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1. Introduction and Preliminaries

Let E be a real Banach space and let £* be the dual space of E. Let C' be a nonempty subset of a E.
Let g be a bifunction from C' x C' to R, where R denotes the set of real numbers. Recall that the following
equilibrium problem [4]: Find € C such that

9(z,y) >0 YyeC. (1.1)
We use Sol(g) to denote the solution set of equilibrium problem . That is,
Sol(g) ={x € C:g(x,y) >0 VyeC}.
Given a mapping A : C' — E*, let
G(z,y) = (Az,y —x) Va,yeC.
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Then z € Sol(g) iff z is a solution of the following variational inequality. Find Z such that
(Az,y—z) >0 YyeC. (1.2)
The following restrictions (R-a), (R-b), (R-c) and (R-d) imposed on ¢ are essential in this paper.
(R-a) g(y,2) +g(z,y) <0Vr,y € C;
(R-b) g(z,x) =0Vzx € C;
(R-¢) y+ g(z,y) is weakly lower semi-continuous and convex Vz € C;
(R-d) g(z,y) > limsup; g g(tz + (1 — t)z,y),Vr,y,2 € C.

Equilibrium problem is a bridge between nonlinear functional analysis and convex optimization
theory. Many problems arising in economics, medicine, engineering and physics can be studied via the
problem; see [3] [7, 8, O, 10} 12}, 14, 18] 19 25] and the references therein.

Recall that the normalized duality mapping J from E to 2F" is defined by

Jr = {a* € B* ¢ ||a*] = (z,2%) = ||=[|2}.

Let S¥ be the unit sphere of E. Recall that F is said to be a strictly convex space iff ||z + y|| < 2 for all
z,y € S¥ and x # y. Recall that E is said to have a Gateaux differentiable norm iff limy o (||tz +y| —¢||z||)
exists Vz,y € SP. In this case, we also say that E is smooth. F is said to have a uniformly Gateaux
differentiable norm if for every y € S¥, the limit is attained uniformly for each x € S¥. E is also said to
have a uniformly Fréchet differentiable norm iff the above limit is attained uniformly for each =,y € S¥. In
this case, we say that E is uniformly smooth. It is known if E is uniformly smooth, then J is uniformly
norm-to-norm continuous on every bounded subset of E; if F is a smooth Banach space, then J is single-
valued and demicontinuous, i.e., continuous from the strong topology of E to the weak star topology of E;
if F is a strictly convex Banach space, then J is strictly monotone; if F is a reflexive and strictly convex
Banach space with a strictly convex dual E* and J* : E* — E is the normalized duality mapping in E*,
then J~! = J*; if E is a smooth, strictly convex and reflexive Banach space, then J is single-valued, one-
to-one and onto; if F is a uniformly smooth, then it is smooth and reflexive. It is also known that E* is
uniformly convex if and only if E' is uniformly smooth. From now on, we use — and — to stand for the weak
convergence and strong convergence, respectively. Recall that E is said to have the Kadec-Klee property
if limy, 00 ||z, — x| = 0 as n — oo for any sequence {z,} C F and = € E with z,, = = and ||z,|| — ||zl
as n — oo. It is well known that if E is a uniformly convex Banach spaces, then E has the Kadec-Klee
property; see [I1] and the references therein.

Let f be a mapping on C. Recall that a point p is said to be a fixed point of f if and only if p = fp. pis
said to be an asymptotic fixed point of f if and only if C contains a sequence {x,,}, where x,, — p such that
Zp, — fxn — 0. From now on, We use Fiz(f) to stand for the fixed point set and Fﬂ'z;:(f) to stand for the
asymptotic fixed point set. f is said to be closed if for any sequence {z,,} C C such that lim, ,~ z, = 2’
and lim, .o fo, =3/, then f2’ =/ .

Next, we assume that F is a smooth Banach space. Consider the functional defined on E by

o(z,y) = [lz||* + lylI> — 2(z, Jy) V=z,y € E.

Let C be a closed convex subset of a real Hilbert space H. For any x € H, there exists a unique nearest
point in C, denoted by Pz, such that ||z — Pox| < ||z — y|| for all y € C. The operator P¢ is called the
metric projection from H onto C. It is known that P is firmly nonexpansive. In [2], Alber studied a new
mapping Il in a Banach space E which is an analogue of Pg, the metric projection, in Hilbert spaces.
Recall that the generalized projection Il : E — C' is a mapping that assigns to an arbitrary point x € F
the minimum point of ¢(z,y). It is obvious from the definition of function ¢ that

(Ulyll + llz[)? = é(z,y) = (l=]| — lly])*  Vz.y € E, (1.3)
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and
o(x,y) —2(z —x,Jz — Jy) = ¢(x,2) + ¢(2,y) Vx,y,z € E. (1.4)

Remark 1.1. If E is a strictly convex, reflexive and smooth Banach space, then ¢(x,y) =0 iff z = y.

Recall that a mapping f is said to be relatively nonexpansive ([5]) iff

o(p,z) > ¢(p, fr) Va € C,Vp € Fiz(f) = Fix(f) # 0.

f is said to be relatively asymptotically nonexpansive ([1]) iff

$(p, f"x) < (1+ pn)p(p, x) Vo € C,Vp € Fin(f) = Fiz(f) #0,%n > 1,

where {u,} C [0,00) is a sequence such that u, — 0 as n — oco.

Remark 1.2. The class of relatively asymptotically nonexpansive mappings, which include the class of rela-
tively nonexpansive mappings ([5]) as a special case, were first considered in [1] and [26]; see the references
therein.

f is said to be quasi-¢-nonexpansive ([21]) iff

o(p,x) > (p, fx) Vx € C,Vp € Fiz(f) # 0.

f is said to be asymptotically quasi-¢-nonexpansive ([22]) iff there exists a sequence {u,} C [0, 00) with
tn — 0 as n — oo such that

o(p, f'x) < (14 pn)o(p, ) Va € C,Vp € Fiz(f) #0,Yn > 1.

Remark 1.3. The class of asymptotically quasi-¢-nonexpansive mappings, which include the class of quasi-
¢-nonexpansive mappings ([21]) as a special case, were first considered in [20] and [22]; see the references
therein.

Remark 1.4. The class of asymptotically quasi-¢-nonexpansive mappings is more desirable than the class
of asymptotically relatively nonexpansive mappings. Quasi-¢-nonexpansive mappings and asymptotically
quasi-¢-nonexpansive do not require Fix(f) = Fiz(f).

Recently, Qin and Wang ([23]) introduced the asymptotically quasi-¢-nonexpansive mapping in the inter-
mediate sense, which is a generalization of asymptotically quasi-nonexpansive mapping in the intermediate
sense in Banach spaces. Recall that f is said to be asymptotically quasi-¢-nonexpansive in the intermediate
sense iff Fiz(f) # () and

limsup  sup  (@(p, /") — $(p,)) < 0.
n—co peFiz(f)zeC

The so called convex feasibility problems which capture lots of applications in various subjects are to
find a special point in the intersection of convex (solution) sets. Recently, many author studied fixed points
of nonexpansive mappings and equilibrium (L.I); see [6], [13], [15]-[I7], [24], [27]-[33] and the references
therein. The aim of this paper is to investigate convergence of a hybrid Halpern process for fixed point and
the equilibrium problem. Strong convergence theorems of common solutions are established in a strictly
convex and uniformly smooth Banach space which also has the Kadec-Klee property. In order to our main
results, we also need the following lemmas.

Lemma 1.5 ([2]). Let E be a strictly convez, reflexive and smooth Banach space and let C' be a convex and
closed subset of E. Let x € E. Then

o(y,Hex) < ¢(y,z) — ¢(Ilcz,z) Yy € C.
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Lemma 1.6 ([4]). Let C be a convex and closed subset of a smooth Banach space E and let x € E. Then
(y — xo, Jr — Jxg) <0 Vy € C iff zp = Hex.

Lemma 1.7 ([4], [21]). Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach
space E. Let g be a bifunction from C x C to R satisfying (R-a), (R-b), (R-c) and (R-d). Let r >0 and
x € E. Then

(a) There exists z € C' such that
(y—2z,Jz—Jx)+rg(z,y) >0 VyeC.
(b) Define a mapping 7, : E — C by
nr={2€C:(y—zJz—Jz)+rg(z,y) >0 VyeC}.
Then the following conclusions hold:
(1) 7 is single-valued;
(2) 7 is a firmly nonexpansive-type mapping, i.e., for all x,y € E,

(v — Ty, Jx — Jy) > (1px — 1y, JTrx — JTry);

Tr 1S QUASI-P-NONETPANSIVE;

¢(q, 7rx) <@g, ) — o(rrw, ) Vg € F(7);
S

ol(g) is convex and closed.

Lemma 1.8 ([23]). Let E be a uniformly smooth and strictly convex Banach space which also enjoys the
Kadec-Klee property. Let C be a nonempty closed and convex subset of E. Let f : C — C be a closed
asymptotically quasi-p-nonexrpansive mapping in the intermediate sense. Then Fix(f) is a convex closed

subset of C.

2. Main results

Theorem 2.1. Let E be a strictly convex and uniformly smooth Banach space which also has the Kadec-
Klee property. Let C be a convex and closed subset of E and let A be an index set. Let g; be a bifunction
from C x C to R satisfying (R-a), (R-b), (R-c), (R-d) and let f; : C — C be an asymptotically quasi-¢-
nonexpansive mapping in the intermediate sense for everyi € A. Assume that f; is continuous and uniformly
asymptotically reqular on C for every i € A and NiepFiz(f;) () NieaSol(g;) is nonempty and bounded. Let
{zn} be a sequence generated in the following manner:

xg € E  chosen arbitrarily,

Cayn=0C,

r1 = Ueoyi=nicncy 4 %05

Yn) = I = i) T 2m0) + iy J21),

Clnt1i) =12 € Cinyiy : 9(2,20) + (i) D + (1 = a(n))Em,iy = 6(25Yn,i))}s
Cn+1 = NieaClnt1,),

1’n+1 - HCn+1x17

where g5y = max{0, SUDpe pip( 1) wec (90, fi2) — d(p,x)), D = sup{d(w,z1) : w € NieaFiz(fi)
NieaSol(gi)}, Z(ni) € Crn such that T(n,i)gi(’z(n,i)ay) > <Z(n,i) - yaJZ(n,i) = Ja) Yy € G, {a(n,i)} is
a real sequence in (0,1) such that lim, o An,iy = 0 and {T(n,i)} is a real sequence in [r;,00), where
{ri} is a positive real number sequence for every i € A. Then the sequence {x,} converges strongly to
Un,cn Fia(f;) NnieaSol(g:) ¥1-
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Proof. We divide the proof into six steps.

Step 1. We prove that Njep Fiz(f;) () NicaSol(g;) is convex and closed.

In the light of Lemma and Lemma|l.8] we easily find the conclusion. This shows that the generalized
projection onto Niep Fiz(f;) [ NieaSol(g;) is well defined.

Step 2. We prove that C, is convex and closed.

Cas = C is convex and closed. Next, we assume that C; ;) is convex and closed for some k >
L. For q1,q2 € Cpgriy C Cryy, we have ¢ = tq1 + (1 — t)q2 € C(y), where t € (0,1). Notice that
o(q1, ok) + iy D + (1 = a@i) k) > (a1, Yr,i) and ¢(g2, zk) + agen D + (1 — i) € ki) = H(92: Yhoi))-
The above inequalities are equivalent to

2k ll” = Iy ll® + cwnD + (1= agi)émi > 2(a, Joe — Jyus)

and
2k l” = Iy lI” + cwn D + (1= i) = 2(a2 T2k — Jy())-

Using the above inequalities, we find that

lzill® = Ny + e D + (1= @) = 200 Joe — JYg)-

That is,
&g, ox) + oD + (1 — o)) = (4 Yri))s

where g € Cy, ;). This finds that C(1 ) is convex and closed. We conclude that C', ;) is convex and closed.
This in turn implies that Cy, = NieaC,, ;) is convex and closed. Hence, Il¢, 1 is well defined.

Step 3. We prove that Njep Fiz(f;) () NieaSol(gi) C Chp.

NieaFiz(fi) N NieaSol(gi) C C1 = C'is clear. Suppose that Niea Fiz(f;) () NieaSol(g:) C Cy 5y for some
positive integer k. For any w € NMijep Fix(f;) () NieaSol(g;) C Clk,i)» we see that

n+1

o(w, ) + @D + (1 — ami)Er,i = o(w, 2x) + apind(w, 1) — agyd(w, zx) + (1 — i)k,
> i @(w, 1) + (1 = ag))o(w, T k) + (1= agi)ék,)
= agend(w, 1) + (1= ag)d(w, fFzp)
> |wll® + e ] + (1 — a(k,i))”ffz(k,i)uz
— 2(1 = o) (W, [ 2,0)) — 2030 (w, J1) (2.1)
= [lwll* + llegw, Jz1 + (1 = aga) T 2w
— 2(w, agpyJo1 + (1= o) fFagn))
= ¢(w, J (e + (1= o) 2w0))
= oW, Y(k,))

where D := Supycn, ., Fiz(f;) (NseaSol(gs) P(Ws T1). This proves w € Cg11 4. Hence, we have
NieaFiz(f;) [ NieaSol(gi) C Cinypy-

This in turn implies that Nep Fiz(f;) () NieaSol(g:) C NieaCln,i)- It follows that

NieaFiz(f;) m NieaSol(g;) C Cy,.

Step 4. We prove that {z,} is a bounded sequence.
Using Lemma [T.6] we see
(xn — 2z, Jx1 — Jxp) > 0V2 € C).
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Since Njea Fiz(fi) (N NicaSol(gi) is subset of C,,, we find that
(@n —w, Jz1 — Jxn) =0 Vw € NieaAF(T}) (| NieaEF (f2). (2.2)
Using Lemma we get

(M pFia(f) NsenSol(g) L1 Tn) + O(@n, 1) < G(Hn,, pia(f) N rieaSol(g) 15 T1)-
Hence, we have
¢(n, 21) < O(In,, Fia(f,) N NserSol(g:) L1 T1)-

This implies that {¢(x,,z1)} is a bounded sequence. It follows from that sequence {x,} is also a
bounded sequence.
Step 5. Since the space is reflexive, we may assume that =, — Z. We prove Z € N;ep Fiz(fi) [ NicaSol(gi)-
Since (), is convex and closed, we have z € C),. Hence, ¢(zy,z1) < ¢(Z,21). On the other hand, we see
from the weakly lower semicontinuity of the norm that

&(z, 1) > limsup ¢(zn, 1)
n—oo
= timinf(a, 2 + a1 2 = 2(an, J21))
= |12 + l|lz1|* — 2(z, Jz1)
= ¢(z,21).

This implies that ¢(zy,z1) — ¢(Z, 1) as n — oo. Hence, we have lim,_, ||z,| = ||Z||. In view of Kadec-
Klee property of E, we find that x,, — Z as n — oo. Since x,,41 € Cy,, one has ¢(zp, 1) < ¢(Tp+1,21). So,
{¢(xn, 1)} is a nondecreasing sequence. Since ¢(zy, 1) < ¢(T, 1), one see that lim, oo ¢(xy,, 1) exists.
This implies that lim,— oo ¢(2n41,2,) = 0. Since x, 41 € Cpy1, we find that

O (Tn+1,Tn) + aniyD + (1 = i) )m,i) > O(Tnt15Y(n,i)) = 0.

Using restriction imposed on {c, ;) }, on has limy, 0 ¢(Tn41,Y(n,i)) = 0. Using (1.3]), we see that

I ([[y,all = [[2n41l)) = 0,
which in turn finds
Jim {|y | = (12l
That is,
dim [ Jyuoll = 172l = lim Jlyeqll = 2]

Since both E* and E are reflexive spaces, we may assume that Jy, ;y — y™9) e E*. This shows that there
exists an element y' € E such that y*% = Jy'. It follows that

|11 + 1Ty 1> = 2(@n1s Tyiy) = lent1 ) + lymalI® = 2(@nt1, Tyina)
= A(Tn+1,Y(n,i))-
Taking lim inf,, ,., on the both sides of the equality above yields that
0<o(z,y") = ||z - 2(z, Jy') + Iy’
= ||1z|1* - 2(z, Jy") + ITy'|]?
< Jlz)? - 24z, ) + ||y
<0.

This implies y* = Z. Hence, we have y*9 = Jz. Tt follows that JYni) — JT € E*. Since limy, 00 a5 = 0
for every i € A, we find limy, o0 | JY(n,i) — J f{*2(n,5)ll = 0. Using the fact
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B

one has Jf'2(, ;) — JT as n — oo for every ¢ € A. Since J ~! is demicontinuous, we have J{'%ms — T for
every i € A. Since ||| f{ 2@l — 12/l < [[J(ff2(n,4)) — JZI|, one has || f' 2zl = [|IZ]], as n — oo for every
i € A. Since F has the Kadec-Klee property, one obtains

lim || f7'#(ns) - ] = 0.

n—oo

On the other hand, we have
I 200 — 21 < N 2000 — 200 |+ 1 2000 — -
In view of the uniformly asymptotic regularity of f;, one has
~ +1 =l —
Jim | £ 2, — 2] = 0,

that is, fif'z(n) — T — 0 as n — oo. Since every f; is a continuous, we find that f;z =z for every i € A.
Next, we prove T € N;cpSol(g;).
Since f; is continuous, using (2.1), we find that lim,co ¢(Tn+1, 2(n:)) = 0. Using (1.3), we see that

limp 00 ([[2(n,i) | = [[Zn+1)) = 0, which in turn finds limy, e0 [|2(n,) || = [|Z]|- That is,
Tt [zl = 2] = lim 12 = 3],

Since both E* and E are reflexive, we may assume that Jz, ;) — 2(*1) ¢ F*. This shows that there exists

an element 2! € E such that 2% = Jzi. Tt follows that

n,t

201l + 120 I = 2(@na1, T2) = [Tng1|? + 200 I = 2(@na1, T2(0)
= ¢(xn+17 Z(n,z))
Taking lim inf, .., on the both sides of the equality above yields that
o(z,2') = |z)|* - 2(z, J2') + ||
= |lz)* - 2(z, J=") + || T2'|)?

< [l2)* = 2z, 259) + (|22
< 0.

This implies z* = Z. Hence, we have z(*) = Jz. It follows that J2(ni — Jx € E*. Using the Kadec-Klee
property we find that Jz(,; — Jz € E*. Since J ~! is demicontinuous, we have Z(n,iy — Z. Using the fact
that

1Ym0y = Jonll < 1Yy — T2 + [|J2n — T2,

we see that lim [|Jyq, ) — Jon| = 0. In view of z(, 3y = 7, , Tn, We see that
n—00 ’ ’

(nsi)
1y = 2, Il T2y — JTall = 7(n,0)9i(Ys 2(n5)) VY € Ch.

It follows that g;(y,7) < 0 Vy € Cy,. For 0 < t; <1 and y € Cy, define y, ;) = t;y + (1 —;)Z. It follows that
Y(t,i) € Cn, which yields that g;(y ), ) < 0. Hence, we have

0= i(Yt,)» Yit.i) < tigi(Wie,iy»y) + (1 — 1) gi(Ye.0): T) < tigi(Y(e)» v)-

That is, gi(y(,),y) = 0. Letting ¢; | 0, we obtain from (R — d) that g¢;(Z,y) > 0, Vy € C. This implies
that z € Sol(g;) for every i € A. This shows that z € N;cpSol(g;). This completes the proof that z €
ﬂieAFix(Ti) ﬂ ﬁieASOZ(gZ‘).
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Step 6. Prove T = HﬁieAFix(fi)nﬁieASOZ(gi)xl'
Letting n — oo in (2.2)), we see that

(x —w,Jry — Jz) >0 Yw € NiepFiz(f;) ﬂﬂieASol(gi).
In view of Lemma we find that that £ =Iln,_, riz(f,) \nienSol(g,)T1- This completes the proof. O

If f is a asymptotically quasi-¢-nonexpansive mapping, we find from Theorem the following.

Corollary 2.2. Let E be a strictly convex and uniformly smooth Banach space which also has the Kadec-
Klee property. Let C be a convexr and closed subset of E and let A be an index set. Let g; be a bifunction
from C x C to R satisfying (R-a), (R-b), (R-c), (R-d) and let f; : C' — C be an asymptotically quasi-¢p-
nonexpansive mapping for every i € A. Assume that f; is continuous and uniformly asymptotically regular
on C for every i € A and NieaFix(fi) () NieaSol(gi) is nonempty and bounded. Let {x,} be a sequence
generated in the following manner:

(20 € E chosen arbitrarily,

Caq =0,

r1 = Iley=n,enciy i 0,

Yny) = J (1= agi) I [ 2 + Qi) J21),

Clns1i) = {2 € Cinyiy + 9(2,20) + @iy D > 0(2,Y(n)) }
Cn+1 = NieAClng 1,0y

Tp4+1 = ch+1x17

where D = sup{¢(w, 1) : w € NieaFix(f;) (N MieaS0l(gi)}, 2(n) € Cn such that v, 1yGi(2(n) Y) = (Z(n) —
Ys J2(niy — JTn) Yy € Cn, {amq} is a real sequence in (0,1) such that limy, 0o an gy = 0 and {7y, )} is a
real sequence in [r;,00), where {r;} is a positive real number sequence for every i € A. Then the sequence
{zn} converges strongly to Un,_, piz(f,) (NicaSol(g:) 1

If T' is a quasi-¢-nonexpansive mapping, we find from Theorem the following.

Corollary 2.3. Let E be a strictly convexr and uniformly smooth Banach space which also has the KKP.
Let C be a conver and closed subset of E and let A be an index set. Let g; be a bifunction from C x C to
R satisfying (R-a), (R-b), (R-c), (R-d) and let f; : C — C be a quasi-¢-nonexpansive mapping for every
i € A. Assume that f; is continuous for every i € A and Niea Fiz(f;) () NieaSol(gi) is nonempty. Let {x,}
be a sequence generated in the following manner:

xg € E  chosen arbitrarily,

Caiy=0C,

r1 = Ileyi=n,encqy i 20,

Yni) = I (1 = ) fizniy + Ay Jx1),
Cint1,) =12 € Crnyiy : d(2,20) 2 d(2,Y(n)) )
Crnt1 = NieAC(n11,5)s

Tpn41 = HCnJrlxl?

where z(, ;) € Cp such that v, 39i(2(m4),Y) = (Ztns) — Y> J2(n,i) — JTn) Yy € Cn, {am )} is a real sequence

in (0,1) such that limy, o a(n ) = 0 and {7, )} is a real sequence in [r;,00), where {r;} is a positive real
number sequence for every i € A. Then the sequence {zy,} converges strongly to I, _, piz(f,) \NsenSol(gs)T1-

In the Hilbert spaces, we have the following deduced results.
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Corollary 2.4. Let E be a Hilbert space. Let C be a convexr and closed subset of E and let A be an index
set. Let g; be a bifunction from C x C to R satisfying (R-a), (R-b), (R-c), (R-d) and let f; : C — C be
an asymptotically quasi-nonexpansive mapping in the intermediate sense for every i € A. Assume that f;
is continuous and uniformly asymptotically reqular on C for every i € A and Njepr Fix(f;) () NicaSol(g;) is
nonempty and bounded. Let {x,} be a sequence generated in the following manner:

xg € E  chosen arbitrarily,

Cup =G,

r1 = Poyi=n,caCy 4 %05

Yng) = (1 = i) [7 2(na) T ¥n) 1,5

Cin1,i) = {2 € Clnyiy : 1z — 2l ® + oy D + (1 = (n,i))Eni) = 12 = Y,
Cn+1 = NieAClnt1,),

1},

mn—i—l - PCn+1x17

where

iy =max{0,  sup  (lp— fl'z)* = llp—x|?), D = sup{|jw — 21> : w € NicaFiz(fi) () NicaSol(gi)},
pEFiCE(fi),Z‘EC

Z(ni) € Cn such that vy ) 9i(2(n,i)> ¥) = (2(ni) = ¥ Z(nyi) — Tn) VY € Cny {am s} is a real sequence in (0,1)

such that limy, 00 () = 0 and {r(, )} s a real sequence in [r;,00), where {r;} is a positive real number

sequence for every i € A. Then the sequence {x,} converges strongly to U, o Fiz(f:) N NieaSol(gi) L1-

If Tf is an asymptotically quasi-nonexpansive mapping, we find from Theorem the following.

Corollary 2.5. Let E be a Hilbert space. Let C be a convexr and closed subset of E and let A be an index
set. Let g; be a bifunction from C x C to R satisfying (R-a), (R-b), (R-c), (R-d) and let f; : C — C be an
asymptotically quasi-nonexpansive mapping for every i € A. Assume that f; is continuous and uniformly
asymptotically reqular on C' for every i € A and NiepFiz(f;) (NieaSol(g;) is nonempty and bounded. Let
{zp} be a sequence generated in the following manner:

xg € EF  chosen arbitrarily,

C1,i) = C 21 = Poyi=n,cC 1.4 %0,

Yni) = (1= i) fi'2(n,0) + Qi) 21,

Cn1,i) = {2 € Clnyiy : 1z = 2l ® + apy D > |12 =y 1?1,
Cnt1 = NieAClnt1,4)s Tnt1 = Po, 421,

where D = sup{[lw — z1|* : w € NieaFiz(f;) N\ NieaS0l(gi)}, zns) € Cn such that v, 19i(Zni,y) >
(Z(nyi) = Y> Z(n,i) — Tn) VY € Cny {Q(n i)} s a real sequence in (0,1) such that limy, 00 a(n ) = 0 and {7, )} is
a real sequence in [r;,c0), where {r;} is a positive real number sequence for every i € A. Then the sequence

{wn} converges strongly to Un, _, piz(f;) M nicaSol(g:)T1-
If f is a closed quasi-nonexpansive mapping, we find from Theorem the following.

Corollary 2.6. Let E be a Hilbert space. Let C be a convex and closed subset of E and let A be an index
set. Let g; be a bifunction from C x C to R satisfying (R-a), (R-b), (R-c), (R-d) and let f; : C — C be
a quasi-nonexpansive mapping for every i € A. Assume that f; is continuous and uniformly asymptotically

reqular on C' for every i € A and NiepFiz(f;) () NieaSol(g;) is nonempty. Let {x,} be a sequence generated
in the following manner:
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-~

xg € E  chosen arbitrarily,

C) = C, 21 = Poyi=n,eaCy 4 %0,

Ying) = (1 = i) [iZ(ni) + ¥ni 1,

Cint1) = {2 € Cluyiy : 12 = zall®> > 12 — ympy 1}
[ Cnt1 = NieAClng1,4)s Tnt1 = Po, 21,

where z(, ;) € Cp such that 1, 1y Gi(2(n)Y) = (Z(ng) = Y5 Zmyi) — Tn) VY € Cn, {a(m} is a real sequence
in (0,1) such that lim, e a(n ) = 0 and {7, )} is a real sequence in [r;,00), where {r;} is a positive real
number sequence for every i € A. Then the sequence {x,} converges strongly to Hn, o aFiz( ) NieaSol(gi) L1
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