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Abstract

In this paper, we introduce two iterative algorithms based on the hybrid steepest descent method for
solving the split feasibility problem. We establish results on the strong convergence of the sequences gener-
ated by the proposed algorithms to a solution of the split feasibility problem, which is a solution of a certain
variational inequality. In particular, the minimum norm solution of the split feasibility problem is obtained.
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1. Introduction

We consider the split feasibility problem (SFP) which is formulated as finding a point x* with property
¥ eC and Az* € Q, (1.1)

where C' and @) are two nonempty closed convex subsets of real Hilbert spaces Hy and Hs, respectively, and
A : Hy — Hs is a bounded linear operator.

The SFP (1.1) in finite-dimensional Hilbert spaces was first introduced by Censor and Elfving [4] for
modeling inverse problems which arise in phase retrievals and in medical image reconstruction [1]. In [3] 5 6],
it has been shown that the SPF (|1.1)) can also be used to model the intensity-modulated radiation therapy.
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The SFP is said to be consistent if ([1.1)) has a solution. It is easy to see that SFP (1.1)) is consistent if
and only if the following fixed point problem has a solution (see Proposition 3.2 in [I7]):

find z € C such that Po(l — yA*(I — Pg)A)x =z, (1.2)

where Pc and P are the projections onto C' and @, respectively, and A* is the adjoint of A. It is well
known that if v € (0, ||,42||2 ), then T' = Pc(I —vyA*(I — Pg)A) in the operator equation is nonexpansive
(I16).

Various iterative algorithms have been studied to solve the SFP (1.1)), see, e.g., [2 14l [7, O] 1T}, 14} 16,
17, 19, 23], 24] and references therein. In particular, in view of the fixed point formulation of the SFP
(L.1), Xu [17] applied the following KM CQ algorithm to solve the SFP (L.1):

Tyl = (1 —ap)zn + anTxy, n >0, (1.3)
where T is the averaged mapping given by

T = Po(I — 7 A*(I — Po)A)

for v € (0, i jHQ), and obtained weak convergence of the sequence {z,} generated by (1.3]) to a solution of

SFP (1.1]).

Recently, some iterative algorithms for solving variational inclusions, mixed equilibrium problems, fixed
point problems and for finding the minimum norm element in common solution set of the problems are
considered by many authors. For instance, see [20-22] and references therein.

On the other hand, Yamada [18] introduced the following hybrid steepest descent method for a nonex-
pansive mapping S for solving the variational inequality:

Tpt1 = (I —appF)Sx,, n>0, (1.4)

where F' : H — H is a k-Lipschitzian and n-strongly monotone operator with constants x > 0 and n > 0;
and 0 < p < i—g He proved that if {«,} satisfies appropriate conditions, the sequence {x,} generated
by converges strongly to the unique solution of the variational inequality related to F', of which the
constraint set is the fixed point set Fiz(S) of S.

In this paper, as a continuation of study for solving the SFP (1.1)) via fixed point methods, we present
two iterative algorithms based on Yamada’s hybrid steepest descent method [18] for solving the SFP .
First, we introduce an implicit algorithm. Next, by discretizing the continuous implicit algorithm, we
provide an explicit algorithm. Under some appropriate conditions, we show the strong convergence of
proposed algorithms to some solution of the SFP (1.1)) which solves a certain variational inequality. As
special cases, we obtain two algorithms which converges strongly to the minimum norm solution of the SFP

[T1).
2. Preliminaries and lemmas

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively, and let K be a
nonempty closed convex of H. We recall that:

(1) a mapping f : H — H is k-contractive if ||fz — fy|| < k|l — y|| for some constant & € [0,1) and
Ve, y € H;

(2) a mapping V : H — H is I-Lipschitzian if |[Vz — Vy|| < ||z — y|| for some constant | € [0,00) and
Ve, y € H;

(3) a mapping T': H — H is nonexpansive if ||[Tz — Ty|| < ||z — yl|, Vz, y € H;
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(4) a mapping T' : H — H is averaged if T' = (1 — v)I + vG, where v € (0,1) and G : H — H is
nonexpansive. In this case, we also say that T is v-averaged;

(5) a mapping A : H — H is monotone if (Azx — Ay, z —y) >0, Vz, y € H;

(6) an operator F': H — H is s-Lipschitzian and n-strongly monotone with constants x > 0 and n > 0 if
|Fz — Fy| < sl|lz — y|| and (Fz — Fy,z —vy) > nl|lz — y||?, Vo, y € H, respectively.

Recall that the (nearest point or metric) projection from H onto K, denoted by Pk, is defined in such
a way that, for each x € H, Pk is the unique point in K with the property

|2 = P (2)|| = min{[lz —y[| : y € K7}.
It is well known that Py is nonexpansive, and for x € H,
z=Pgxr<—= (r—z,y—2)<0, VyeC. (2.1)
Moreover, Pk satisfies
(x —y, Pxx — Pgy) > ||Pxax — Pryl®, Vz, y € H,

and
lz —y||2 > ||z — Pzl + ||y — Pxx|?, Vo€ H andye K.

It is also well known that Pk is %—averaged and composite of finite many averaged mappings is averaged.

Throughout this paper, we will use the following notations:

e Fix(T) stands for the set of fixed points of T
e 1z, — z stands for the weak convergence of {z,} to z;
e 1z, — z stands for the strong convergence of {z,} to x.

We also need the following lemmas for the proof of our main results.

Lemma 2.1 ([13]). In a real Hilbert space H, the following inequality holds:
2 +yl* < [l2|* + 2(y,z +y), Vo, ye H.

Lemma 2.2 ([§]). (Demiclosedness principle). Let C' be a nonempty closed convex subset of a real Hilbert
space H, and let S : C'— C be a nonexpansive mapping. Then, the mapping I — S is demiclosed. That is,
if {zn} is a sequence in C such that x, — z* and (I — S)x, — y, then (I —S)z =y.

Lemma 2.3 ([10]). Let C be a nonempty closed convex subset of a real Hilbert space H. Assume that the
mapping F : C — H is monotone and weakly continuous along segments (that is, F(z + ty) — F(x) as
t — 0). Then the variational inequality

*eC, (Fz*,x—2")>0, =zeC,
1s equivalent to the dual variational inequality
zreC, (Fx,x—zx%)>0, xze€C.

Lemma 2.4 ([12]). Let {x,} and {z,} be bounded sequences in a Banach space E and {v,} be a sequence
in [0, 1] which satisfies the following condition:

0 < liminf~, <limsup~y, < 1.
n—oo

n—oo

Suppose that xp41 = Yntn + (1 —vn)zn, n >0, and
lim sup([|zn1 — znll — |21 — ) 0.
n—oo

Then ||zn, — xn|| = 0.
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Lemma 2.5 ([15]). Let {s,} be a sequence of non-negative real numbers satisfying
Sn+1 < (1 - )\n)sn + )\n5n7 Vn > 07

where {\,} and {6,} satisfy the following conditions:

(i) {\n} C[0,1] and Y07 (A = 00,
(ii) limsup,, o 6n <0 07 Y07 Ap|dp| < 00,

Then lim,,_.so s, = 0.
The following lemma can be easily proven, and therefore, we omit the proof (see also [18§]).

Lemma 2.6. Let H be a real Hilbert space H. Let F' : H — H be a k-Lipschitzian and n-strongly monotone
operator with constants k >0 andn > 0. Let 0 < p < i—g and 0 <t <&<1. Then S:=¢&I —tuF :H — H

18 a contractive mapping with constant & — tT, where 7 =1 — \/1 — u(2n — pK?).

3. Iterative algorithms
Throughout the rest of this paper, we always assume the following:
e H; and H, are real Hilbert spaces;
e (C and () are nonempty closed convex subsets of H; and Hj, respectively;
e A: Hy — Hs is a bounded linear operator and A* is the adjoint of A;
e V :C — H; is [-Lipschitzian with constant [ € [0, c0);

e I': Hy — H; is a k-Lipschitzian and n-strongly monotone operator with constants x > 0 and n > 0;

e constants p, o, [, 7, and 7 satisfy 0 < p < %, O<ol<T=1- \/1 —u(2n—pK?),and 0 < v < W.
We use I' to denote the solution set of the SFP (1.1)), that is,
F={zcC:AzcQ}=0CnA"'Q,

and assume the consistency of so that I' is nonempty closed convex.
First, we introduce the following iterative algorithm that generates a net {th}te(o’ ) in an implicit
way:
xy = Po[l —vA*(I — Po)A]PcltoVaxy + (I — tpuF)x,. (3.1)

We prove strong convergence of {z;} as ¢ — 0 to a z* which is a solution of the the following variational
inequality:
z* € CNA'Q suchthat (oVz*—pFz*,7—2") <0, VZieCnA'Q. (3.2)

Now, for ¢ € (0, ﬁ), consider a mapping W; : C — C defined by
Wix := Po[l — vA*(I — Pg)A]|PcltoVa + (I —tuF)z], z€C.

It is easy to see that W; is a contractive mapping with constant 1 —t(7 — ol). Indeed, note that Po and
I —~A*(I — Pg)A are nonexpansive. Thus, by Lemma we have for z, y € C,

Wi — Wiyl = |Poll —vA*(I = Po)AlPeltoVa + (I — tukF)a]

— Po[l —~A*(I — Po)AlPcltoVy + (I — tuF)yl||
to|[Ve = Vyll + (I — ptF)z — (I — ptF)yl|]
tolllz =yl + (1 —t7)]|lz — y|

[1—i(r = aD]ljz =yl

IA A
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Therefore W; is a contractive mapping when ¢ € (0, ﬁ) By the Banach Contraction Principle, W; has

a unique fixed point in C', denoted by x;, that is,
xy = Po[l —yA*(I — Po)A]Pc[toVay + (I — tuF )z,
which is exactly (3.1]).

We summarize the basic properties of {z;}.

Proposition 3.1. Assume that the SFP (L.1)) is consistent. Let {x¢} be defined via (3.1]). Then
(i) {z:} is bounded for t € (0, 2);
(ii) limy—o ||ze — Pold — yA*(I — Pg)A]x|| = 0;
(ili) = defines a continuous path from (0, =) into C.
Proof. (i) Let  be any point in C N A71Q. Set
U =1—~A*(I - Po)A.

Then, we can rewrite (3.1)) as

1
xy = PolU|PoltoVay + (I —tpF)zy), te (0 >

"1 — ol
It follows that
i — & = | PolU)Pelto Vi + (T — tuF)a] — 7|
< to(Varr = V)| + (I — tuF)e, — (I — tuF)a| + |tV — tuF|
<to|x— 2|+ (1 —t7)||ze — Z|| + t||oVZ — uFZ||
= [1 = (7 — ol)t]||xs — Z|| + t||[oVZT — uFz|.

Hence,

[l — 7| < loVE — pFi|.

T—ol
Then, {z;} is bounded and so are {Vx;}, {Uz:} and {Fz.}.
(ii) From (3.1]), we have
[z = Pe[l =y A™(I = Po) Azl = [lze — Pe[Ud]]|
= ||PclU)PcltoVay + (I — tuF)xt] — PolUz||
< tl|loVay — pFx|.

By boundedness of {Vz;} and {Fz;}, we obtain

li — Po[I —vA*(I — Pp)A = 0.
lim [z, — Po[I 7 A*(I ~ Pg)Alai]| = 0

(iil) Let ¢, to € (0, =~). We calculate

' T—ol

e — 21gll = 1Pl — 4 A*(I = Po) AlPoltoVay + (I — tuF)a]
— Po[I —~yA*(I — Po)A|PctooVay, + (I — tuF)zy|||
< |toVay + (I —tuF)xy — (tooVay, + (I — tuF)xy,)||
< |toVay — tooVay|| + || (I — tuF)xy — (I — tuF )y, ||
+ [too Vg — too Vg, || + [(I — tuF )z, — (I — topuF )y, ||
< o[Vallt — tol + (1 — )z — 2y + ootz — w1g]l + all gl  to].
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This implies that
< oV + pl[ Fay |

lz¢ — 20| |t — tol.

tT — tool
This completes the proof. O

Theorem 3.2. Assume that the SFP (1.1) is consistent. Let the net {x;} be defined via (3.1). Then x;
converges strongly to a point z* as t — 0, which solves the variational inequality (3.2)).

Proof. First, we show easily the uniqueness of a solution of the variational inequality (3.2)). In fact, noting
that 0 < ol <7 and un > 7 <= k > 7, it follows that

(WF — oV)z — (uF — oV)y,z —y) > (un — ol)||z — y||*.

That is, uF' — oV is strongly monotone for 0 < gl < 7 < un. So the variational inequality has only
one solution.

Next, we show that {z;} is relatively norm-compact as t — 0. To this end, set U = [ —yA*(I — Py)A,
and let {t,} C (0, =) be such that t,, — 0 as n — co. Put z,, := x;,. From Proposition (ii), we have

T—ol
lim ||z, — Pc[U]z,| = 0. (3.3)
n—oo
Setting y; = PoltoVary + (I — tuF)xy] and z; = toVaxy + (I — tuF)x,. We then have y, = Po[z], and for
any 2 € CNA™Q,

Y —T =Y — 2+ 2 —T

3.4
=y —z+toVae, —V2)+ ([ —tpF)zy — (I —tuF)x +t(oVr — pFz). (3:4)

By using the property (2.1 of the metric projection, we have
(Yt — 2,6 — @) < 0. (3.5)

Combining (3.4]) with (3.5)) along with Lemma we get

lye — ZI* = (e — T,y — )
=y — 2,y — %) +to(Va, — VZ,y, — )
+{((I —tpF)xy — (I —tuF)z,y, — ) + t{(cVZ — pFz,y, — T)
< tolllze — Z[||lye — 2| + (1 = t7) ||zt — Z||[|e — 2| + t{o VT — pFZ, s — T)
= [1— (7 —al)tlllze — @[y — || + t{oVT — pFT,y; — )
< 1_(7—2_0—l)t”l‘t — 7% + %Hyt —Z|2+t{oVE — puFZ,y — 7).

It follows that
lye = Z|> < [1 = (7 — ol)t] ||z — Z||* + 2t(oVE — pFZ, y; — 7).
Thus,
|z — 21> = || Pe[Uly: — Z|1?
< [lye — 7|
< [1 = (7 = ol)t]||zs — Z||* + 2t{oVT — uFZ,y; — T).

Hence, we obtain

- 2 - - ~
I = 7P < ——(oVF — uFF, o — 7).
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In particular, we have

lzn — ? <

2 ~ ~ ~ ~

l(o’Vx — uFZ,y, —T), TeCnNA'Q. (3.6)
-0
Note that

e = yell = [|Peled = PoltoViay + (I — tuF)z]]|
<tl|loVz; — puFxi|| -0 ast—0.

So, ||xrn — ynl| = 0 as n — .
Since {x,} is bounded, there exists a subsequence {z,} of {z,} which converges weakly to a point z*.

Without loss of generality, we may assume that {z,,} converges weakly to z* (y, — z*). Noticing (3.3)), we
can use Lemma to get * € C N A~1Q. Therefore, we can substitute 2* for Z in (3.6)) to obtain

e — 2*|* <

— (oVa* — pFx*, y, — z*).
Consequently, v, — x* actually implies that x,, — z*. This has proved the relative norm-compactness
q Y, Y y 1mp p p
of the net {z;} ast — 0.
Letting n — oo in (3.6)), we have

- 2 ~ - o~
|z* — 7|2 < Z(JVQJ —uFZT,2*—7), TcCnAQ.
-0

This implies that 2* € C N A~'Q solves the variational inequality
(oVZ — uFz,7 —2%) <0, T€CnNA'Q. (3.7)
By Lemma equation is equivalent to its dual variational inequality
(oVz* —pFz*, T —2*) <0, TeCnA'Q.

This is exactly (3.2). By uniqueness of the solution of the variational inequality (3.2]), we deduce that
each cluster point of {z;} as t — 0% equals to z*. Therefore z; — x* as t — 0%. This completes the
proof. O

Taking FF =1 and p =1 in Theorem we have the following corollary.

Corollary 3.3. Assume that the SFP (1.1) is consistent. Let the net {x;} be defined by

xy = Po[l —yA*(I — Po)A|PcltoVazy + (1 —t)ay], te (O, 1 —10l>‘ (3.8)
Then, {x;} converges strongly ast — 0 to a point x* which is the unique solution of variational inequality
t* € CNA'Q suchthat (oVa*—z*T—2") <0, VZeCnAQ. (3.9)
Taking V =0 in , we get the following corollary.
Corollary 3.4 ([23]). Assume that the SFP is consistent, and let the net {x:} be defined by

wy = Poll — vA*(I — Po)A|Pc[(1 — t)z,], te (0,1). (3.10)

Then, {x;} converges strongly as t — 0 to a point x* which is the minimum norm solution of the split

feasibility problem (1.1)).
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Proof. If we take V = 0, then (3.8) reduces to (3.10). Thus, z; — z* € C' N A~'Q which satisfies
(—2*, T —2*) <0, VZeCnAlQ.
Thus,
l2*]> < (2%, %) < [l2*|[||2]], vEeCnAT'Q,

which implies ||z*|| < ||Z|| for all Z € C N A~'Q. That is, 2* is the minimum norm solution of the split
feasibility problem (1.1)). This completes the proof. O

Next, we propose the following iterative algorithm which generates a sequence in an explicit way:
Tpt1 = Po[l —vA*(I — Pg)AlPclano Ve, + (I — anpuF)zy], n >0, (3.11)

where {a,} C [0,1] and xg € H; is an arbitrary initial guess, and establish strong convergence of this
sequence to a point z*, which is also a solution of the variational inequality (3.2]).

Theorem 3.5. Assume that the SFP (1.1)) is consistent. Let {x,} be the sequence generated by the explicit
algorithm (3.11)), where {a,} satisfies the following conditions:

(Cl) {an} - [07 1]7 limy, o0 @y = 0;

(C2) Y00 = 0.

Then, {z,} converges strongly to a point x* € C N A™1Q as n — oo, which solves the variational inequality

B2).

Proof. Let U =1 —~vA*(I — Pg)A. It is clear that Po and U are averaged. Since the composite of finitely
many averaged mappings is averaged, Po[U] is averaged mapping. Hence, there exists a positive constant
A € (0,1) such that Po[U] = (1 — M) I + AG, where G is a nonexpansive mapping. Let Z € C' N A~1Q.

We divide the proof into four steps as follows.

Step 1. We show that {z,} is bounded. In fact, from (3.11)), we deduce

[zn41 — 2] = | Poll = vA*(I = Po)AlPelomoVian + (I — anpF )z, — |
< N|lanoVa, + (I — anuF)x, — Z||

< anol|Va, = V| + (I — anpF )z, — (I — anpuE)Z|| + apl|loVE — uFZ||
< aplllzn, — || + (1 — an7)||zn — Z|| + anl|oVE — uFZ||
- Vi — uFz
=1 = (7 — o)an]||xn — T|| + (+ — UZ)%M.
T —o0l
It follows by induction that
- - |NoVz — uFz
Jonss = 3l < max{ , — 3, 1222
T —o0l
o oVE - uF7
< max{uxo _x‘|,llffl‘wfll}_
T —0l

This means that {x,} is bounded. It is easy to deduce that {Vz,}, {Uz,}, and Fz,} are also bounded.

Step 2. We show that lim,_, || Pc[U]x, — x| = 0. To this end, set y, = anoVx, + (I — apuF)zy, for all
n > 0. Then, we can rewrite (3.11)) as

Tyl = [(1 = NI + AG][anoVx, + (I — appF)x,)



J. S. Jung, J. Nonlinear Sci. Appl. 9 (2016), 4214-4225 4222

= (1 =N+ an(l =N (oVa, — uFzx,) + A\Gy,
=1—-Nz, + A ?an(a‘/xn — pFzy) + Gy, (3.12)
= (1= XNz, + Az,

where z,, = %an(cﬂ/xn — pFx,) + Gyy. It follows that

1-A 1-
Zn+l1 — Zn = Tan-i-l(o-vxn—i-l - ,qun—i—l) + GYny1 — Tan(gvxn - NFxn) — Gyn.

Thus,

Hzn-‘rl - Zn” < ”Gyn+1 - GynH + \

lans1lloVanir — pFzn |l + anlloVa, — pFa, ]

1—A
< lynt1 = wnll + ——lansilloVanis — pFrnall + anlloVan — pFan|]

A
= ||lant10Vani1 + (I — aps1pF)xpns1 — ooV, — (I — anpuF)z,||
1-—A
+ b\ [ant1l|oV a1 — pFrni|| + anlloVa, — pFa,|]
< lznt1 — 2ol + angalloVanir — pFzn | + anlloVe, — pFa,||
1-—A
+ b\ [ans1lloVEn1r — pFanpll + anlloVan — pFay|].
It follows that
[2nt+1 = 2l = 2041 — 2l SantilloVanir — pFenp| + anlloVa, — pFay|
1
+ lant1lloVani1 — pFrpa| + anlloVa, — pFa,|].
Therefore,
limsup([[2n+1 — 2nll = [[Zn+1 — znl]) < 0.
n—oo
By Lemma [2.4] we get
lim ||z, — z,|| = 0. (3.13)
n—oo
At the same time, we observe that
lim |y, — zp| = lim ay||loVa, — pFz,| =0, (3.14)
n—oo n—oo
and \
lim ||z, — Gyn|| = lim —ay,||oVz, — pFz,| = 0. (3.15)
n—oo n—oo
From (3.13))—(3.15), we deduce
lim [|Gzy — ap|| < lim (|Gzn — Gyall + [[Gyn — 2all + 120 — 2nl])
n— oo n—oo
< lim ([|#n = ynll + [Gyn = 2nll + |20 — @all) = 0.
n—,oo

Since Po Uz, — xp = M(Gzy — z4,), We obtain
lim ||Po[U]z, — x| = N|Gzy — 2] = 0.
n—oo

Step 3. We show that limsup,, ,,(ocVa* — uFz*, Poly,] — 2*) <0, where z* is the unique solution of the
variational inequality (3.2)). Indeed, we can choose a subsequence {x,,} of {x,} such that

limsup(cVa™ — pFa*, z, —2*) = lim (cVa* — pFa*, z,, —z*).
n—oo 1—r 00
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Since {zy, } is bounded, there exists a subsequence of {z,, } which converges weakly to a point . Without
loss of generality, we may assume that {z,, } converges weakly to z. Therefore, from Step 2 and Lemma
we have z,,, — T € Fiz(Pc[U]). Therefore

limsup(cVa* — pFa*, z, —2*) = lim (cVa* — pFa*, z,, — z¥)
n—oo 1—00

= (oVa* — pFz*,x —z*) <0.
This together with (3.14) implies that

limsup(oVa* — pFz*, Poly,] — «*) < 0.

n—oo

Step 4. We show that lim,, .., z, = 2*. We observe that

1Pclyn] = 2*1* = (Pclyn] = yn, Pelyn] — ") + (yn — 2, Pelya] — ).
Since (Pc[yn] — yYn, Polyn] — ™) <0 by (2.1), we get

1Polya) = 2*|1 < {yn — 2, Polya] — =)
= (ano(Vay, —Va*)+ (I — apuF)x, — (I — appF)x*, Poly,) — ™)
+ an{oVa* — pFz*, Poly,] — =*)
< (anolllen — 2¥|| + (1 — anT)|lzn — 7)) [ Polyn] — 27|
+ an(oVa* — pFz*, Poly,] — «*)
= (1 = an(r = ol))[lzn — 2" ||| Pcyn] — 27| + an(oVa™ — pFa™, Polyn] — 2%)

1—o,(7—o0ol . 1 N " " *
< Lm0 a2 LRol] — 2 + oV — pFa, Pely,] - 2.
It follows that
| Pclyn] — x*HQ < [1 = an(t —al)]||lzn — ac*H2 + 20, (cV 2™ — pFx*, Poly,| — «*). (3.16)

From (3.3) and (3.16)), we have

ln 1 = 2*|* = [[Pe[U)Pelys] — 2|

< |[Pclyn] — «*||? (3.17)

< 1= an(r — ol)]||an — 2*|? + an(r — o)

j(oVa® = pla®, Folya] — 7).

T—0o
Put A\, = a(7 — ol) and

2 * * *
op = T_Ul<aVa: — pFx*, Polyn] — 7).

It can be easily seen from Step 3 and conditions (C1) and (C2) that A\, — 0, >.7° ;A\, = oo and
lim sup,,_,~ 0, < 0. Since (3.17) reduces to

Hxn-&-l - x*HQ <(1- )\n)”xn - x*H2 + AnOn,

by Lemma we conclude that lim, o ||z, — 2*|| = 0. This completes the proof. O

Putting 4 =1 and F = I in Theorem [3.5] we obtain the following corollary.
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Corollary 3.6. Assume that the SFP (1.1)) is consistent. Let {x,,} be generated by the following algorithm:
Tp1 = Po[l —vA*(I — Pg)AlPclanoVay, + (1 — ap)xy], n>0. (3.18)

Assume that the sequence {ay} € [0,1] satisfies the conditions (C1) and (C2) in Theorem Then {zy}
converges strongly to a point x* € C'N A™1Q which is the unique solution of the variational inequality (3.9)).

Putting V =0 in (3.18)), we get the following corollary.

Corollary 3.7 ([23]). Assume that the SFP (l.1)) is consistent. Let {x,} be generated by the following
algorithm.:
Tp1 = Po[l —vA*(I — Pg)A]Pc[(1 — an)zs], n>0.

Assume that the sequence {au,} satisfies the conditions (C1) and (C2) in Theorem[3.5 Then, {x,} converges
strongly to a point x* which is the minimum norm solution of the split feasibility problem (|1.1)).
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