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1. Introduction

Recently, convex feasibility problems have been intensively investigated because they capture lots of
applications in various disciplines such as image restoration, and radiation therapy treatment planning. In
this paper, we are concerned with a convex feasibility problem of finding common solutions of uncountable
families of nonlinear operator equations and equilibrium problems. From viewpoint of numerical compu-
tation, mean-valued algorithms are efficient and powerful to study convex feasibility problems. However,
in the framework of infinite-dimensional spaces, they are only weakly convergent (convergent in the weak
topology); see [I7] and the references therein. In many subjects, including image recovery [13], economics
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[20], control theory [16], and physics [14], problems arises in the framework of infinite dimension spaces. In
these problems, strong convergence is often much more desirable than the weak convergence [I8]. To obtain
the strong convergence of mean-valued algorithms, different regularization techniques have been considered;
see [4l 5, [8, 9], T0] [1T), 15} 211 22] 23], 24), 25, 26, BT, 32), 33] and the references therein. The projection method
which was first introduced by Haugazeau [19] has been investigated for the approximation of fixed points of
nonlinear operators. The advantage of projection methods is that strong convergence of iterative sequences
can be guaranteed without any compact assumptions imposed on mappings or spaces.

In this paper, we study an uncountable family of generalized asymptotically-¢-nonexpansive mappings
and equilibrium problems in the terminology of Blum and Oettli [6], which include many important problems
in nonlinear functional analysis and convex optimization such as the Nash equilibrium problem, variational
inequalities, complementarity problems, saddle point problems and game theory, based on a monotone
projection algorithm. Strong convergence of the monotone projection algorithm is obtained in a Banach
space.

2. Preliminaries

Let B be a real Banach space and let C be a convex closed subset of B. Let B* be the dual of B. Let
F:C x C — R, where R denotes the set of real numbers, be a bifunction. Recall the following equilibrium
problem in the terminology of Blum and Oettli [5]. Find z € C such that

F(zy) >0, VyeCd. (2.1)
We use Sol(F') to denote the solution set of equilibrium problem (2.1f). Let
F(Qﬁ,y) = (Ax,y—a:), Vm)y607

where A : C — B* is a mapping. Then & € Sol(F) if and only if Z is a solution of the following variational
inequality. Find Z such that
(Azy—xz) >0, VYyeC. (2.2)

The following restrictions on bifunction F' are essential in this paper.

(R1) F(z,z)=0,Vz € C,

(R2) F(z,y)+ F(y,z) <0,Yx,y € C;

(R3) F(z,y) > limsup, g+ F(tz+ (1 —t)x,y),Vz,y,z € C, where t € (0,1);
(R4) for each z € C, y — F(z,y) is convex and weakly lower semi-continuous.

Recall that the normalized duality mapping J from E to 2F" is defined by
Jr={z* € B*: |[z|* = (z,2%) = |l«"]*}.

Let Sp be the unit sphere of B. Recall that B is said to be a strictly convex space if and only if |z + y|| < 2
for all x,y € Sp and = # y. It is said to be uniformly convex if for any e € (0,2] there exists 6 > 0 such
that for any z,y € Bp,

|z —yl| > e implies |z +y| <2 —26.

It is known that a uniformly convex Banach space is strictly convex and reflexive. B is said to be smooth or
is said to have a Gateaux differentiable norm if and only if lims_, || sz +y|| — s||z| exists for each z,y € Sp.
B is said to have a uniformly Gateaux differentiable norm if for each y € Sp, the limit is uniformly obtained
Vo € Sp. If the norm of B is uniformly Gateaux differentiable, then J is uniformly norm to weak™ continuous
on each bounded subset of B and single valued. It is also said to be uniformly smooth if and only if the
above limit is attained uniformly for x,y € Sp. It is well known that if B is uniformly smooth, then J is
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uniformly norm-to-norm continuous on each bounded subset of B. It is also well known that B is uniformly
smooth if and only if B* is uniformly convex.

In what follows, we use — and — to denote the strong convergence and weak convergence, respectively.
Recall that B is said to have the Kadec-Klee property if for any sequence {z,} C B, and x € B with
lzn| = ||z| and =, — =, then ||z, — z|| = 0 as n — oco. It is well known that if B is a uniformly convex
Banach spaces, then B has the Kadec-Klee property; see [12] and the references therein.

Let T be a mapping on C. T is said to be closed if for any sequence {x,,} C C such that lim,,_, z, = 2’
and lim,,_,oo T2, = ¢/, then T2’ = 3/. Let D be a bounded subset of C. Recall that T is said to be uniformly
asymptotically regular on C' if and only if limsup,,_, o sup,ep{||T"z — 7" z||} = 0. In this paper, we use
Fiz(T) to denote the fixed point set of mapping 7. Recall that a point p is said to be an asymptotic fixed
point [27] of mapping 7" if and only if subset C' contains a sequence {x,,} which converges weakly to p such
that lim, oo ||2n, — Txy|| = 0. We use }%(T) to stand for the asymptotic fixed point set in this paper.

Next, we assume that F is a smooth Banach space which means mapping J is single-valued. Study the
following functional defined on E:

$(@,y) = al® +llyl* - 2(z, Jy), Va,y€ B

Let C be a closed convex subset of a real Hilbert space H. For any z € H, there exists a unique nearest
point in C, denoted by Pcx, such that ||z — Pox|| < [z — y||, for all y € C. The operator Pg is called the
metric projection from H onto C. It is known that P is firmly nonexpansive. In [3], Alber studied a new
mapping Projc in a Banach space B which is an analogue of Po, the metric projection, in Hilbert spaces.
Recall that the generalized projection Projc : E — C'is a mapping that assigns to an arbitrary point x € £
the minimum point of ¢(z, y), which implies from the definition of ¢ ¢(z,y) > (||| — ||ly||)?, Va,y € E.

T is said to be relatively nonexpansive [7] iff

o(p,Tx) < ¢(p,x), Va € C,¥p € Fizx(T) = Fiz(T) # 0.
T is said to be relatively asymptotically nonexpansive [I] iff
o(p, T"z) < (pn + 1)d(p,x), Ve e C,Vpe FA%?U(T) = Fiz(T) # 0,Yn > 1,

where {u,} C [0,00) is a sequence such that p, — 0 as n — oco. T is said to be quasi-¢-nonexpansive [25]
iff

¢(p,Tz) < ¢(p,x), Vz € C,Vp € Fix(T) # 0.

T is said to be asymptotically quasi-¢-nonexpansive [26] iff there exists a sequence {u,} C [0,00) with
tn — 0 as n — oo such that

¢, T"x) < (un + Dé(p, ), Va € C,Vp € Fiz(T) #0,vn > 1.

T is said to be generalized asymptotically quasi-¢-nonexpansive [23] iff there exist sequences {p,}, {&n} C
[0, 00) with g, — 0, &, — 0 as n — oo such that

d(p, T"z) < (pn +1)o(p,x) + &, VYo e C,Vp € Fix(T) # 0,Yn > 1.

Remark 2.1. The class of relatively asymptotically nonexpansive mappings covers the class of relatively non-
expansive mappings. The class of quasi-¢-nonexpansive mappings and the class of asymptotically quasi-¢-
nonexpansive mappings cover the class of relatively nonexpansive mappings and the class of relatively asymp-
totically nonexpansive mappings. Quasi-¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive
mappings do not require the strong restriction that the fixed point set equals the asymptotic fixed point set.

Remark 2.2. The class of generalized asymptotically quasi-¢-nonexpansive mappings is a generalization of
the class of generalized asymptotically quasi-nonexpansive mappings in the framework of Banach spaces.
Common fixed points of generalized asymptotically quasi-nonexpansive mappings were investigated via
implicit iterations in [2].



X. Qin, B. A. Bin Dehaish, A. Latif, S. Y. Cho, J. Nonlinear Sci. Appl. 9 (2016), 2865-2874 2868

For our main results, we also need the following tools.

Lemma 2.3 ([3]). Let B be a strictly convez, reflexive, and smooth Banach space and let C' be a nonempty,
closed, and convex subset of B. Let x € B. Then

oy, Projex) < ¢(y,x) — ¢(Projox,x), VyeC,
(y — @0, Jo — Jag) < 0,Vy € C
if and only if xog = Projozx.

Lemma 2.4 ([30]). Let r be a positive real number and let B be uniformly convex. Then there exists a
convezx, strictly increasing and continuous function conf : [0,2r] — R such that g(0) = 0 and

I(1 =)y + tal* + ¢(1 — t)conf(||b — all) < t]lal* + (1 — )b
for alla,be 8" :={a € B:|a| <r} and t € [0,1].
Lemma 2.5 ([6], [25], [29]). Let B be a strictly convez, smooth, and reflexive Banach space and let C be a
closed convex subset of B. Let F' be a function with the restrictions (R1), (R2), (R3) and (R4), from C x C
toR. Let x € B and let r > 0. Then there exists z € C' such that rF(z,y) + (z —y,Jz — Jz) <0, Vy € C
Define a mapping W5 by
Wy ={2c C:rF(z,y) + (y — 2,z — Jx) >0, VyeCl.
The following conclusions hold:
(1) WET is single-valued quasi-¢-nonexpansive and
(WHp —Whq, Jp— Jq) > (WHp = WHq, JWETp — JWH7q)
for allp,q € B;
(2) Sol(F) = Fiz(W¥"r) is closed and conver;

(3) ¢(WF’T]9,I)) < ¢(q,p) — o(q, WF”"p), Vg € Fi:c(WF”').

Lemma 2.6 ([23]). Let B be a uniformly smooth and strictly conver Banach space which also has the
Kadec-Klee property and let C' be a convex closed subset of B. Let T be a generalized asymptotically quasi-
¢-nonexpansive mapping on C. Then Fix(T) is convez.

3. Main results

Theorem 3.1. Let B be a uniformly smooth and strictly convex Banach space which also has the Kadec-
Klee property and let C' be a convez closed subset of B. Let F; be a bifunction with (R1), (R2), (R3), (R4)
and let Q be an arbitrary index set. Let T; be a generalized asymptotically quasi-¢-nonexpansive mapping
on C for every i € Q. Assume that NiepSol(F;) (NieqFix(T;) is nonempty, bounded and T; is uniformly
asymptotically regular and closed on C' for every i € Q. Let {x,} be a sequence generated by

(:E() € B chosen arbitrarily,

C(l,i) = C,Vi € Q,

Cr = NicaCl1i,

z1 = Projc, %o,

Jugay = (1= o) I T 25 + i Ty,

Clivri =1v € Oy oW, z5) + (kay — ) D0 + €y = oW uga) s
Ci+1 = NieaClit1,),

zjt1 = Projc, 21,
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where D ;) = sup{o(v,z;) : v € NicaFix(T;) (N NicaSol(Fi)}, {ayq} is a real sequence in (0,1) such
that liminf; (1 — a(j4))agq > 0, {r;a} C [k,00) is a real sequence, where k > 0 is some real number,
Yii) € Cj such that v Fi(Yays 1) = Wia) — s JYGa) — Jzj), Y € Cj. Then {x;} converges strongly to
Projn,cqSol(F) NNico Fia(T;)T1-

Proof. We divide the proof into seven steps.

Step 1. Prove that NjcqFiz(T;) (| NicaSol(F;) is convex and closed.

Using Lemmal[2.5] we find that Sol(F}) is convex and closed and using Lemma 2.6 we find that Fiiz(T;) is
convex for every i € (2. Since T; is closed, we find that Fiiz(T;) is also closed. So, Projn,_q,Soi(F;) (Nicq Fiz(T;)T1
is well defined, for any element = in F.

Step 2. Prove that C} is convex and closed.

From the definition, we see that C(; ;) = C'is convex and closed. Assume that C{,, ;) is convex and closed
for some m > 1. Let p1,p2 € Clyq1,5)- It follows that p = (1 — A\)p1 + Apa € Cyy, ), where A € (0,1). Notice
that

(1, 2m) + (Km,i) — DD miy + Emiy = A(01, U(ma))
and

(P2, Tm) + (Km,i) — DD iy + Emaiy = A2, U(mi)-
Hence, one has

%

(ki) — D)D) + Emi) = 2001, JTm — Jt(miy) — |Zml1* + 1t m,s)
and
(k(m,z) - l)D(m,z) + g(m,z) > 2<p27 Jxm — Ju(m,2)> - meH2 + Hu(m,l)”2

Using the above two inequalities, one has ¢(p, Tim) + (kmi) — 1)Dmiy + Emyi) = (D, U(m,i))- This shows
that C(;,41,4) is convex and closed. Hence, Cj = NicqC(;;) is a convex and closed set. This proves that
Projc;,,x1 is well defined.

Step 3. Prove NicqFiz(T;) [ NieqSol(EF;) C C,,.

It is clear that N;eaSol(F;) (NieaFiz(T;) C C1 = C. Suppose that NieqSol(F;) () NieaFix(T;) C Clm,i)
for some positive integer m. For any v € NicqFiz(T;) (\NieaSol(F;) C Cpyqy, we see that

W, Umz)) = (1 = i) ) TT T + iy Ty iy I” + (V112
= 2(v, (1 = mi)) I T Tm + n i) T Y(msi) )
< (1= i) I @l + iy 1 TYm,i) |I* + Il
— 2(1 = A ) (03 ST ) = 20 (¥, Ty
< (1= ama I T 2ml* + i) [Yema I* + 112
— 2(1 = Ay ) (03 ST ) = 20 (¥ Ty
< (X = m,i)) K (m,iy (Vs Tm) + (1 = i) mi) + ¥m,iy @ (Vs T
< oW, xm) + (Kang) — D) Dimiy + Emyi)s
where D, ;y = sup{¢(v, Trn) : v € NieaFix(T;) ([ NicaSol(F})}. This shows that v € C(y, 41 4). This implies
that NeqSol(F;) N Nica iz (T;) C NicaClji) = Cj.

Step 4. Prove {z,} is bounded
Using Lemma one has (z — xj, Juy — Jxj) <0, for any z € C;. It follows that

(z —xj,Jor — Jxj) <0, Vz € NicaSol(F;) m NicoFix(T;) C Cj. (3.1)
Using Lemma [2.3] yields that

P(Projn, o Fizn(T;) N NicaSol(F) X1 1) — P(PTojn, o Fiz(T}) (| NicaSol(F)T15 Tj) = ¢(zj,21) > 0,
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which shows that {¢(z;,21)} is bounded. This further implies that {z;} is also a bounded sequence.
Step 5. Prove T € NijcqFix(T;).
Without loss of generality, we assume z; — Z € C;. Hence ¢(xj, 1) < ¢(Z, x1). This implies that

¢(Z,x1) > limsup ¢(z;, 1) > hmlnf d(xj,x1) = hmlnf(H:L‘JH2 + |21 )1? = 2(xj, J21)) > ¢(%, 7).
]-)OO

It follows that lim;_,o ¢(;,21) = ¢(Z,z1). Hence, we have lim;_,« ||z;|| = ||Z||. Using the Kadec-Klee prop-
erty, one obtains that {x;} converges strongly to z as j — oco. Since ¢(xj41,21) — d(xj, 1) > d(xj41,25),
one has lim; o ¢(7j41,2;) = 0. Since ;11 € Cj11, one sees that ¢(zj11,u(;4)) — ¢(Tj11,75) < (ki) —
D)Dgji) + &(jiy- It follows that lim; e ¢(zj41,u;;)) = 0. Hence, one has lim; oo (|lugall — [[2j41]) = 0.
This implies that lim; oo [|Ju(j )l = limj oo [lugq || = |Z]| = [|JZ||. This implies that {Ju;;)} is bounded.
Without loss of generality, we assume that {Ju(;;)} converges weakly to u*) ¢ E*. In view of the
reflexivity of E, we see that J(E) = E*. This shows that there exists an element u' € E such that
Ju' = u9). Tt follows that ¢(z;41, wi i) 201, Jugig) = llzjsl|*+11Ju | Taking lim inf;_,o, one has
0 > ||Z)? — 2(&, u™D) + |utD |2 = 2] + ||Ju]|? — 2(z, Ju') = ¢(Z,u’) > 0. That is, T = u’, which in
turn implies that JZ = u(?. Hence, Jugj; — Jx € E*. Since E* is uniformly convex. Hence, it has the
Kadec-Klee property, we obtain lim; o Ju(; ;) = JZ. Since J~ 1. E* - E is demi-continuous and F has the
Kadec-Klee property, one gets that u(;;) — , as j — oo. Using the fact

S(v,2j) = oW i) < (sl + llugapDllugy — 25l + 2, Juga) = Jz),
we find
lim (¢(v, ;) — o, ugp)) = 0.

j—o0
On the other hand, one sees from Lemma [2.4]
(v ug) = 11— ag) T @ + aga JygaI* + v
=2 (1= ago) I T 2 + aga Ty i)
< (1= aga)lIT 2l + g lygal* + IvI?
o (1 = agy)eof (I1Tyga — IT ;]
=205 (v, JT] ) = 2(1 = a2 Jyia)
< (v, zg) + (ki) — DDy + &G — oG (1 = aga)eof (Il Tye,) — JT ).

This implies
a1 = aga)eof(1Tyga — JT 25l) < d(v,25) — S ug) + (ki) — DD + G-

Using the restriction imposed on the sequence {a;;)}, one has lim; oo [||Jy(;q) — JTl-jl‘jH = 0. Since
Jugy — JT e, = (]z)(Jy(]z) JT!xy,), we have JTjCL‘] — JZ as j — oo. Since J7! : E¥* = E is
demi-continuous, one has T/z; — 7. Using the fact ||T/z;|| — |Z||| = ||JT ;|| — ||JZ]]| < ”JTJJ,‘] — Jz|,
one has | T?z;|| — ||Z|| as j — oc. Since E has the Kadec-Klee property, one has lim;_,, |||z — T]x]H = 0.
Since T} is also uniformly asymptotically regular, one has lim;_, ||z — 17 HxJH = 0. That is, T;(T/ ;) — z.
Using the closedness of T;, we find T;Z = . This proves = € Fiz(T;), that is, T € NieqFix(T;).

Step 6. Prove T € N;jeqSol(F;).

Since F; is monotone, we find that

6,0 Fi( Ya)) < [ — y(j,i)HHJy(j,i) — Jzj.

Therefore, one sees F;(p1,7) < 0. For 0 < t; < 1, define ;) = (1 — ;) + t;u. This implies that 0 >
Fi(p(z), ™). Hence, we have 0 = Fj(pu i), (i) < tili(piee,5), ). It follows that F(z,u) > 0, Vu € C. This
implies that & € Sol(F;) for every i € €.
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Step 7. Prove T = Projn,_,Sol(F,) (Nica Fia(T;) T1-
Using [3.1] one has (Z — z, Jz1 — JZ) > 0 2 € Niea(Fiz(T;) N Sol(F;)). Using Lemma [2.3] we find that

T = Projn,_, (Fiz(T;)nSol(B;))%1- This completes the proof. O

From Theorem the following result is not hard to derive.

Corollary 3.2. Let B be a uniformly smooth and strictly conver Banach space which also has the Kadec-
Klee property and let C' be a convex closed subset of B. Let F' be a bifunction with (R1), (R2), (R3), (R4)
and let T' be a generalized asymptotically quasi-¢-nonexpansive mapping on C. Assume that Sol(F)NFix(T)
is nonempty, bounded and T is uniformly asymptotically reqular and closed on C. Let {x,} be a sequence
generated by

xg € B chosen arbitrarily,

1 =C,

x1 = Projc, xo,

Ju; = (1— aj)Jzjj + o Jyj,

Cit1={v e Cj: o(v,z;) + (kj —1)D; + & = ¢(v,u;)},
zjy1 = Projc, 21,

where D = sup{¢(v,x;) : v € Fiz(T) N Sol(F)}, {cj} is a real sequence in (0,1) such that liminf; (1 —
aj)a; >0, {r;} C [k, 00) is a real sequence, where k > 0 is some real number, y; € C; such that rjFi(y;, p1) >
(Yj — i, Jy; — Jxj), Vu € Cj. Then {x;} converges strongly to Projserynrie(1)Z1-

For the class of asymptotically quasi-¢-nonexpansive mappings, we have the following result.

Corollary 3.3. Let B be a uniformly smooth and strictly convexr Banach space which also has the Kadec-
Klee property and let C' be a convez closed subset of B. Let F; be a bifunction with (R1), (R2), (R3), (R4)
and let  be an arbitrary index set. Let T; be a asymptotically quasi-p-nonexpansive mapping on C for every
i € Q. Assume that NepSol(F;) (NieaFix(T;) is nonempty, bounded and T; is closed on C' for every i € €.
Let {x,,} be a sequence generated by

(xo € B chosen arbitrarily,

Cay =C,Vie,

Cr = NicaCl),

1 = Projc, xo,

Jugiy = (1= agp)JT] )+ agnJyga,

Clirriy) ={v € Clyay 1 d(v,z5) + (ki) — 1) Day = d(v,uga)ts
Cj+1 = NieaCj+1,i)

LTj+1 = PTOjCj+1CU1,

\

where D(;; = sup{op(v,x;) : v € NieaFix(T;) (NicaSol(F;)}, {agq} s a real sequence in (0,1) such
that liminf; (1 — o 5))agqy > 0, {rgq)} C [k, 00) is a real sequence, where k > 0 is some real number,
Y € Cj such that vy Fi(y(ays 1) = Yia) — B JYGa) — Jxj), Vie € Cj. Then {5} converges strongly to
Projn,cqSol(F) NNieqFia(T,)T1-

For the class of quasi-¢-nonexpansive mappings, the boundedness of the common solution set is not

required.

Corollary 3.4. Let B be a uniformly smooth and strictly convexr Banach space which also has the Kadec-
Klee property and let C' be a convez closed subset of B. Let F; be a bifunction with (R1), (R2), (R3), (R4)
and let ) be an arbitrary index set. Let T; be a quasi-¢-nonexpansive mapping on C for everyi € . Assume
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that NieaSol(F;) (NieaFix(T;) is nonempty and T; is closed on C for every i € Q. Let {x,} be a sequence
generated by
xg € B chosen arbitrarily,

Capy =C Vi€,
Cr = NicaClu),

x1 = Projc, xo,

Jugiiy = (1= aga) JTizj + aga Ty,
C(j+1,i) ={ve C(j,i) L o(v, ) = o(v, u(j,i))}a
Cj+1 = NieaCljt1,i)

zj11 = Projo, 21,

where {a; 4} is a real sequence in (0,1) such that liminf; (1 — a;:))agq) > 0, {rga} C [k, 00) is a real
sequence, where k > 0 is some real number, y(; ;) € Cj such that v ) Fi(yei, 1) = Yy — B JYGa) — JT5),
Vu € Cj. Then {x;} converges strongly to Projn,_qSol(F;)(\NseoFia(T;)T1-

Let A: C — E* be a single valued monotone operator which is continuous along each line segment in
C with respect to the weak® topology of E* (hemicontinuous). Recall the following variational inequality.
Finding a point x € C such that (x — y, Az) < 0, Vy € C. The symbol Ne¢s(x) stands for the normal cone
for C' at a point z € C; that is, Nes(z) = {z* € E* : (x —y,2*) > 0, Yy € C}. From now on, we use Sol(A)
to denote the solution set of the variational inequality.

Theorem 3.5. Let E be a strictly convexr and uniformly smooth Banach space which also has the Kadec-Klee
property. Let 0 be an index set and let A; : C — E*, where C' is a nonempty closed and convexr subset
of E, be a single valued, monotone and hemicontinuous operator. Let B; be a bifunction with (R1), (R2),
(R3) and (R4). Assume that NieqVI(C, A;) is not empty. Let {x,} be a sequence generated in the following
process.

xg € B chosen arbitrarily,

C(l,i) =C,Vi e,

C1 = NieaClu),

x1 = Projc, xo,

Jugsy = (1= aga)Jz; + gy J(VI(C, A + 2 (J — Jxj))),

Clit1,5) =17 € Cyay 1 0(2,75) > 9(2,u(j4) }s

Cit1 = NicaCj11,)

zj+1 = Projc, 1,

where {a;q} is a real sequence in (0,1) such that liminf; . o) (1 — as)) > 0. Then {x;} converges
strongly to Projn,_qvi(c,a;)1-

Proof. Define a new operator M; by

A,
M — i+ Ne(z), zeC,
0, x ¢ C.

From [28], one has M; is maximal monotone and M; '(0) = VI(C, 4;), where M; *(0) stands for the zero
point set of M;. For each r; > 0, and x € E, we see that there exists an unique x,, in the domain of M; such
that Jo € Jx,, +r;M;(z,,), where x,, = (J +7;M;)~*Jx. Notice that uj; = VI(C, T%_(J— Jxj)+ A;), which
is equivalent to (u;; —v, Aizj,i+r%(<]zj,i— Jxj)) <0,Vy € C, that is, %(Jl’j —Jum-) € Nc(uj;)+ Aizji. This
implies that w;; = (J +r;M;) " Jz;. From [25], we find that (J + r;M;)~1J is closed quasi-¢-nonexpansive
with Fiz((J 4+ r;M;)~'J) = M;1(0). Using Theorem we find the desired conclusion immediately. ]
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Finally, we give a subresult in the framework of Hilbert spaces.

Theorem 3.6. Let C be a convex closed subset of a Hilbert space B. Let F; be a bifunction with (R1), (R2),
(R3), (R4) and let Q be an arbitrary index set. Let T; be a generalized asymptotically quasi-nonexpansive
mapping on C for every i € Q. Assume that NjepSol(F;) (NieqFixz(T;) is nonempty, bounded and T; is
uniformly asymptotically reqular and closed on C' for every i € Q. Let {x,} be a sequence generated by

(3:0 € B chosen arbitrarily,

Cay =C,Vie,

Cr = NicaCl),

x1 = Poy xo, A

ugi) = (1= o) Tz + aGyi.a),

Clitri) = v € Oy v = 25l + (ko) — DDy + €y = v —ugall*},
Cj+1 = NieaC(j11,i)

(Zj+1 = Poj,, 1,

where Dy = sup{|lv — z; || : v € NicaFiz(T;) N NicaSol(F;)}, {0} is a real sequence in (0,1) such
that iminf; (1 — o s))agqy > 0, {rgq)} C [k, 00) is a real sequence, where k > 0 is some real number,
Y € Cj such that vy Fi(yeiy, ) = Wi — B Y66 — Tj), Y € Cj. Then {x;} converges strongly to
Prcasol(F) N nseaFiz(T;) L1-

Proof. In the framework of Hilbert spaces, ¢(x,y) = ||z —y||?, Vz,y € E. The generalized projection Proj is
reduced to the metric projection P and the generalized asymptotically-¢-nonexpansive mapping is reduced
to the generalized asymptotically quasi-nonexpansive mapping. Using Theorem we find the desired
conclusion immediately. O
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