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Abstract

We establish some common best proximity point results for generalized a — -proximal contractive
non-self mappings. We provide some concrete examples. We also derive some consequences on some best
proximity results on a metric space endowed with a graph. (©2016 All rights reserved.
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1. Introduction and Preliminaries

Let A and B be two nonempty subsets of a metric space (X,d) and 7' : A — B be a non-self mapping.
Clearly, if ANT(A) = 0, the fixed point equation Tz = z has no solution. In this case, we have d(z,Tx) > 0
for all z € A. Also, d(A, B) < d(z,Tx) for all x € A. So, the aim of best proximity theory is to find z € A
such that d(z,Tz) is minimum and so to guarantee the existence a best proximal point of 7', named z € X
that is, d(A4, B) = d(z,Tz). In 2005, Eldred and Veeramani [4] gave existence and convergence of best
proximity points in the setting of a uniformly convex Banach space. Al-Thagafi and Shahzad [I] studied
convergence and existence results of best proximity points for cyclic p-contraction maps. In 2011, Sadiq
Basha [I7] stated some best proximity point theorems for proximal contractions. For some other results on
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best proximity points, see for example [11 3, 5] 6} 7, [8 9L 10} 1T}, 12} 13} 14] 15, 16, 18, 19, 211, 22] 23] 24] 25].
We recall some notations and definitions, which will be used in the sequel. Let A and B be two nonempty
subsets of a metric space (X, d).

d(A, B) = inf{d(a,b) : a € A, b€ B},
Ap={a € A:d(a,b) =d(A,B), forsomeb € B},
By ={be€ B:d(a,b) =d(A, B), forsomea € A}.

Definition 1.1. Let (X, d) be a metric space. Consider A and B two nonempty subsets of X. An element
a € X is said to be a common best proximity point of the mappings 5,7 : A — B if

d(a,Sa) = d(a,Ta) = d(A, B).

It is clear that a common fixed point coincides with a common best proximity point if d(A4, B) = 0. In
2013, Zhang et al. [26] introduced the concept of a weak (P)-property.

Definition 1.2 (|26]). Let A and B be nonempty subsets of a metric space (X, d) with Ay # 0. The pair
(A, B) is said to have the weak (P)-property if and only if

= d(ﬂfl,l’g) S d(ylayZ)v

d(x1,y1) = d(A, B)
d(w2,y2) = d(A, B)

where z1,29 € A and y1,y2 € B.

In 2012, Samet et al. [20] are the first who introduced the concept of a-admissible mappings. This nice
concept was generalized and extended in many directions. Now, as in [7], we introduce the concept of an
a-proximal admissible pair of non-self mappings.

Definition 1.3. Let A and B be nonempty subsets of a metric space (X,d) and o : X x X — [0,00). A
pair of non-self mappings S,T : A — B is named a-proximal admissible if

a(ry,z2) > 1
d(uy,Sz1) =d(A,B) = min{o(ui,u2), a(ug, u1)} > 1
d('LLQ,T.CEQ) = d(A,B

for all x1,T2,Ul, U2 € A.

Clearly, if d(A, B) = 0, the pair (S, T') is a-proximal admissible implies that the pair (S, T) is a-admissible
[2]. Now, let ¥ be the set of functions 9 : [0,00) — [0, 00) satisfying:
(11)%) is nondecreasing,

o
(12) Z " (t) < oo for each t > 0, where 9™ is the nth iterate of .
n=1

Clgarly, if ¢ € U, then ¥(t) < t for all t > 0 and ¥(0) = 0. In the following, we give some generalized
a-proximal contractions.

Definition 1.4. Let A and B two nonempty subsets of a metric space (X, d). Take ¢ € ¥ and a: X x X —
[0,00). Consider a pair of non-self mappings S,7: A — B.
i) (S,T) is called a generalized o — 1)-proximal contraction pair if

d(Sz, Ty) < p(M(z,y)) (1.1)
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for all z,y € A satisfying a(z,y) > 1, where

d(z,Sz) + d(y, Ty) — 2d(A, B) d(y,Sxz)+ d(z,Ty) — 2d(A, B)
2 ’ 2

M(z,y) = max{d(z,y), }. (1.2)

ii) (S,T) is called a generalized o — 1)-proximal contraction pair of the first kind if

a(z1,z2) > 1
d(u1,Sz1) =d(A,B) = d(ui,u2) < (M (z1,x2)),
d(UQ,Tl'Q) = d(A, B)

where x1, z9,uq,us € A.

In this paper, we establish some existence results on common best proximity points for a — t-proximal
contractive pairs of non-self mappings. We will support the obtained theorems by some concrete examples.
Some corollaries and consequences are also provided.

2. Main results

The first main result is

Theorem 2.1. Let A and B be nonempty subsets of a complete metric space (X, d) such that Ag # 0 and
A is closed. Let S, T : A— B be a generalized o — y-proximal contraction pair. Assume that

(1) S(Ao) € By, T(Ao) C By and (A, B) satisfies the weak (P)-property;
(73) (S,T) is an a-proximal admissible pair;
(7i1) there exist elements xo and x1 in Ay such that

d(z1,Sx0) =d(A,B) and min{a(xg,x1),a(z1,20)} > 1;

(iv) S and T are continuous.

Then there exists uw € A such that d(u, Su) = d(u,Tu) = d(A, B), that is, u is a common best prozimity
point of S and T'.

Proof. By assumption (iii), there exist xg and x; € Ag such that
d(x1,Sz9) =d(A,B) and min{a(zo,z1),(r1,20)} > 1. (2.1)

From condition (i), we have Tz € By, so there exists x9 € Ay such that

d(zg,Tz1) = d(A, B). (2.2)
By , and from the fact that (S,7) is an a-proximal admissible pair

min{a(x1, x2), a(xe,z1)} > 1.

Again, from condition (i), we have Sxa € By, so there exists z3 € Ay such that

d(zs3, Sxo) = d(A, B).

Similarly, we have
min{a(xe, r3), a(xs, x2)} > 1.

Repeating the above strategy, by induction, we construct a sequence {z,} in Ay such that

min{a(Zn, Tpt1), ¥(Tnt1,2,)} > 1 forall n >0 (2.3)
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and
d(xgn_H, Sl’gn) = d($2n+2, Tx2n+1) = d(A, B) for all n > 0. (2.4)

From condition (7), the pair (A, B) satisfies the weak (P)-property, so
d(zon+1, Tont2) < d(Swop, Txony1) for all n > 0. (2.5)

Similarly,
d($2n,$2n+1) S d(S.ﬁI}Qn, T.%'Qn_l) for all n Z 1.

The pair (S,T) is a generalized o — 1)-proximal contraction, so for all n > 1, using (2.3), (a(zon, zon+1) >1),

E3) and (L),
d(ﬂf2n+1a x2n+2) < d(8x2n, Tm2n+1) < w(M(Qan x2n+l))’
where

d(zoy, Sta,) + d(xops1, TTons1) — 2d(A, B
M(w2nax2n+1) :max{d(x2n,$2n+1)7 ( 2 2 ) ( 2 +21 2 +1) ( )’

d(x2n+17 Sx?n) + d($2na TxQn—l—l) - 2d(A, B) }
9 .

By a triangular inequality, using (2.4]), we have

M (zon, xon+1) < max{d(zon, Ton+t1),

d(zon, Tan+1) + d(Ton+1, Swon) + d(Tont1, Tony2) + d(@2n42, Txont1) — 2d(A, B)
2 b

1
§(d(9€2m Tont1) + d(Tan+1, Tant2)) b

d(w2n, T2n+1) + d(T2nt1, Ton+2) )
2 )
< max{d(x2,, Tan+1), A(T2n41, Tant2) }-

= max{d(xan, T2n+1),

Taking in consideration that ¢ is a nondecreasing function, we get

d(x2n41, Tont2) < Y(max{d(zan, Ton+1), d(T2n+1, Tant2)})- (2.6)

A similar reasoning shows that

d(z2n, Tant1) < Y(max{d(z2,—1,22n), d(T2n, T2nt1)})-
If d(x2ng, T2ne+1) = 0 for some ng, then from (2.6,

d(T2mg+1, Tangt2) < Y(max{0, d(r2n+1, Tant2)}) = V(d(T2ng+1, T2ng+2))

which necessarily yields that d(z2p+1, Tong+2) = 0. So, we have Ta,, = Ton,+1 = Tany+2 and from ,
we obtain d(z2n,, STan,) = d(T2ny, Tx2n,) = d(A, B), that is xa,, is a common best proximity point of S
and T'. Similarly, if d(x2ng+1, T2ng+2) = 0 for some ng, then we get that z9,,+1 is a common best proximity
point of S and T and the proof is completed.
Now, we suppose that
d(xp, xpe1) >0, forall n > 0.

Suppose that max{d(zan, Tan+1), d(Ton+1, Ton+2)} = d(T2n11, Tant2) for some n, then from (2.6) and since
Y(t) < t for all t > 0, we obtain

d(xon41, Tant2) < Y(d(xont1, Tant2)) < d(Tont1, T2nt2),

which is a contradiction. Then, we have

d(zan+41, Tant2) < Y(d(x2n, Tant1)), for all n > 0.
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Similarly,
d(z2n, Tont1) < PY(d(Ton—1,%2,)), forall n > 1.
We deduce
d(xp, Tni1) < Y(d(zp—1,2y)) forall n>1.
Therefore,

d(xp, xpt1) < YP"(d(zo,x1)) for all n > 0.

Then, for all £k >0

n+k—1 0o e )
d(xnal‘n—&-k:) < Z d(wmaxm+1) < Z d($m7$m+1) < Z wm(d(l‘Oaxl))-

Since 9 € V¥, it follows that {z,} is a Cauchy sequence in A, which is a closed subset of the complete metric

space (X,d), then there exists u € A such that x,, — u as n — oo. The mapping S is continuous at u,

so lim Sxzg, = Su. Moreover the continuity of the metric function d implies that lim d(x2,41,S%2,) =
n—oo n—o0

d(u, Su). Then, by (2.4)), we obtain d(A, B) = d(u, Su). Similarly, by the continuity of 7" we have d(A, B) =

d(u,Tu). So, u is a common best proximity point of S and 7.
O

In the next result, we replace the continuity hypothesis by the following condition on A.

(H) If{x,} is a sequence in A such that min{a(xy, zpt+1), (Tpt1,2,)} > 1 for all n and z, — = € A as
n — oo, then there exists a subsequence {x,)} of {z,} such that min{a(u, z,)), A(Tp@w),u)} > 1
for all k.

Theorem 2.2. Let A and B be nonempty subsets of a complete metric space (X, d) such that Ag # 0 and
A is closed. Let S, T : A — B be a generalized o — y-proximal contraction pair. Assume that

(1) S(Ap) C By, T(Ap) C By and (A, B) satisfies the weak (P)-property;

(1) (S,T) is an a-proximal admissible pair;
(tit) there exist elements xo and x1 in Ao such that

d(x1,Sx9) =d(A,B) and min{a(xg,z1),a(z1,20)} > 1;

(iv) (H) holds.
Then, there exists u € A such that d(u,Su) = d(u, Tu) = d(A, B).

Proof. Following the proof of Theorem there exists a sequence {z,} in Ay such that and (2.4)
hold. Also, {z,} is a Cauchy sequence in the subset A, which is closed in the complete metric space (X, d),
then there exists u € A such that x,, — u as n — oo. By hypothesis (H), we have a(u, Top(x)+1) > 1.

On the other hand, by a triangular inequality, using and , we get

d(u, Su) < d(u, Topky+2) + A(Tank)y+2, Ton(k)+1) + A(TTon )41, Su)
< d(u, Ton(ky+2) + d(A, B) + (M (u, Tanry 1)),
where
Mty 2may 1) = mas{d(t, 2pmey 1), d(u, Su) + d($2n(k)+1»2T$2n(k)+1) — 2d(4, B),
d(Ton k)41, Su) + d(u, Toony+1) — 2d(A, B) N
2
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Again, by a triangular inequality, using (2.4]), we have

d(“? Su) + d(xQn k y Lon(k 2) - d(A, B)
M (u, @op k) +1) < max{d(u, Tap(r)+1), ( )Hz (k)+ 7

d($2n(k)+17 u) + d(u, Su) + d(u, 372n(k)+2) —d(A, B)}
5 .
We get d(u, Su) — d(A, B) > 0. Suppose that d(u, Su) — d(A, B) > 0. We know that

lim d = lim d = lim d =0.
kin;o (u, x2n(k)+1) kinolo (1’2n(k)+17 x2n(k)+2) k;inolo (u, szn(k)+2) 0
Then, there exists N € N such that for all k > N,
3
M(u7 x2n(k)+l) < Z[d(u7 S’U,) - d(A7 B)]
1 in a nondecreasing function, so we obtain for all &k > N,
3
d(“? Su) - d(Aa B) < d(“? xQn(k)-i—Q) + w(z[d(% SU) - d(A7 B)])
Having ¢ (t) < t for all ¢ > 0, then letting k — oo, we get
3 3
d(u, Su) — d(A, B) < (7 [d(u, Su) — d(4, B)]) < ;[d(u, Su) — d(4, B)],

which is a contradiction. Hence, we find that d(u,Su) — d(A4, B) = 0, that is, d(u, Su) = d(A, B). By a
similar reasoning, we find that d(u,Tu) = d(A, B). Thus, u is a common best proximity point of S and
T. O

Now, we prove the uniqueness of such common best proximity point. Here, we need the following
additional condition.

(U): For all x,y € CB(S,T), we have a(z,y) > 1, where CB(S,T) denotes the set of common best
proximity points of S and 7.

Theorem 2.3. Adding condition (U) to the hypotheses of Theorem (resp. Theorem , we obtain that
u is the unique common best proximity point of S and T.

Proof. We argue by contradiction, that is, there exist u,v € A such that d(A, B) = d(u, Su) = d(u,Tu) =
d(v, Sv) = d(v, Tv) with u # v. By assumption (U), we have a(u,v) > 1. So, as the pair (A, B) satisfies the
weak (P)-property, by (1.1, we have

0 < d(u,v) < d(Su,Tv) < Y(M(u,v)), (2.7)

where
d(u, Su) +d(v,Tv) —2d(A, B) d(v,Su)+ d(u,Tv) — 2d(A, B)
2 ’ 2
d(v, Su) + d(u, Tv) — 2d(A, B)}
5 :

M (u,v) = max{d(u,v),

}

= max{d(u,v),0,

By a triangular inequality, we have

d(v,u) + d(u, Su) + d(u,v) + d(v, Tv) — d(A, B)

M (u,v) < max{d(u,v), B) } (2.8)

= max{d(u,v),d(u,v)} = d(u,v).

Using (2.7)), (2.8) and the fact that ¢ in a nondecreasing function together with the property ¥(t) < t for
all t > 0,

0 < d(u,v) < ¢(d(u,v)) < d(u,v),

which is a contradiction. Hence, u = v. O
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The following example illustrates Theorem

Example 2.4. Let X = [0,00) X [0, 00) be endowed with the metric d((x1, 22), (y1,vy2)) = |x1—y1|+|x2 —y2l.
Take A = {1} x [0,00) and B = {0} x [0,00). Remark that d(A, B) = d((1,0),(0,0)) = 1. Also, Ag = A
and By = B. Moreover, A is closed. Consider the mappings S,7 : A — B as

ML@—{m”) rosesl ﬂL@_{mw) if0<z<1

0,z—13) ifax>1, (0,20 —3)  ifz>1

We have S(Ag) € By and T'(Ag) C By. Now, let (1,21),(1,22) € A and (0,u1), (0,u2) € B such that

{d((l,mn,(o,u)) d(A, B) =
d((1,22), (0,u2)) = d(A, B) =

Necessarily, (x1 = u; € [0,1]) and (x2 = ug € [0,1]). In this case,

d((L xl)? (17 .%'2)) = d((ov ut), (07 u2))?

that is, the pair (A, B) has the weak (P)-property.
Take t(t) = 3t for all t > 0. Define a: X x X — [0, 00) as follows

{O‘(('x:y%(sat)) =1 if (x,y), (S,t) € [0, 1] X [0, 1]
a((z,y), (s,t)) =0 if not.

Let (1,21),(1,22),(1,u1) and (1,ug) in A such that

a((1,z1), (L, 22)) 21
((1 ul)aS(l xl)) (A’ B) =1
d((1,u2), T(1,29)) = d(A,B) = 1.

Then, necessarily, (z1,72) € [0,1] x [0,1]. We also have (u; = % and ug = %). So

min{a((l’ul)’ (17u2))’ O‘((LUQ)’ (1,U1))} > 1,

that is, (S,T) is a-proximal admissible pair.
Let (1,z) and (1,y) € A such that a((1,z),(1,y)) > 1. Then, z,y € [0,1]. In this case, we have

d(S(L,2), T(Ly)) = (0, 5). (0, )
= |5 = 21 = $(d((L,2), (1,y) < VM ((L,2), (1,1))).

We deduce that (1.1)) holds. Furthermore, S and T are continuous. Moreover, the condition (¢i7) of Theorem
is verified. Indeed, for zo = (1,1) and z1 = (1, 3), we have
d(xzy,Sxo) = d((1, )=1=d(A,B) and min{a(xg,x1),(x1,20)} > 1.

Hence, all hypotheses of Theorem are verified. So, the pair (S,7T) admits a common best proximity point
which is u = (1,0). It is also unique.

Theorem 2.5. Let A and B be nonempty subsets of a complete metric space (X, d) such that Ay # 0 and
A is closed. Let S,T : A — B be a generalized o — -proximal contraction pair of the first kind. Assume
that
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(1) S(Aog) € Bo, T'(Ao) € Bo;
(13) (S,T) is an a-proximal admissible pair;
(tit) there exist elements xy and x1 in Ao such that

d(z1,Szo) = d(A,B) and min{a(xg,z1),a(x1,20)} > 1;
(tv) S and T are continuous.
Then, there exists u € A such that d(u,Su) = d(u, Tu) = d(A, B).
Proof. Following the proof of Theorem [2.1} we construct a sequence {z,} in Ay such that

min{a(Zn, Tpt1), ¥(Tnt1,2,)} > 1 forall n >0 (2.9)

and
d($2n+1, ngn) = d(l‘gnJrQ, Tl'gnJrl) = d(A, B) for all n > 0. (210)

Since (S,T) is a generalized o — 1-proximal contraction pair of the first kind, from (2.9), (2.10) and (2.1),

we have
d(zan+1, Tan+2) < Y(M(z2n, T2n+1))

and
d(z2n+41, Ton) < Y(M (22, T2n-1)).

Then, following the proof of Theorem [2.1], we have
d(zp, nt1) < Y(d(zp—1,x,) for all n > 0.

Consequently, {z,} is a Cauchy sequence in the subset A, which is closed in the complete metric space
(X,d), then there exists u € A such that x,, — u as n — oo. Also, using the continuity of S and T, we get
that d(u, Su) = d(u,Tu) = d(A, B). Thus, u is a common best proximity point of S and 7'

O

Theorem 2.6. Adding condition (U) to the hypotheses of Theorem we obtain that u is the unique
common best proximity point of S and T.

Proof. We argue by contradiction, that is, there exist u,v € A such that d(A, B) = d(u, Su) = d(u,Tu) =
d(v,Sv) = d(v,Tv) with u # v. By assumption (U), we have a(u,v) > 1. So, as the pair (5,7T) is a
generalized a — ¥-proximal contraction of the first kind, then

0 < d(u,v) <P(M(u,v)) =(d(u,v)) < d(u,v),
which is a contradiction. Hence, u = v. O
We provide the following example.

Example 2.7. Let X = [0, 00) X [0, 00) be endowed with the metric d((z1, z2), (y1,y2)) = |1 —y1|+|r2—Y2|.
Take A = {1} x [0,00) and B = {0} x [0,00). We mention that d(A, B) =1, Ay = A and By = B. Consider
the mappings S, T : A — B as

x2 . LL‘Z .
sz) =10 i) ifo<e<1t T(Le) = (0,252 ifo<z<l1
7 (0,$—%) ite>1, ’ (0,230—%) x> 1

We have S(Ao) - BO and T(Ao) - Bo.
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Take t(t) = 3t for all t > 0. Define a1 X x X — [0, 00) as follows

{a((x,y» () =1 i (2,),(s,6) € 0,1] x [0,1]
al(z,y), (s,t)) =0 if not.

Let (1,21),(1,22),(1,u1) and (1,ug) in A such that

d((lvul)vs(lyxl)) = d(AaB =1
d((l,ug),T(l,l‘g)) = d(A7B =1
Then, necessarily, (z1,x2) € [0,1] x [0,1]. Also, we have (u; = Hf% and ug = #) So

min{a((lv u1)7 (17 u2))7 O‘((la u2)7 (17 ul))} >1

that is, (S,T) is an a-proximal admissible pair.

Moreover,
1+ 22 1+ a3
d((17u1)7(17u2>) = d((L 4 )7(17 4 ))
_1+x% 1+£L’%_.CC% ac%_l
=l 1=l 1= @t )|z — 22

< %Iﬂfl — @2 = P(d((1,21), (1, 22))) < Y(M((1,21), (1, 22)))-

Then, (S,T) is a generalized o — 1-proximal contraction pair of the first kind. Furthermore, S and T are
continuous. Moreover, the condition (iii) of Theorem is verified. Indeed, for zg = (1,1) and z1 = (1, 3),

we have ] ]
d(x1,Szo) = d((1, 5), (0, 5)) =1=4d(A,B) and min{a(zg,z1),a(r1,20)} > 1.

Hence, all hypotheses of Theorem are verified. So, the pair (S,7T) admits a common best proximity point
which is u = (1,2 — \/§) It is also unique.
3. Consequences

In this paragraph, we present some consequences of our obtained results.

3.1. Some classical best proximity point results

We have the following natural results.

Corollary 3.1. Let A and B be nonempty subsets of a complete metric space (X, d) such that Ay # 0 and
A is closed. Let S,T: A— B and a: X x X — [0,00) be given non-self mappings such that

a(z,y)d(Sz, Ty) < Y(M(z,y)),
for all xz,y € A, where 1p € ¥ and M(x,y) is defined by (1.2).

Also, assume that

(1) S(Ao) € By, T(Ao) C By and (A, B) satisfies the weak (P)-property;
(1) (S,T) is an a-proximal admissible pair;
(7i1) there exist elements xg and x1 in Ay such that

d(x1,Sx9) =d(A,B) and min{a(xg,z1),a(z1,20)} > 1;
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(tv) S and T are continuous or (H) holds.
Then, there exists u € A such that d(u, Su) = d(u,Tu) = d(A, B).

Corollary 3.2. Let A and B be nonempty subsets of a complete metric space (X,d) such that Ay # 0 and
A is closed. Let S,T : A — B and o : X x X — [0,00) be given non-self mappings. Suppose there exists

k € 10,1) such that
d(Sz, Ty) < kM(z,y),

for all x,y € A, satisfying a(x,y) > 1, where M(x,y) is defined by (1.2). Also, assume that

(1) S(Ag) C By, T(Ag) C By and (A, B) satisfies the weak (P)-property;
(73) (S,T) is an a-proximal admissible pair;
(7i1) there exist elements xo and x1 in Ay such that

d(x1,Sx9) =d(A,B) and min{a(xg,z1),a(z1,20)} > 1;
(iv) S and T are continuous or (H) holds.
Then, there exists u € A such that d(u,Su) = d(u, Tu) = d(A, B).
Proof. Tt suffices to take ¢ (t) = kt in Theorem (resp. Theorem [2.2).

Corollary 3.3. Let A and B be nonempty subsets of a complete metric space (X, d) such that Ay # 0 and
A is closed. Let S,T : A — B and a: X x X — [0,00) be given non-self mappings. Suppose there ezists

k €0,1) such that

O

d(Sz,Ty) < kd(z,y),

for all x,y € A. Also, assume that
(1) S(Ap) C By, T(Ag) C By and (A, B) satisfies the weak (P)-property;
(73) (S,T) is an a-proximal admissible pair;

(i) there exist elements xo and x1 in Ay such that

d(x1,Sz9) =d(A,B) and min{a(xg,z1),a(z1,20)} > 1;

(tv) S and T are continuous or (H) holds.
Then, there exists u € A such that d(u,Su) = d(u, Tu) = d(A, B).
In the case A = B, we have the following common fixed point result.

Corollary 3.4. Let A be nonempty closed subset of a complete metric space (X,d). Let S, T : A— A be a
generalized o — P-proximal contraction pair. Assume that

(1) (S,T) is an a-proximal admissible pair;
(ii) there exists xo in Ay such that

min{a(zg, Svo), a(Swo, )} > 1;

(791) S and T are continuous or (H) holds.
Then, the pair (S,T) admits a common fixed point.

Corollary 3.5. Let A and B be nonempty subsets of a complete metric space (X, d) such that Ay # 0 and
A is closed. Take yp € . Let S,T : A — B be given non-self mappings such that

d(Sz, Ty) < (M (x,y))

for all x,y € A, where M (z,y) is defined by (1.2]).
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Assume that S(Ao) C By, T(Ao) C By and (A, B) satisfies the weak (P)-property. Then, the pair (S,T)
admits a unique common best proximity point.

Proof. Tt suffices to take a(x,y) =1 in Theorem O

Corollary 3.6. Let A and B be nonempty subsets of a complete metric space (X,d) such that Ay # 0 and
A is closed. Takey € V. Let T : A — B be a given non-self mapping such that

d(Tz, Ty) < ¢Y(M(z,y))

for all x,y € A, where M (z,y) is defined by (1.2]).
Assume that T(Ag) C By and (A, B) satisfies the weak (P)-property. Then, T has a unique best proximity

point.

Corollary 3.7. Let A and B be nonempty subsets of a complete metric space (X,d) such that Ay # 0 and
A is closed. Let S, T : A — B be given continuous non-self mappings such that

{d(ul, Sxz1) = d(A, B)

d(ug, Txo) = d(A, B) = d(u1,u2) < P(M(x1,x2)),

where 1,2, u1,us € A, M(x,y) is defined by (1.2) and ¢ € V. Assume that S(Ag) C By and T'(Ap) C By.
Then, there exists u € A such that d(u,Su) = d(u, Tu) = d(A, B).

Proof. Tt suffices to take a(xz,y) =1 in Theorem O]

Corollary 3.8. Let A and B be nonempty subsets of a complete metric space (X,d) such that Ay # 0 and
A is closed. Let T : A — B be a given continuous non-self mapping such that

d(u1,Tx1) = d(A, B)
{d(u2, Ta) —d(a,p) ) < G m)),

where x1,x2,u1,u2 € A, M(x,y) is defined by (1.2) and ¢ € V. Assume that T(Aog) C By. Then, T has a
best proximity point.

3.2. Some best proximity results on a metric space endowed with a graph

Let (X,d) be a metric space and A := {(z,z) : © € X} be the diagonal of X x X. Let G be a directed
graph such that the set V(G) of its vertices coincides with X and A C E(G), where E(G) is the set of
edges of the graph. Assume also that G has no parallel edges, and thus one can identify G with the pair
(V(G), E(G)) .

We need in the sequel the following hypothesis.

(Hg) If {z,} is a sequence in A such that (z,%n+1), (Tnt+1,2n) € E(G) for all n and z, — = € A as
n — oo, then there exists a subsequence {z,)} of {z,} such that (2,4, ), (z,7,x)) € E(G) for all
k.

Again, we introduce the following definition.

Definition 3.9. Let A and B be nonempty subsets of a metric space (X,d) endowed with a graph G.
S,T: A— B is named a G-proximal pair of mappings if

(.%'1,1'2) S E(G)

d(uy, Sx1) = d(A,B) = (u1,u2), (u2,u1) € E(G),

d(ug, T'zo) = d(A, B)

where x1, 9, uq,us € A.
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We have two best proximity point results on a metric space endowed with a graph.

Corollary 3.10. Let A and B be nonempty subsets of a complete metric space (X, d) endowed with a graph
G such that Ag # 0 and A is closed. Let S,T : A — B be given non-self mappings such that

d(Sz,Ty) < Y(M(z,y)) (3.1)
for all z,y € A such that (z,y) € E(G), where ¢ € ¥ and M (z,y) is defined by (1.2)). Suppose that

(1) S(Ao) € By, T(Ap) C By and (A, B) satisfies the weak (P)-property;
(1) (S,T) is a G-proxzimal pair;
(tit) there exist elements xy and x1 in Ay such that

d(xzy,Sxg) =d(A,B) and (xo,x1),(x1,20) € E(G);
(tv) S and T are continuous or (Hg) holds.
Then, there exists u € A such that
d(u, Su) = d(u, Tu) = d(A, B).

Proof. Tt suffices to consider a: X x X — [0, 00) such that

=4y e
All hypotheses of Theorem (resp. Theorem are satisfied. This completes the proof. O

Similar to Corollary we may state the following result.

Corollary 3.11. Let A and B be nonempty subsets of a complete metric space (X,d) endowed with a graph
G such that Ag # 0 and A is closed. Let S,T : A — B be a given non-self mappings such that

{d(ul, Sz1) = d(A, B)

dlus, Taz) — (A, gy w2 < 0, 22),

where x1, 9, u1,us € A such that (x1,2z2) € E(G), where ¢» € ¥ and M (z,y) is defined by (1.2]). Suppose
that

(i) S(Ao) C Bo, T(Ao) C Bo;
(i) (S,T) is a G-proxzimal pair;
(7it) there exist elements xo and x1 in Ay such that

d(xz1,Sxg) =d(A,B) and (xo,21),(x1,20) € E(G);
(tv) S and T are continuous.

Then, there exists u € A such that
d(u, Su) = d(u, Tu) = d(A, B).

3.3. More consequences
It is easy to see that more consequences can be derived from our results by taking:

(&

(a) S

(b) 4= B;

(¢) a(x,y) in a proper way like in [9];
(d) ®(t) in a proper way like in [9];
(e)

t
M (z,y) in a proper way.
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The case of (a) is clear. Notice that in case of (b), we derive several existing fixed point theorems. For
example, by using (c) together with (b), we conclude a number of existing fixed point results in the frame
of cyclic mappings as well as fixed point results in the context of partially ordered metric spaces. It is
worth mentioning that (d) implies several famous results by choosing v (¢) in a proper way. The number of
elements in M (z,y) can be restricted and each restriction gives another corollary.
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