While designing algorithm for liner trilevel optimization problem (LTOP), Bard [5] translated LTOP
into a bilevel optimization problem, by replacing the lower level problem with it’s KKT conditions. The
results show that this is an effective methods. In this part, we will firstly translate PTOPM — into
a bilevel optimization problem by applying KKT approach. Then we will discuss the relationships between
the two problems and wish it to be useful for designing algorithm for PTOPM. But in this subsection, we
need to assume the lower-level problem to be convex for every parametric valued. If the lower level problem
is not convex for fixed parametric valued, the set of feasible solution is enlarged by adding local optimal
as well as stationary solutions of the lower-level problem to it. Since we know that, the KKT conditions
of lower-level problem is not always sufficient and necessary. So we suppose that the following Slater’s
constraint qualification holds.

Definition 3.2. We say that the Slater’s constraint qualification (Slater’s CQ) is satisfied for K(z,y) at
(z,y) € R™ x R™, if there exists z € RP such that
gé(xang) < 07 i = 1727"' »43-

KKT translation can be shown as the following auxiliary pessimistic bilevel optimization problem

min {ma‘f\( fl(xa Y, Z)}

x y’z7
sit. q1(z) <0,(y, 2, \) € Yppe (),

where ¥ (z) is the solution set of the following parametric MPEC problem

minfz(x,y, Z)
Y, 2\
s.t. gQ(xvyaz) < 07
vzf3(xa Y, Z) + Vzg?)(xayv Z)T)‘ = Oa (36)
93($7yvz)—r)‘ =0,
A > 0793(%2/72) <0.
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Problem (3.5))-(3.6]) is equal to the following form:

mxin {opmi(z) |z € X}, (3.7)

where

(Ppmk(x) = ma:;\( {fl(fL',y,Z) | (yvzv)‘) S wkkt('r)} . (38)

3%

Since problem (3.1)-(3.2)) may be not equal to problem (3.5))-(3.6[), we need to discuss the relationship
between the two problems.

Theorem 3.3.

(i) Assume that f3(z,y,-), gi(z,y,-), i = 1,2,--- ,q3 are convex continuously differentiable functions on
K(z,y), and the inequality constraint set for the middle-level Y is closed, and Slater’s CQ for the
lower-level problem holds at all (x,y) € X x Y. If (Z,9,%) is a local pessimistic solution of problem

B-1)-B-2). Then for each

Ay = = = \% f3($ Y, 2 )—I—Vzgg(ﬂl Y, 2 ) )‘_Oa
— as .
A€ ANz,y,2): {)\ER : N> 0.g5(75.2) TA = 0, ,

(%,7,2,\) is a local pessimistic solution of problem (3.5)-(3.6]).

(i) Assume that f3(z,y,-), gi(z,y,-), i = 1,2,--- ,q3 are convex continuously differentiable functions on
K(z,y), and the inequality constraint set for the middle—level_Y 1s a closed set, and Slater’s CQ for
the lower-level problem holds at all (x,y) € X xY. If (Z,y,z,\) is a local (global) pessimistic solution

of problem (3.5 . then (Z,9,z) is a local (global) pessimistic solution of problem (3.1])-(3.2).

Proof. We can obtain this theorem via Theorem 2.1 and Theorem 2.3 in [7] easily. O

For parametric MPEC problem (3.6)), we denote it’s feasible set as

L . 92(x7y7 Z) < 0793(377:(/7 Z) < 0793@772/7 ) =
S(l‘) o {(y’Z’A) ‘ A > O,Vng(ﬂf,y,Z) + Vzgg(x,y, )‘ O ’

then problem (3.6)) is equal to
Okt () == mir)l\ {fo(z,y,2) : (y,2,A) € S(z)}. (3.9)

7Z7

In this part we will consider the first-order optimality conditions for auxiliary problem —. Since

we know that, @i is non-differentiable, so we need to consider its subdifferential. Demple, Mordukhovich.

et al. gave the calculating method of subdifferential of optimal valued function for parametric MPEC

problem (see Theorem 3.2 in [§]). Next we will obtain the subdifferential of ¢k by the method in [§].
Firstly, we define some constraint qualification and Lagrange functions which are similar to [g].

Fixed a point (Z,7,Z,\) € gph S we have the following partition of the indices for the complementarity

functions in S(x)
=o(Z,9,2,A) = {i: N =

o 0, 0
B=pB(z,9,2A:={i: A\ =0052,79,2) =0
v = 0 0

For (y, 2k, A\k) € S(Z), we define
o = o (Z, Yi, 2, M) = {2 ki = 0, 5(Z, Yk, 21) <0},

/Bk = 5k(-’f,yk,zk,)\k> = {Z : )\kz = ngii’)('fz'aykvzk) - 0} )
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Ve = V(T Yks 21, M) 1= {00 A > 0, g5(Z, Yy, 2) = 0} .
The Lagrange-type functions, associated with the parametric problem in (3.9) is

L(z,y, 2, \ 0?2, /9% 095 ) = fo(,y, 2) + g2(,y,2) '0%2 + (V. f3(2, 9, 2)
+ Vz.gi’)(xa Y, Z)T)‘)Tnfg)\ + AT??A - g3(m7 Y, Z)T77937

where 792 € R, nf9* € RP, n% € R®B, n* € R%. The singular Lagrange-type functions, associated with
the parametric problem in (3.9) is

Lo(z,y, 2, \, 92, n7 9 098 ™) i=ga(a,y, 2) 092 + X" — ga(a,y, 2) T
+ (Vaofa(z,y,2) + Vags(x,y, 2) TA) Tnf9.

For simplicity, we denote
L(z,y,2,\) = L(z,y, 2, A, 0%, 0/ 0% ),

Lo(mvyu 2 )‘) = Lg(ﬂi,y, 2, >‘7n92777fg)\777g3777>\)'

The derivative of L(z,y,z,A) and Lo(z,y, 2, A\) with respect to (z,v,2,\) at (Z,7, 2 \) are denoted as
VL(z,9,2 \), VLo(Z,7,2,)\). Here “V” stand for “Vgy,z" similarly hereinafter. The partial deriva-
tive of L(z,y, z, \) with respect to x,y,z and A at (Z,, 2z, A) are denoted as V,L(Z, ¥, 2, \), V,L(Z,9, 2, \),
V.L(Z,9,2,\), VAL(Z,y,%,\). Similarly, the partial derivative of Lg(x,y,2,)\) can be denoted as
VaoLo(Z, 9,2, \), VyLo(Z, 9,2, N), V.Lo(Z,9,2,\), VaLo(Z,7, 2, \).

We define the set of M-type multipliers associated with problem by

Az, 7,2, \) = A",

1% >0, g2(z,9,2) 9% =0,

n?=0ica, n=0,icn,

(nf* < O/\@‘A <0) VP =0,i€ B,

VL(Z,5,2,A) =0

We define the set Ag’;’;\ which can be obtained by replacing the gradients of fa, g2, A, g3, V. f3(z,y,2) +
V.g3(z,y,2) "\, in equality

V£, 5, 2) + Vgo(Z, 5, 2) 1% + V(V.f3(Z,5,2) + Vags(Z,7,2) " N) /9 + VAT — Vgs(z,5,2) 9% =0,

AT — (ng,ﬁfg)‘aﬁggm’\) .

by their partial derivatives with respect to y, z, A. That is

A =8 (7, O e ) U (3.10)

)

)=0

) =0,

L VAL(Z,y,2,\) =0,
The following solution map for problem (3.6)) which plays a significant role in the next theorem, given

by

Ykt (x) == {(y,2,A) € S(x) : fo2,y,2) < ()} -

To proceed in this part, we introduce the following two regularity conditions at (Z, %, Z, A\). They ware
firstly defined in [§].

7792 Z 07 g?(‘,f7g7 Z)TTIHZ = 07 7792 = 05
n=0,ica, n=0,i€, N n =0,
(n* <OAm <0)vafnt =0,i€ B, 0% =0,

VLO(E,:U, 27 )‘) = 07 nfg/\ = 07

(3.11)
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7792 2 Oa 92(:2'7:']3 E)TUQQ = Oa
n?=0ica, n=0,icn,
(n¥* <OAm} <0)Valn}=0,ic B,

VyLO(f,g, z, E\) =0, = meO(w?ya Zs )‘) =0. (312)
szo(jv ga 2, {\) = 0,
VaLo(Z,9, 2, )\) =0,
The top-level regularity conditions are
Vgi(z)'e=0 B
e>0,p(@)Te=0 =0 (3.13)

where, e € R, This regularity conditions will be used to ensure Proposition [2.6|is correct when we apply
it to the proof process of the main theorem.

Next we will calculate the subdifferential of the optimal value function ¢ii: at & by the method of
Theorem 3.2 in [§]. Here we need to assume that the functions fa2, g2 are continuously differentiable. and
f3, g3 are twice continuously differentiable.

Theorem 3.4. Assume that ¢gg is inner semicompact at T, and regularity condition (3.11) holds at
(Z,9,2,\) for all (y,2,\) € Yrpe(Z). Then we have the subdifferential upper estimate

dpre(@) C U U {Valal@,5,2) + Vaga(3,5,2)
(ﬂvfa/\)@/)kkt(@ (779277]fgk77]93)6/\%"77;15\
TV S35, 2) 0+ (Vaags(@,5,2)T0) 0 = Vags(@,5,2) T | (3.14)

If in addition regularity condition (3.12)) is satisfied at (z,7,2,)\), for all (§,%,\) € Yure(T), then the value
function ogre is Lipschitz continuous around .

Proof. Combining the assumption and Theorem 3.2 in [§], it is easy to show that oy is Lipschitz continuous
around z, and the following (3.15)) holds

okt (T) C (W,X)gpw@ (ng%nfgwgg,nwe,x?% {VaL(%,5,2,M\)} - (3.15)

Due to

(%2, 079 0% ) € AL S,

we have
VaL(Z, 7,2, A = (V.93(Z,75,2) Te) 'n/9* + Tt =0, (3.16)

further
= —e"(V.g3(Z,7,2) " e) ' n/9. (3.17)
From it follows that 7 can be replaced by nf9*. According to and , it is easy to get
(B.14). O

Since we know that, the subdifferential of optimal valued function (3.8)) is necessary for the fist-order
necessary condition of PTOPM, so we will discuss it here. In order to apply Theorem 3.4 in [9], we consider
the following form.

_Sopmk(x) - mir/{ {_fl(:nayv z) ’ (y7 2y )‘) € wkkt(x)}
v (3.18)

= min{~fi(2,9.2) | fo(a,9.2) — pwus(x) < 0.
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The solution set of problem (3.18) is defined as:

T/mek(x) = arg;nzig{_fl(xvyaz) | fQ(x’yz Z) - @kkt(‘r) < 0} . (319)

It is obvious that
Ypmk () € Ykt (x).

Now we can calculate the subdifferential of —¢,,,,,. Similar to theorem since we will apply (2.2)) to
calculate cog,mk(Z), we need to guarantee the local Lipschitz continuity of ¢pm.

Theorem 3.5. Assume that all conditions of Theorem hold. Moreover we assume that Yy, is inner
semicompact at T and Yy satisfies Aubin’s property around (Z,y, z, A) € gphtbiie, for all (y, 2, N) € Ypmi(Z).
Then @pmp, is Lipschitz continuous around T, further more the Mordukhovich subdifferential of —ppmi 1s
estimated as:

n+1
(=) pmk(T) C U U {—Vxﬁ(:f,y,Z) + Ve fo(Z,,2) =7 Y ok AV 2 F2 (T, Yk, i)
(%ZJ)Gdemk(if) 'YGA(Eryvzr)‘) k=1
+ VIQQ(Q?, Yk, yk)TUiz + vz:cf3(j7 Yk, yk)TU/J:g/\ (320)

(2003 s 9) A = Vags (@, ) T}

where, the A(Z,y,z,\) of Lagrange multipliers for problem (3.18|) with the parameter T, is defined as

= _ —Vyf1(§:,y,z)—i—’yvyfg(:i,y,z) :07
A(x’y’z’)\) B {0 S 7 €K | —szl(f,y,z) +7sz2(j,y,2) =0 ’ (321)

_ A
pe € R, Sipr =1, (Y 200 M) € Yure () for all ke, (2, ) € AS™, .

Proof. Due to all conditions of Theorem are satisfied so we can obtain Oy (Z) easily. Since gk is inner
semicompact at z and ¢y, satisfies Aubin’s property around (Z,y, 2, ) € gphtbgie, for all (y, 2, X) € Ypmi(T),
from Theorem 3.4 in [9], it follows that

8(_90pmk)(3_3) - U U {_V:Bfl(jay> Z) +7fo2(f73/, Z) +7’U*}7 (322)
(y,ZJ\)Gwpmk(i‘) VGA(jvy)zJ\)

where, the A(Z,v, 2, \) of Lagrange multipliers for problem (3.18) with the parameter Z, is defined as

B _vyfl(f7y) Z) + ’Yvny(fa Y, Z) =0
A(jayaza)\) = 7€R | —szl(f,y,z)+'7V2f2(§3,y,z) =0 (323)
v > 0,7(f2(,y, 2) — @rre(T)) =0

and v* € 9(—prkt)(Z). Since, (¥, 2, A) € Ypmi(T) € Yrre(T), 50
J2(Z,y, 2) — orre(T) = 0,

combining this with (3.23)), we can obtain (3.21)).
According to (2.2)) it follows that

O —prrt) (T) © coO(—prrt) () = =00yt (T). (3.24)

Taking v € codyii (%) and applying Carathéodory’s theorem [12], we can find py € R, and v}, € R"™ with
k=1,...,n+1 such that

V= EZi%pkl/lﬁ EZillpk =1, pp =20, v € 8gpkl€t<i‘)v fO?“ k=1,...,n+1 (325)
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From Theorem we have (yg, 2k, \k) € Yrke(Z), such that

_ _ A
Vi, =V fo(Z, Yk, 2) + Vag2(T, Yk 28) | 02 + Vo f3(Z, ymzk)Tﬁ;{g

+ (Vw3 (@, yrs 21) " M) "] T 7,93(%, vk, 1) " ne, (3.26)

here, (nk ,n,{g)‘,nk ) e Agm

Combining (|3.22] “ we can get (3.20]) easily.

O

We are now ready to state one of the main results of this paper, which providers necessary optimality
conditions for the auxiliary problem (3.7]).

Theorem 3.6. Let T be a local optimal solution of problem , then there exists a point (g, z, 5\) which
1s a solution of parametric problem for fized point T. Assume that f1, fa, g2 are continuously and
differentiable at (Z,y, z), g1 is differentiable at T, and f3, gs are twice continuously differentiable functions
at (z,y,z). Suppose that all conditions of Theorem hold. Moreover we suppose that pmi is inner
semicompact at T and Py satisfies Aubin’s property around (Z,y, z, N) € gphtbie, for all (y, 2, N) € Ypmi(T).
Then we can find pp, € R withk=1,...,n+1, E’;ﬂpk =1, pr > 0. Also we can find vy, 01 € R, vy > 0 with
l=1,....,n+1, El"ﬁlol =1, 0, >0, and n{* € R?, ,{QA € RP,n® € R®B, B9 € R, (yk, 2k, M) € Ypie(T),
(Y1, 21, A1) € Ypmi(T), such that the following conditions holds:

n+1 n+1
Vair(2) 8% =Y o {=Vaf1(@,ui, 21) + Ve fo(Z 91,20} + > prAVa fo(Z, b, yi)
=1 k=1
+ Vg2 (T, Y ) 0 + Ve f3(Z, g yi) 0 (3.27)

+ (vzx93($ ykayk)T)‘k)T Jor VIQS(jvykvyk)TngB} =0,

vyf?(:f Yk, Zk:) + vaQ(j Yk, Zk)Tng2 + vzyf?)(:f? Yk, Zk:)Tﬁ;{g)\

+(Vay93(T, e, 21) " M) T ToA — Vy93(Z, Yy, z1) ' =0, (3.28)

v2f2(£'7 Yk, Zk) + ng?('Ta Yk, Zkz)TUzQ + Vz2f3(i'7 Yk Zk) 77;{9

H(V.295(Z, v z) " ) 10 — Vegs (@, yp, zn) T =0, (3.29)
(V=93(Z, yk, 22) €)' + e = 0, (3.30)

77£2 >0, gQ(i’ay/W Zk) k- =0, (331)

g =0,i € ag, Yy =0,i € Y, (3.32)

(3 < O Ay < 0) Vi = 0, € By, (3.33)

B >0, gi1(z)' " =0, (3.34)
_vyfl(i‘aylazl)+7lvyf2(jayl7zl) =0, (335)

- vzfl("f)yla Zl) + %szz(i”,yz, Zl) =0.

Proof. Since 7 is a local solution of problem (3.7)), it follows from Proposition 5.3 in [14] that

0 € Opmi(Z) + N(7, X). (3.37)
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Due to 0@pmi(Z) € codppmi(Z), we can obtain the following equality
0 € co0ppmi(z) + N(z, X). (3.38)
From (2.2) we know that

c00Ppmik(Z) = —co0(—@pmk ) (T). (3.39)
Taking v € cod(—¢pmk)(Z), also by Carathéodory’s Theorem [12], we can find 0; € R, and v; € R" with
l=1,...,n4 1 such that
E"Hmvl, Z”Hal =1, 0,20, v € 0(—@pmk)(Z), forl=1,...,n+1. (3.40)
Since all conditions of Theorem hold, so according to Theorem and Theorem we have
(Y1> 21, M) € Ypmi(Z), such that

n+1
= =V f1(Zy, 21) + Ve f2(Z,y1,21) 'YZZPk{ 2 F2(Z, Yk Uk) + Vaga (2, i, yr) 172

Vo (2, U k) L A (Vw93 (2 s ) T M) Tl — Vzgs(i,yk,yk)TniB} (3.41)

_ A _
here, v € A(Z,y1, 21, M), (f2, % n®) € A, (Uks 2k k) € P ().

Due to the top level regular condition (3.13)) is satisfied at Z, applying Proposition and through
some calculations we know that there exists f9' € R% such that,

N(#, X) < {Vai(@) 87 | 87 = 0,0:(2) 75" = 0} (3.42)
From (3.42) we can get ‘3.34). Combining (1} ,n,ﬁg)‘,nk ) € (Yks 2y Ak) € Ypge(T) with (3.10)
we can obtain (3.28)-(3.33]). According to (3.38]), (3.39)), (3. 40) (3 41) and - through some simple
calculating we can obtain (3.27)) easily. Since v; € A(Z, y;, 21, \;) we can get (3.35} - - O

Next we will give two examples to illustrate the rationality of Theorem
Example 3.7. we consider the following pessimistic trilevel optimization problem

min max x% + Y192 + 52

xX Y,z
st. 2—x1 <0,
B =550, (3.43)
1- T2 < 07
o — 2z <0,
(y,2) € ¥(x),

here ¢ (x) is the solution set of the following parametric optimization problem

min y; 4+ y2 + 2z 4+ 50z

y?Z
st. y1+1y2—20<L0,
10— y1 — y2 < 0, (3.44)
Z=Y2 é 07
1-— Y1 S 07
z € Y(z,y),

here 9 (x,y) is the solution set of the following parametric optimization problem

min 22+ x; + U1
z
st. 2—2<0, (3.45)
z—8<0.



G. Li, Z. Wan, J.-W. Chen, X. Zhao, J. Nonlinear Sci. Appl. 9 (2016), 3864-3878 3875

Through some calculation, we can get the one of pessimistic optimal solutions & = (z1,z2) = (2,1.5),
= (y1,y2) = (5,5), Z = 2. KKT transformation can be shown as follows:

: 2
min HZ}%X ] +y1y2 + 52

xX
st. 2—x1 <0,

71 =550, (3.46)
1—1‘2§0,
To — 2 <0,

(y,2) € Yrre(w),

here k() is the solution set of the following parametric optimization problem

min y1 + y2 + 2 + 50z

UES
st. A>0,
2—2<0,
z—8 <0,
2=y <0, (3.47)
1_y1§0a

y1+y2 —20 <0,
10 —y1 —y2 <0,
22— A1+ X2 =0,
)\1(2—Z)+)\2(Z—8):0.

Through a series of calculation, we can get one of the pessimistic optimal solution z = (z1,x2) = (2,1.5),
¥ = (y1,92) = (5,5), 2 =2, A = (A1, A2) = (4,0). We can verify that all assumptions of Theorem [3.6| hold,
and there exist n =0, v=5, p=1,0 =1, (8,85, 85",8]") = (4,0,0,0), (n?*,n3*,n3*.nJ*) = (0,1,0,0),
(77{\7775\) — (070)7 (77??7733) = (_2a0>7 77ng - %7 (ykazkv/\k) = (ylazlaAl) = (ga Z, 5‘)? such that conditions

(B.27)-(B.36) hold.

Example 3.8. Considering the following problem.

minmax =+ 2z + Y192

T Y,2
r—5<0,
(4, 2) € P(a),

here 1 (x) is the solution set of the following parametric optimization problem

min x + 2+ y1 + Y2

y’z
st. y1+y2—10<L0,
4=y —y2 <0, (3.49)
1- Y1 < Oa
1- Y2 S 07
z € P(z,y),

here ¢ (x,y) is the solution set of the following parametric optimization problem

min z4+3z —y; — Y2
z
st. 3—2<0, (3.50)
z—10<0.
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Through some calculation, we can get one of pessimistic optimal solutions z = 3, § = (y1,¥y2) = (2,2), Z = 3.
KKT transformation can be shown as follows:

minmax 2z + 22 + y1y2
Toy,z,A

st. 3—x<0, (3.51)
r—5<0,
(y7 2, >\) € ¢kzkt(x)a

here Yy (x) is the solution set of the following parametric optimization problem,

min Yy +y2+z2+x

Y, 2\
st. A>0,
y1+y2 — 10 <0,
4—y1 —y2 <0,
L=y =0, (3.52)
1_y2§07
3—2<0,
z—10 <0,
1—X+ X =0,

AL(3 = 2) + Aa(z — 10) = 0.

Through a series of calculation, we can get one of the pessimistic optimal solution z = 3, § = (y1,92) = (2,2),
z =3, A= (A1, A2) = (1,0). We can verify that all assumptions of Theorem - hold and there exist n = 0,
’7_2 p_l 0_1 ( gl 91) (4 O) (771’77277’3’773) 071300 77?37772)_( 130)’
nfor =1, (yk,zk,)\k) (yl,zl,)\l) (4,2, \), such that conditions hold

Now we discuss the necessary optimality condition of PTOPM .—g via problem (3.7)).

Theorem 3.9. Let (Z,y,2) be a local solution of PTOPM (L.A4)-(1.6). Assume that f3(z,y,-), g5(z,y,-),
i=1,2,---,q3 are convex on K(x,y), and twice continuously differentiable functions around (Z,y,Zz), and
f1, f2, g2 are continuous and differentiable around (Z,y, z), g1 is differentiable around %, and the inequality
constraint set for the middle-level Y is a closed set, and Slater’s CQ for the lower—level problem holds
at all (z,y) € X xY. If (z,9,2) is a local pessimistic solution of problem (3.1 . Then for each
A€ AZ,7,2), (Z,7,2,N) is a local solution of problem (3.7 . Suppose that all conditions of Theorem
hold. Moreover we suppose that Vpy,y is inner semicompact at T and Y satisfies Aubin’s property
around (Z,y,z,\) € gphbpe, for all (y,2,X) € Ypmr(Z). Then we can find p, € R with k =1,...,n+1,
ZZLlpk =1, pr > 0. Also we can find yj,00 € R, vy > 0 withl =1,...,n+ 1, E”'Hal = 1 o > 0,
and TI}ZQ € R”,n,fg)‘ € Rp,n,z3 € R®B, g9 € R, (yk, 2k, M) € Yrie(Z), (1,21, A1) € Ypmi(T), such that the

conditions (3.27)-(3.36]) hold.

Proof. Combining (i) of Theorem and Theorem we can obtain this theorem easily. O

4. Existence theorem of optimal solution

In this section we will consider the existence theorem of optimal solution for PTOPM (|1.4))-(1.6]). Since
auxiliary pessimistic bilevel optimization problem (3.7))-(3.8]) is a bridge, we firstly need consider the sufficient
optimality condition for problem ([3.7))-(43.8]).

Theorem 4.1. Let X be a non-empty compact set, S(x) is nonempty and compact for every x € X. Suppose
that, Yrkt is lower semicontinuous at all x € X. Then, problem (3.7 - has a global pessimistic solution.

Proof. From the lower semicontinuity of the set-valued mapping i, we know that the optimal value
function ¢, is lower semicontinuous [4]. Since X is a non-empty compact set, so function 1y can attain
its minimum on X. O
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Next we will get an existence theorem of pessimistic optimal solution for PTOPM ([1.4)-(1.6) based on
auxiliary pessimistic bilevel optimization problem (3.7))-(3.8]).

Theorem 4.2. Suppose that f1, f2, g1 and g2 are continuous functions. Assume that f3(x,y,-), gi(z,y,-),
i=1,2,---,q3 are convex continuously differentiable functions on K(x,y), and the inequality constraint set
of the middle-level Y is a closed, and Slater’s CQ for the lower-level problem holds at all (z,y) € X x Y.
Moreover we assume that X is a non-empty compact set, S(x) is nonempty and compact for every x € X.
Vgt 15 lower semicontinuous at all x € X. Then PTOPM — has global pessimistic optimal solution.

Proof. According to condition (ii) of Theorem and Theorem we can obtain this theorem easily. [

5. Conclusions

In this paper, we mainly study the optimality conditions for PTOPM. Since the middle-level decision
maker is able to influence the lower-level decision maker’s choice. So the problem — is a parametric
optimistic bilevel optimization problem. Thus we can translate it into a parametric MPEC problem by
KKT approach. Since PTOPM is a very complex problem. So the necessary optimal condition we obtained
is also complicated, we will Simplify it in the future.
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