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Abstract

In this paper, we consider the split quasi variational inequality problems over a class of nonconvex sets,
as uniformly prox-regular sets. The sufficient conditions for the existence of solutions of such a problem
are provided. Furthermore, an iterative algorithm for finding a solution is constructed and its convergence
analysis are considered. The results in this paper improve and extend the variational inequality problems
which have been appeared in literature. (©2016 All rights reserved.
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1. Introduction

A well known problem, which was studied and interesting for many researchers, is the variational in-
equality problem. The variational inequality problem is a problem of finding z* € K such that

(T(xz*),x —a*) >0, foral zekK, (1.1)

where T is a nonlinear operator on H, K is a nonempty closed and convex subset of a Hilbert space H. This
problem was introduced by Stampacchai[31] in 1960s, and it is a power tool which has been used in branches
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of both pure and applied sciences. Subsequently, the most nature, direct, simple and efficient framework
for general treatment of wide range of problems are provided for the variational inequalities. Roughly
speaking, many researchers interest to develop several numerical methods for solving variational inequalities
and relaxed optimization problems(see [2), 10, 11, 12} 13}, B3, 34, 35, B6] and the references therein).

In the early 1970s, Bensoussan et al.[3] developed the concept of variational inequality, by introducing
the following concept of quasi-variational inequality problem: find x* € C'(x*) such that

(T'(z*),x —x*) >0, foral zeC(z"), (1.2)

where C' is a set-valued mapping on H. We see that if C(x) = K for all x € H, then the problem ([1.2))
is reduced to the problem (1.1)). Notice that, since in many important problems the considered set also
depend upon the solutions explicitly or implicitly, evidently, the problem (1.2)) is interesting to study, see
[9, 22], 23] 24].

On the other hand, in 2012, Cencer et al. [§] introduced the following concept of split variational
inequality problem: let Hy, Hy be real Hilbert spaces and K, Q be nonempty closed and convex subsets of
Hy and Hs, respectively, T : Hy — H1,S : Hy — Hs be nonlinear mappings and A : H; — H be a bounded
linear operator then they are interested in finding * € K such that

(T'(x*),x —x*) >0, forall ze€ K,
and such that Az* € @) solves
(S(Az™),y — Az™) >0, forall ye€ Q. (1.3)

This problem extends and permits the split minimization between two spaces so the image of minimizer of a
given function, under a bounded linear operator, is a minimizer at another function. Furthermore, the split
zero problem and split feasibility problem which was studied and used in a model of intensity-modulated
radiation therapy treatment planning are contained as special cases of this problem, see [0 7, [I7]. This
formulation is also at core of the modeling of many inverse problems arising for phase retrieval and other
real-world problems; for instance, in sensor networks in computerized tomography and data compression;
see [Bl [17) 21].

By the way, in the early period of these development, it should be pointed out that almost all the
results regarding the existence and iterative schemes for solving those variational inequality problems are
being considered in the convexity setting. This is because, perhaps, they need the convexity assumption for
guaranteeing the well definedness of the proposed iterative algorithm, which almost depends on the projection
properties. However, in fact, the convexity assumption may not be required, because the algorithm may be
well defined even if the considered set is nonconvexs (e.g., when the considered set is a closed subset of a
finite dimensional space or a compact subset of Hilbert space, etc.) see [1l [4, 20} 25 26, 27]. While, it may
be from the practical point of view, one may see that the nonconvex problems are more useful and general
than convex case, subsequently, now many researchers are convinced and paid attention to many nonconvex
cases. Here, we are focusing on the following case, which was presented in 2013 by K. R. Kazmi[I9]: let
T;: H; — H;, A: H — Hs be nonlinear mappings for i = 1,2 and K., Qs are uniformly prox-regular subsets
of Hy and Ha, respectively, with r, s € (0,00) for finding (z*,y*) € K, x Qs, where y* = Az* such that

0 € pTy(z*) + N}?r(x*),
0 € NTo(y*) + NE ("), (1.4)

where p, A\ are parameters with positive values and N }?(a:) is the proximal normal cone of K at x.

In this paper, base on above literatures, we are interested to study split quasi variational inequality of
nonconvex type problem. The existence theorems and an algorithm for finding such solution will be con-
sidered and introduced, respectively. Our results represent an improvement and refinement of the literature
results for the variational inequality problem.
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2. Preliminaries

In this section, we will recall some basic concepts and useful results which will be used in this paper.

Let H be areal Hilbert space whose inner product and norm are denoted by (-, -) and ||-||, respectively. Let
2" be denoted for the class of all nonempty subsets of H, and K be a closed subset of H. For each K C H, we
denote by d(-, K) for the usual distance function on H to K, that is, d(u, K) = inf,cx ||u—v]||, for all u e H.

For each K C H and v € H. A point v € K is called the closest point or the projection of v onto K if
d(u, K) = ||lu—wvl|. The set of all such closest points is denoted by Projg(u), that is , Projx(u) = {v € K :
d(u, K) = ||lu — v||}. The proximal normal cone to K at u is given by

NEw) ={ve H:3p>0 such that u € Projg(u+ pv)}.

The following characterization of N (u) can be found in [I5].

Lemma 2.1. Let K be a closed subset of a Hilbert space H. Then
v e NE(u) & 30 >0 such that (v,z —u) <oz —ul?, forall z€K. (2.1)

The inequality (2.1)) is called the proximal normal inequality.

We recall also that the Clarke normal cone is given by
N(K,z) =[N (2)],

where ¢o[S] means the closure of the convex hull of S (see [14]). It is clear that one always has N (x) C
N(K,z), but the converse is not true in general. Note that N (K, x) is always a closed and convex cone
and that NZ(z) is always a convex cone but may be nonclosed (see [14} [15]). Also, in 1995, Clarke et al.
[16] introduced a new class of nonconvex sets, which is called proximally smooth sets, and it has played
an important part in many nonconvex applications such as optimization, dynamic systems and differential
inclusions. Subsequently, in recent years, Bounkhel et al. [4], Cho et al. [12], Noor [25] 26], Petrot[28] and J.
Suwannait and N. Petrot [26, 29, 32] have considered both variational inequalities and equilibrium problems
in the context of proximally smooth sets. They suggested and analyzed some projection type iterative
algorithms by using the prox-regular technique and auxiliary principle technique. Note that the original
definition of proximally smooth set was given in terms of the differentiability of the distance function (see
[16, [30]), while here, we will take the following characterization, which was proved in [I5], as the definition
of proximally smooth sets.

Definition 2.2. For a given r € (0, +00], a subset K of H is said to be uniformly proz-regular with respect
to r, say, uniformly r-prox-regular set, if for all T € K and for all 0 £ z € N }; (Z), one has

1
2 -7y < —|z—7|% foral zcK.
B 2r

For the case of r = oo, the uniform r-prox-regularity K is equivalent to the convexity of K (see [10]).
Moreover, it is known that the class of uniformly prox-regular sets is sufficiently large to include the class
p-convex sets, C1'! submanifolds (possibly with boundary) of H, the images under a C! diffeomorphism
of convex sets and many other nonconvex sets, see [15] [30].

For the sake of simplicity, from now on, we will make use of the following notation: for each r € (0, 4o0],
we write
K,:={reH:d(z,K)<r},

and [C1(H)], for the class of all uniformly r-prox regular subsets of H.
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Lemma 2.3. Let r € (0,+0o0] and K be a nonempty closed subset of H. If K is a uniformly r-prox-regular
set, then the following holds

(i) For all x € K,, Proji(x) # 0;
(ii) For all s € (0,7), Projr is a -Lipschitz on Ks;
(iii) The proximal normal cone is closed as a set-valued mapping.
Remark 2.4. If K is a uniformly r-prox-regular set, as a direct consequence of Lemma (iii), we know that
N(K,z) = NE(z).
In this work, we will consider the following class of mappings.

Definition 2.5. A mapping T : H — H is said to be a o-strongly monotone if there exists ¢ > 0 such that
for all x,x* € K,
(T(x) = T(z*),x —a*) > ||z — ™|

Definition 2.6. A mapping T : H — H is said to be a g-Lipschitzian if there exists a real number 8 > 0
such that
1T (z) = T()ll < Bllz—yl, forall z,yeH.

Definition 2.7. A multivalued mapping C : H — 2 is said to be a k-Lipschitz continuous if there exists
a real number x > 0 such that

ld(y, C(x)) = d(y",C@)Il < ly = ¢l + sl — 2’|, for all @,2’,y,y" € H.
The following lemma is a very important tool, in order to prove our main results.

Lemma 2.8 ([4]). Let r € (0,+00] and let C : H — 2" be a k- Lipschitz continuous multivalued mapping
with uniformly r-prox reqular valued then the following closedness property holds: for any x, — x*,y, — y*
and up, — u* with y, € C(zy,) and u, € Ng(xn)(yn) one has u* € C(x*)(y*).

3. Main results

Let H; and Hy be real Hilbert spaces, T; : H; — H; be nonlinear mappings, C; : H; — 2% be nonlinear
multivalued mappings for ¢ = 1,2 and A : H; — Hy be a bounded linear operator. In this paper, we are
interested in the following problem: find z* € C}(z*) such that, Az* € Cy(Az*) and

—T1(a") € Ny (g (27), (3.1)

Notice that, the problem (3.1]) can be reformulated as the following: find (z*, 2*) € C1(z*) x Ca(2*) with
z* = Ax™ such that

= Projcl(x*)(a:* — pT (=),

. ‘ . . (3.2)
¥ = Proycz(z*)(z — AT (2Y)),

for some p, A > 0 are constants.
Moreover, by using the definition of uniformly prox-regular set, we also see that the problem (3.1)) is of
finding z* € Ci(x*), and z* = Ax* € Cy(2z*) such that
~ T S ~
)5 — o) + WG > 0,v3 € 1),

HTz( Mz (3:3)

(Ty(2*),2 — 2*) + —= 20 2*||2 > 0,V2 € Cy(2%).
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In a special case, when K and Q are closed subsets of H; and Hy, respectively, and C; : H; — 2 for
i = 1,2 are defined by

Ci(z) =K, forall x € Hy,

3.4
Ca(y) =@, forall ye€ Hy, (3.4)

then the problem ({3.1]) is reduced to the problem of finding (x*, z*) € K x @ with z* = Az* such that

~T(z*) € Ni(z"), (3.5)
—S(z*) € Ny (%), '
which was studied by K. R. Kazmi[I§].

Now, we introduce an algorithm which will play an important role in our prove.

Algorithm (A): Let T; : H; — H;,Cy : Hi — [CI(H;)], and Cy : Hy — [Cl(H2)|s be nonlinear
mappings where r,s € (0,+00) and ¢ = 1,2. Let A : Hi — Hy be a bounded linear operator with its
adjoint operator, denoted by A*. Given xzy € Hj, compute the algorithm sequences {z,},{y,} and {z,} as
the following projection method:

y’l’L E Projcl(xn)[fn - pTl(xn)],
Zn € PTOjCz(Ayn)[Ayn — N2 (Ayn)], (3.6)
Tn+1 € PTOjCl(yn)[yn + ')/A*(Zn - Ayn)]a
where p, A and ~ are step size positive real numbers.
The following assumption will be proposed, as the sufficient conditions.

Assumption (C) : Let T; : H; — H;,Cy : Hy — [Cl(Hy)], and Cy : Hy — [Cl(H2)]s be nonlinear
mappings for r, s € (0, 4+00) and i = 1,2 which are satisfied by the following conditions:

(1) T; is a fB;-Lipschitzian mapping and a o;-strongly monotone mapping for i = 1, 2;
(13) Cj is a k- Lipschitzian continuous mapping for some x; € [0,1) and i = 1, 2;
(7i) for each i = 1,2, there is w; € [0, 1) such that
I Projc, e (2) — Projc, (=)l < willz — gl for all a,y.z € H,

Firstly, based on the assumption (C), we notice the following key remark.
Remark 3.1. For a real Hilbert space H and r € (0,00). If T': H — H and C' : H — [Cl(H)], are nonlinear
mappings. Then, for each g € H with d(zo,C(x0)) < r* — p||/Txo||, where r* € (0,7) and p is a positive
real number, Projc(l,o)[l‘o — pT'zo] # 0. Indeed, since C' is a x-Lipschitz continuous mapping, we have
d(zo — pTxo,C(x0)) < d(x0,C(20)) + pllT0
< 1" = pl[Toll + pl|Tzoll
<.

By Lemma (i), we obtain that Projc(z,)[ro — pTo] # 0.

The following lemma asserts that, under our setting, Algorithm (A) is well-define.

Lemma 3.2. Let Hy, Hy be real Hilbert spaces. Assume that Assumption (C)(ii) and (iii) hold and there
are it > 1 and ©g € Hy such that
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(i) d(zo,C1(x0)) < 1™ — plTazoll,
(12)0<p<5 O<)‘<6 and0<fy<57%,

where o7, = sup{||T1an s xn € Hi}, 01, = sup{||T2(Ayn)|| : Ay, € Ha}, dax = sup{||A*(zn)| :
Hy}, @ = sup{d(Ayn, Co(Ayn)) | yn € H1},r* = Tl(i_'z), s* = Sl(i_lf) A : Hy — Hy is a bounded lmear
operator and {x,},{yn} are constructed as in Algorithm (A) with the initial vector xo. Then, the sequences

{zn}, {yn} and {z,} which are constructed by Algorithm (A) are well-defined.

Proof. By condition (i) and Remark we know that Projc, (z) [0 — pTiz0] # (). Subsequently, we put
Yo € Projc, (wy)[ro — pT120]. Next, by the condition (i7), we see that

d(Ayo — NT2(Ayo), C2(Ayo)) < d(Ayo, C2(Ayo)) + A T2(Ayo
Ayo, Co(Ayo)) + || T2 (Ayo
)
)

< d( (
< d(a. Calam) + (%) ITa(a)]
< d(Ayo, O

2

)

)+
Ayo, Co(Ayp))
< s*.

+s -

Thus, Projc,ay,)[Ayo — AT2(Ayo)] # 0. Let 20 € Proje,(ay,)[Ayo — ANT2(Ayo)]. Notice that, by using
the k1-Lipschitz continuous mapping of Cy, we see that
d(yo +vA™ (20 — Ayo), C1(yo)) < d(yo, C1(y0)) + V[ A" (20 — Ayo)l
= d(y0, C1(y0)) — d(yo, C1(z0)) + 7[[A* (20 — Ayo) || (3.7)
< s1llyo — wol| + 7"
On the other hand, we have
lyo = zoll < llyo — (w0 — pT1(x0) + |lzo — pT1(z0) — ol
= d(zo — pT1(20), C1(w0)) + p[|T1(z0) ||
<r*+4r*
= 2r*.

Thus, and ( , give

d(yo +vA* (20 — Ayo), C1(yo)) < 2k17™ + 17
=r*(2k1 + 1)

" 1+I€1—2H%
=r | —-
1—H1

<r.
This implies that, Projc, () [yo +7A* (20 — Ayo)] # 0. Let 21 € Projc, (y)[yo +vA*(20 — Ayo)], and consider

d(z1 — pThz1, Ci (1)) < d(z1, Ci(21)) + pl| Tran |
= d(z1,C1(z1)) — d(z1, C1(yo)) + pl| Taza || (3.9)
< killzr — ol + 77
And, since
|21 — voll < [Jz1 — (yo + v A" (20 — Ayo)) || + llyo +vA™ (20 — Ayo) — yol|
= d(yo +vA"(20 — Ayo), C1(y0)) + V[[A" (20 — Ayo) ||

(3.10)
*<1+/€1_2’%%> *
<t | /) 4
1—/€1
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we obtain

1 — 2K2
d(z1 — pThz1, Ci(z1)) < 17Ky <+1ml{1
~

_ (1+m—2m§>> (3.11)

1—/€1

> + ¥k +r*

<r.
This implies that, Projc, z,)[x1 — pTi21] # 0. Let y1 € Projc, (z,)[v1 — pT1(21)], and we see that
d(Ayr — NT2(Ay1), C2(Ay1)) < d(Ayr, Co(Ayr)) + M| Ta(Ay)||

< dtap, oty + (S50 ) ITacam)|

5
d(Ayl, CQ(Ayl)) +5F—®

S

- (3.12)
<
< s.
Thus, Projo, ay)[Ayr — AT2(Ay1)] # 0. Let 21 € Projc,ay,)[Ayr — AT2(Ay1)], and computes
d(yr +7A™ (21 — Ayr), Ci(y1)) < d(yr, Cr(y1)) + ([ A™ (21 — Ay ||

<d(y1,Ci(y1)) — d(y1,Ci(z1)) +7* (3.13)
< millyr — @l + 1"

Since
ly1 — z1|| < llyr — (x1 — pTha) || + |21 — pThzs — x|
= — T
d(zy — pThz1,Cr(z1)) + pl|Tha || (3.14)
« <1 + K1 — 2/51)’) .
<r|\—— | +r,
1-— K1
we have
* N 14+ Kk — 263 . .
d(y1 +’7A (Zl — Ayl), Cl(yl)) < T K1 (1;%11> + K1T +7r
_ e (LR 26t (3.15)
N 1— K1

<Tr.

Thus, Proje, )y +vA* (21 — Ay1)] # 0. Let 22 € Projc, (y1)ly1 +vA*(21 — Ay1)]. In the same way of

(3-9), (3.10) and (3.11)), we have
d(zg — pTi(x2), C1(z2)) < Killz2 — | + 77

* 1+/€1_2’%% *
lxe — 1] < r — +r

and
1+ kK1 — 2&?)

d(zo — pThze, Ci(z2)) < 7* ( 1

Thus, Projc, (z.)lr2 — pTiza] # 0. Let y2 € Projc, (g,)[r2 — pT122]. In similar way (3.12), we obtain
d(Ays — XT(Aya), Ca(Ays)) < s*.

Thus, Projc,(ay,)[Ayz — AT2(Ay2)] # 0. Let 2o € Projc,ay,)[Ayz — AT2(Ayz)]. In the same way as obtaining
(3-13), (3.14) and (3.15)), we have
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d(y2 +vA™ (22 — Ay2), C1(y2)) < k1lly2 — w2 + 7~
L (14 K1 — 253 N
llya — zo|| < r 4 +r¥,
R
and

* L (14 r1 =268
d(ys + VA" (22 = Aya), C1(y2) <7 (fi’flml> '

Thus, Projc, (y,)[y2 +7A*(22 — Ay2)] # 0, and we then put x3 € Projc, (y)[y2 +7A* (22 — Aya)].

By using this process, we can construct the sequences {x,}, {yn} in Hy and {z,} in Hy such that

— pTl (Qj’n) [C]_ (l‘n)] r(1+n1)
T+pury

Yn € Projo, (e, [@n — pT1(zn)]
Ayn — AS(Ayn) € [OQ(Ayn)]S*

. (3.16)
Zn € Projoy(ay,)[Ayn — ANT2(Ayn)]
Yn + 'YA*(Zn - Ayn) [Cl (yn)] T(1+H1)
+pky
Tnt1 € Progcl(yn)[yn + 'YA*(Zn - Ayn)]v
which is, in fact, the Algorithm (.A). O

Remark 3.3. Let us consider the proposed assumptions of Lemma In the application point of view, one
may ask for the best choice of the real number y, and hence r* and s*. We would like to notice here that, the
real number p = ’zlA Al) where A = 20=%) , should provide the answer. This is because, by the following

/B270-2
observation:
e the domain of function f is \6/%,
_ r(1—k) _ 14k _ s(1—k) _ 14k
o ¥ = s & r = P gEy and s* = Tian O ts = RO
e the function p +— ;a:’j;) is an increasing function on its domain,
1+ps . kA-1 B(1-w)
° i = A& pu= (=AY where A = N

The following theorem shows that the sequences {z,}, {y,} and {z,}, which are considered in Lemma
are all convergent sequences.

Theorem 3.4. Let Hy, Hy be real Hilbert spaces. Assume that Assumption (C) and all of assumptions
in Lemma hold. If v < min{Hj”27 }pgw“lAHQ} where ¢ = ;jﬁfb,@z = ts*\/l —2\o2 + A\2f33 + wa and

te = P, then {xn}, {yn} and {z,}, which are constructed in Algorithm (A), are convergent sequences.

Proof. Using the definition of sequence {z,}, {y,} and {z,} in Algorithm (A), we have

lyns1 = ynll = [ Proje, (@ns1)Ens1 — pT1(2n41)] — Proje, (zn)fen — pTi ()]
< ||Projo, (zn+1)[Tnt1 — pT1(Tns1)] — Projey ) [@n — pT1(zn0)]]]
+ 1 Projoy e @n — pTin] — Proje, o len — pT1(za)]| (3.17)
14 pry

= |zn1 = pT1(Tn+1) — @ + pT1(20) || + wil|Tns1 — zn.
ri(p—1)

On the other hand, we have
[Zns1 = pT1(xn11) — 0 + pT1(z0) ||
< @t — $n||2 = 2p(T1(zn11) — T1(Tn), Tnt1 — Tn) + :02||T1(33n+1) - Tl(xn)H2
< @ns1 = zall® = 2001|2041 — 20]|* + p?BY | ns1 — 2|

= (1= 2po1 + p*BY) |21 — anll*.

(3.18)
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From (3.17)) and (3.18)), we get

14+ pky
lYn+1 — ynll < 7#\/1 —2po1 + pzﬁ%”anrl — Tp || + wi||Tpy1 — 20|
K1(p—1)
1+ ki 3.19
= <“\/1 —2po1 + p B} + wl) [€n-+1 = nl 219
ri(p—1)

= 01| @n41 — nl,

where 61 = HllJ(r:fi) V1 —2poy + p237 + wi. Observe that, by the choice of p, u and k1, we have 6; < 1.

Next, by the definition of {z,}, we have
[2n+1 = 2nll = | Projoy Ay, [AYn+1 — AT2(Aynt1)] — Projoyay,) [Ayn — NT2(Ayn)]|
< HprojCz(Ayn-t,-1)[Ayn+1 — ATy (Ayn+1)] - ProjCz(Ayn+1)[Ayn — ATy (Ayn)]H
+ 1Projcy(ayn, ) [AYn — NT2(Ayn)] — Projey (ay,) [Ayn — N2 (Ay,)]||
< toul[(AYn+1 — Ayn) — MT2(Aynt1) — To(Ayn)) || + wol|Aynt1 — Aynl|l.

(3.20)

And, since

1(Ayns1 — Ayn) — MTo(Aynt1) — To(Ayn))|1?

< N Aynt1 — Ayall® = 2XTa(Ayns1) — To(Ayn)); Ayns1 — Ayn) + M| To(Aynt1) — To(Aya) |12
< NAIPynt1 = ynll* — 2A02[| Ayn i1 — Aynll® + VB3] Ayni1 — Ayl

= (1= 2Xa2 + N8| Al* [ yns1 — %,

we obtain

l2ns1 = 2l < tar /1 = 2002 + X283 Al = il + w2l All g1 = v
- (ts* V12204 X + wa) | Alllgn+1 = vl (3:21)

= 02HAHHyn+1 - ynH

Note that, by the choice of A, we have #y < 1. Next, we consider

lZnt1 — 2nl
= [|[Proje, (yu) [Yn + YA™ (20 — Ayn)] — Proje, () [Yn+1 + A (2n-1 — Ayn-1)]||
< ”Projol(yn)[yn + A" (20 — Ayn)] — P?”Ojcl(yn_l)[yn + A" (20 — Ayn)]||
+ [Proje, g, 1) lyn +vA (20 — Ayn)] — Proje, y, 1) [yn—1 + 7A™ (zn—1 — Ayn-1)]|
< willyn = Yn—1ll + @llyn — yn-1 — V(A (zn—1 — Ayn—1) — A (20 — Ayn))||
< willyn = yn-1ll + @llyn — yn—1 — V(A" (Ayn — Ayn—1))[| + ©7[| A" (20) — A*(zn-1)]|-

(3.22)

Since,

1Yn = Yn—1 — V(A* (Ayn — Ayn_1))|?

< lyn = yn-1ll> = 2(Wn — Yn-1, A" (Ayn — Ayn_1)) + V|| A*(Ayn — Ayn_1)||”

= [lyn — yn-11* = 27(Ayn — Ayn_1, Ayn — Ayn_1) + || A*(Ayn — Ayn_1)||*

< lyn = Yn-1l* = 2711 Ayn — Ayn_1]* + V| A1 Ayn — Ayn—1]® (3.23)
= lgn = yn-1l* = 2y = VIAIP)|| Ayn — Ayp|?

= llyn — yn—1lI> = 72 = VIIAI) | Ayn — Ayn_1]®

< |lYn = Yn-1]?
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and [|A*(z) = A" (zn-1)[| < [[Allll2n = 2zn-1], we get

[Znt1 = 2nl| < willyn — yn-1ll + @llyn — Yn-1ll + @V Allll2n — 2n—1]|
< w1lyn — Yn-1ll + Qllyn — yn-1ll + V021 Al 1yn — yn—1l|
= (Y020l AlI* + ¢ + w1)|[Yn — Yn-1] (3.24)
< 1 (Y020 All? + 0 + wi) 20—z

= 93||xn - xTLlea

where 03 = 01 (v02¢||A||?> + @ +w1). Also, by the choice of v, we know that #3 < 1. Hence, for any m > n > 1,
we see that
lzm = 2l < 2 l@igr — 2l
< BP0l — o
1 — o] [£22,,65 (3.25)
03
1—05

A

IN

|21 — zo]|-

Since 03 < 1, we can conclude that {z,} is a Cauchy sequence in H;. By the completeness of Hj,we know
that {z,} is a convergent sequence. Also, by and the convergence of the sequence {x,}, we see that
{yn} is a convergent sequence. In similar way, by and the convergence of the sequence {y,}, we obtain
that {z,} is a convergent sequence. This completes the proof. O

Now, we are in position to present the sufficient condition for existence of solution of problem (3.1} our
main theorem.

Theorem 3.5. Let Hy, Ho be real Hilbert spaces. Let T; : H; — H; be nonlinear mappings for i = 1,2 and
Cy : Hi — [Cl(H1)]r and Cy : Hy — [Cl(H2)|s be nonlinear set-valued mappings. Assume that all of the
assumptions in Theorem hold and if lim,,_ oo T, = limy, 00 Yn and limy, oo Az, = limy, o0 2. Then, the
problem has a solution.

Proof. Let limy, 00 T, = limy, 00 Y = * and lim,, oo Az, = limy, o0 2, = 2*. Firstly, we will show that
~Ty(z*) € Ngl(x*)(x*). Since y,, € Projc, (o, [n — pT1(zn)], we see that x, — y, — pT1(2n) € Ngl(xn)(yn).
Using this one together with the closedness property of the proximal cone, we obtain that —pTix* €

Ng1(z*)(x*)’ This means, —T1(z") € Ng1(z*)(x*)’

Next, we want to show that —Th(z*) € Ngz(z*)(z*). Since 2, € Projco,ay,)[Ayn — ANT2(Ayn)], we have
Ay, — zn — XTo(Ayy) € N, 52( Ayn) (zn). Again, by using the closedness property of the proximal cone, we have
Az — 2" — NIh(Az™) € Ngg(Ax*)(Z*)' This is —A\Ta(Ax™*) € Néz(z*)(z*). Hence, —Ty(z*) € N/, (z*). The
proof is completed. O

Recall that a multivalued mapping C : H — 2 is said to be a Hausdorff Lipschitz continuous if there
exists a real number x > 0 such that

H(C(x),C(y)) < kllz —yll, forall z,ye H,

where H stands for the Hausdorff distance relative to norm associated with the Hilbert space H, that is
H(A, B) = max < sup inf ||z — y||, sup inf ||z —y|| ;,
(4,B) {IEMEB o~y sup int 12 — |

for all A, B € 2H.
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It is easy to check that the class of k-Lipschitz continuous mapping in Definition is larger than the
class of above Hausdorff Lipschitz continuous mappings. Thus, the following results is followed immediately
from Theorem [3.5

Corollary 3.6. Let Hi, Ho be real Hilbert spaces. Let T; : H; — H; be nonlinear mappings for i = 1,2 and
Cy : Hy — [CI(H))]r and Cy : Hy — [Cl(Ha)]s be Hausdorff Lipschitz continuous mappings. Assume that
Assumption (A)(i) and (iit) and all of assumptions in Theorem hold. Then, the problem (3.1) has a
solution.

Remark 3.7.
(i) Corollary [3.6| recovers the result which was presented by K. R. Kazmi[I8] as a special case.

(73) It is well known that if K is a closed convex set then it is r-prox regular set for every r > 0, so, in this
case, the control condition (i7) of Lemma [3.2{ can be omitted.

4. Conclusion

In this work, we introduce and study a type of split quasi variational inequality problem over a class
of nonconvex sets. In order to prove the existence theorems, an algorithm is constructed as an important
tool. This problem generalizes and extends the variational inequality problems and the split variational
inequality problems from the setting of convex sets to nonconvex case. We desire that the results presented
here will be useful and valuable for researchers who study the branch of variational inequality and related
applications.
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