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Abstract

In this paper, we give several improvements of Mitrinovié-Adamovi¢’s inequality and Lazarevié¢’s in-
equality. Our results show some interesting relationships between Mitrinovié-Adamovié’s inequality and
Lazarevié¢’s inequality. At the end of the paper, the improved Lazarevié¢’s inequality is applied to the sharp-
ening of Wilker-type inequalities for hyperbolic functions. (©2016 All rights reserved.
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1. Introduction

In 1965, Mitrinovi¢ and Adamovié [5] proved that the inequality

: 3
cosx < (smx) (1.1)

X

holds for all = € (0,7/2) and showed that the exponent 3 is the largest possible. A year later, a hyperbolic
analogue of inequality (1.1)) was presented by Lazarevi¢ in [4], as follows
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sinhx>3’ (12)

x

coshz < <
where x # 0, and the exponent 3 is the least possible.

During the past several years there has been a great deal of interest in inequalities of Mitrinovi¢-Adamovié¢
type and Lazarevi¢ type. Some generalizations, improvements and variants of the Mitrinovié-Adamovié¢ and
Lazarevié¢’s inequalities can be found in the literature 3}, 6, [7, 8, [9] T3} 17, [18| 19, 20l 211, 23].

The main purpose of this paper is to improve Mitrinovié-Adamovié’s inequality (1.1) and Lazarevié’s
inequality (1.2]). As special cases of our results, the following improved versions of inequalities ([1.1]) and
(1.2) will be obtained respectively.

X

. 3
cosz < <smx> ) (1.3)

where 0 < |z| < 2o and z¢ ~ 4.70277543 is the unique real root of the equation cosz — ((sinz)/x)3 = 0 in

sinz\*
cosT —
x
where x # 0.

Moreover, some new inequalities of Mitrinovié-Adamovié¢ and Lazarevié¢ type are established, which
reveals some interesting relationships between Mitrinovié-Adamovié’s inequality and Lazarevié¢’s inequality.
Several complementary inequalities which are related to inequalities and are also considered. In
Section [4] the improved Lazarevié’s inequality is applied to the sharpening of Wilker-type inequalities for
hyperbolic functions.

the interval (m, 27).

sinh2\?
coshx < - ) (1.4)
x

2. Lemmas

In order to prove the main results in Sections 3 and 4, we first introduce the following lemmas.

Lemma 2.1 ([2]). If 2; >0, \; >0 (i=1,2,...,n) and A\ + Ao+ --- + A\, = 1, then

n n
> ximi = [ (2.1)
=1 =1

Lemma 2.2. For any positive real numbers x, the following inequality holds
sinz < sinhz. (2.2)

Proof. Consider the function
f(z) =sinx —sinhz, z € (0,400).

Differentiating f(z) with respect to x gives
f'(z) = cosx — cosh .
It is easy to observe that
cosx <1
and

X —T
coshx = % > VeTe ™™ =1,

Hence f'(z) < 0 for z € (0,+00), it follows that f(x) is decreasing on (0,+0c0). Hence, by f(0) = 0, we
obtain f(z) <0 for z € (0,+00), which implies the desired inequality (2.2]). The Lemma [2.2|is proved.
O
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3. Improvements of Mitrinovié-Adamovié’s Inequality

Throughout this paper, let R and Z™* denote respectively the set of real numbers and the set of positive
integers. We first give a generalization of the Mitrinovié¢-Adamovié’s inequality (|L.1]), as follows

Theorem 3.1. Let xg = 0, and let x,,(n € Z1) be the unique real root of the equation cos x—((sinx)/z)? =0
in (nm, (n+ 1)m).

(i) If € (—zopt1, —Tak) U (@, Tont1) (kK € ZT U{0}), then

: 3
cosx < (smx) . (3.1)

X

(i) If x € (—Tokt2, —Takt1) U (Tog+1, Tokt2) (K € ZT U{0}), then

: 3
cosx > (sm:c) . (3.2)

X

Proof. Define a function f: R — R by

sinx

cosz — ( ¥ if x#£0,
0 it x=0.

fz) =

Furthermore, it is easy to see that f(x) is a continuous even function. Hence, to prove the validity of
inequalities (3.1)) and (3.2)) in the given intervals in Theorem it is sufficient to prove that the inequality

(3.1) holds for = € (wog,wory1) (K € Z* U {0}), and the inequality (3.2)) holds for x € (zogi1,Toki2)
(k € ZT U{0}), respectively. So, we need only consider the case of z € (0,+0c0) in the following discussion.

Differentiating f(z) with respect to x gives

_ 1
4ot

1
= 2—4(sinx)@ — 3xsin 2z — 22 — 3cos 22)
xr

2

(—4x* sinz + 12x(cos z)(—sin® ) — 9 cos? zsinz + 3sin®  + 9sin )

f'(z)

1 .
= @(smx)gl(x),

where g1 (z) = 3 — 3z sin 2z — 22* — 3 cos 27. Further, computing the derivative of g; () gives

gy (x) =3sin 22 — 62 cos 22 — 8>
gi(x) =12z (sin 2z — 2x) = 122g2(x),

and
gh(x) =2 (cos 2z — 1) < 0.

From ¢4 (z) < 0 for z € (0, +00) and g2(0) = 0, we conclude that the function ga(x) is decreasing on (0, 400)
and g2(x) < 0, which leads to ¢{(z) < 0.

Further, it follows that g} () is decreasing on (0, +00) and ¢} (z) < ¢;(0) = 0. Consequently, we conclude
that g1 (x) is decreasing on (0, +00), hence, by g1(0) = 0, we obtain

g1(x) <0 for z € (0,+00). (3.3)
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By f'(z) = gi(z)(sinz)/(2z*), it is easy to observe that f’(z) does not change sign on (nm, (n + 1)m).

Thus we infer that f(z) is a monotonous function on (nm, (n + 1)7).
On the other hand, since f(z) is a continuous function on [nm, (n + 1)7| with

f(nm)f((n+ 1)7) = cos(nm) cos((n + 1)w) <0,
which, along with the monotonicity of f(z), implies that the equation cosx — ((sinx)/z)? = 0 has unique
real root in (nm, (n + 1)m).

Next, let us consider two cases below

Case 1. x € (o, vop11) (k € ZT U{0}).
For any k € Z* U {0}, it follows from the assumption of Theorem that

xor € (2km, 2k + 1)7), xop+1 € ((2k + V)7, (2k + 2)7),

where xop, Zory1 are the real roots of the equation cosz — ((sinz)/z)? = 0.
It is easy to observe that
sinz >0 for x € (2km,(2k + 1))

and
sinz <0 for = e ((2k+ 1)m, (2k + 2)).

Hence, we conclude that
f'(z) <0 for z € (wop, (2k + 1)7)

and
f'(x) >0 for =€ ((2k+ 1), @op11).

This means that f(z) is decreasing on (xag, (2k + 1)7), and f(z) is increasing on ((2k + 1)m, xox41). Now,
from the assumption that oy, Tox11 are the real roots of the equation cosx — ((sinz)/x)% = 0, we obtain

f(z) < f(zor) =0 for x € (wor, (2k + 1)7)

and
f(x) < f(zor41) =0 for z € ((2k + 1)m, Toki1)-
Thus
f(x) <0 for =€ (xo, Tory1), k € ZT U{0}.

In view of f(z) is an even function, we claim that f(z) < 0 for z € (—zopt1, —2ox) U (Tok, Tok+1)
(k € ZT U {0}), which implies the desired inequality (3.1]).

Case 2. € (Togt1, Top+2) (K € ZT U{0}).
For any k € Z* U {0}, one has

Tok+1 € ((2k+ 1), (2k + 2)7), xopt2 € ((2k + 2)7, (2k + 3)7),

where o1, Tor12 are the real roots of the equation cosz — ((sinx)/x)3 = 0.
Since
sinz <0 for x € ((2k+ 1), (2k +2)7)

and
sinz >0 for x € ((2k+ 2)w, (2k + 3)7),

we deduce that
f'(z) >0 for z € (wopt1, (2k +2)m)
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and
f'(x) <0 for z € ((2k + 2)m, xopi2).

Hence, f(z) is increasing on (zop11, (2k + 2)7), and f(z) is decreasing on ((2k + 2)m, aky2), which, along
with the fact that zory1, Tox 12 are the real roots of the equation cosz — ((sinz)/z)? = 0, we get

f(z) > f(xors1) =0 for x € (wopy1, (2k +2)7)

and
f(a:) > f(a:ngrg) =0 for z € ((Qk + 2)71', $2k+2)-

Therefore
f(x) >0 for x € (vopy1, Tapio), k€ ZTU{0}.

Note that f(z) is an even function, we conclude that f(z) > 0 for = € (—zort2, —Tog+1) U (Tok+1, Tok+2)
(k € ZT U{0}), which is the required inequality (3.2]). The proof of Theorem is completed. O]

As a direct consequence of the Theorem [3.1] we obtain the following corollary.

Corollary 3.2. Suppose that 0 < |x| < xy and z¢ =~ 4.70277543 is the unique real root of the equation
cost — ((sinx)/x)3 = 0 in (7,27). Then we have the inequality

X

. 3
cos T < <sma:> . (3.4)

It is worth nothing that the Mitrinovié-Adamovié¢’s inequality ((1.1) would follow as a special case of
Corollary 3.2/ when x € (0,7/2).

Theorem 3.3. Let x be a nonzero real number. Then we have the inequality
. 3
sin x
cosx — ( )
T

sinx

<1. (3.5)

Proof. Consider the function

T

f(z) =cosx — ( >3, x € (—00,0) U (0,+00).

In the proof of Theorem it is proved that

f'(z) = g1(2)(sinz)/ (22")

and
g1(x) <0 for z € (0,+00).

This yields, for all k € Z* U {0},

f'(x) <0 for z € (2km,(2k + 1)7)

and
f'(z) >0 for ze€ ((2k+ V), (2k + 2)7).

Thus, f(x) is decreasing on (2km, (2k + 1)), and f(x) is increasing on ((2k + 1)m, (2k + 2)7), where
k € Z* U {0}. Now, from
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lim f(x) =0, f(r)=—1, f(2kr) =1, f(2k+ 1) =—-1, f(2k+2)m) =1 (k=1,2...),

z—0

we deduce that
1< f(x) <1, z € (0,+00).

Since f(x) is an even function, we also have

1< f@) <1, ze (—00,0)
Therefore, |f(z)| <1 for x € (—00,0) U (0,+00), which implies the desired inequality (3.5). The Theorem

is proved. O
Theorem 3.4. If 0 <a < f (or B <a<0), then
cosh 8 — sinh § < cosha — (222 (3.6)
15} «
Proof. Define a function ¢ by
sinhz
P(x) = coshx — . , =€ (—00,0)U (0,+00).

Differentiating 1 (z) with respect to x gives

1
Y (x) = 2—4(sinh )(3 cosh 2z — 3z sinh 2z + 22% — 3)
x

1
=5 (sinh z)w; (),
where wi(z) = 3 cosh 2z — 3z sinh 2z + 22* — 3.
Further, one has
w}(x) = 3sinh 22 — 6x cosh 2z + 823

and
Wi (z) = =12z (sinh 2z — 27) = —12zws (7).

From
wh(x) =2cosh2x — 2 =€?® + 2% — 2> 0,

we infer that wo(z) is increasing on (0, +00) and wa(x) > 0. Thus, we have wf(x) < 0 for (0, +00) and wi(x)
is decreasing on (0, +00), which yields w] (z) < 0 for (0, +00) and w; (x) is decreasing on (0, +00). Therefore,
wi(z) < 0 for (0, 400).

Since sinhz > 0 for (0, 400), we deduce that ¢'(z) < 0 for (0,+00). This means that ¢)(z) is decreasing
on (0, 400), which implies that the inequality

. 3 : 3
cosh 8 — <81th5> < cosha — (smha)

a

holds for 0 < o < 8. Also, we can claim that the above inequality holds also for 5 < « < 0 since ¥ (z) is an
even function. This completes the proof of Theorem O

As a consequence of Theorem taking a limit as « — 0 in (3.6)) yields immediately the Lazarevi¢’s
inequality (|1.2]).
Theorem 3.5. For any nonzero real numbers x, the following inequality holds

sinhz\? sinz\®
coshz — < cosT — . (3.7)

xT ZT
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Proof. Define a function ¢ : R — R by

h 2\ 3 : 3
coshx — <s1n $> —cosx + (smaz) if z#0,
x

x
0 if x=0.

¢(z) =

It is obviously that ¢(z) is a continuous even function. Hence, to prove the validity of inequality (3.7))
for € (—00,0) U (0,400), it is enough to prove that the inequality (3.7) holds for = € (0,+0o0). So, we
consider the case of z € (0,+00) in the following discussion.

Differentiating ¢(z) with respect to x gives

, d sinhz\® d sinz '\ ®
¢(36)=dx<coshx—< - >>—dx<cosx—< . ))

1 1
= ﬁ(sinh x)(3 cosh 2z — 3z sinh 2z + 22% — 3) — 2—4(sin 2)(3 — 3z sin 2z — 2% — 3cos 22).
x x

It is proved in the proof of Theorem [3.1] that

3 — 3zsin 2z — 22" —3cos2z < 0 for z € (0,400),

(see the inequality (3.3])). Now, using Lemma [2.2| gives

1 1
¢'(x) < —(sinh z)(3 cosh 2z — 3x sinh 2z + 22% — 3) — — (sinh 2)(3 — 3z sin 2z — 22* — 3 cos 2x
24 2z
1

= ﬁ(sinh x)(3 cosh 2z — 3z sinh 2z 4 3 cos 2z + 3z sin 2z + 4z — 6)
x

.
=5 (sinh z)hq (z),

where hi(z) = 3 cosh 22 — 3z sinh 2z + 3 cos 2z + 3z sin 2z + 4z — 6.
Computing the derivative of hi(z) with respect to x yields

R} (x) = 3sinh 2z — 3sin 22 4 6 cos 2z — 6x cosh 2z + 1627,
hY(x) = 12z (4 — sinh 2z — sin 2z) = 12zhs(z).

Further, we have

ho(z) = 4 — 2 cos 2z — 2 cosh 2z,
hy(z) = 4(sin 2z — sinh 2z).

Again, using the Lemma we get
h(z) <0 for z € (0,+00).

Thus, we claim that the function hf(x) is decreasing on (0, +00) and hf(x) < h%(0) = 0, which implies that
the function ho(z) is decreasing on (0, +00) and ha(z) < ho(0) = 0. Hence, we have hf(z) < 0 for (0, +00).

Further, we deduce that A/ (x) is decreasing on (0,400) and b} (z) < h}(0) = 0. Therefore, we infer that
hi(z) is decreasing on (0, +00), finally, by h1(0) = 0 , we obtain

hi(z) <0 for z € (0,400).
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On the other hand, it is evident that

T _ o

sinhz = GT >0 for z e (0,400),

which leads to ¢'(z) < 0 for x € (0,+00). Consequently, the function ¢(z) is decreasing on (0, +00). Now,
by ¢(0) = 0, we get
¢(x) <0 for z € (0,400).

Since ¢(z) is an even function, we deduce that ¢(x) < 0 for z € (—o0,+00), which implies the desired
inequality (3.7)). This completes the proof of Theorem O

Theorem 3.6. For any nonzero real numbers x, the following inequality holds

. 3
(sm x )
cosx — .
x
Proof. The inequality (3.8]) is equivalent to

. 3 . 3
sinx sinh z
cosT — < — cosh z,
T T

. 3 . 3 . 3
sinh x sin x sinh x
coshz — < Ccosx — < — coshz.
T T T

The left-hand side inequality of (3.8 is just the result of Theorem We need now to show the validity
of right-hand side inequality of (3.8]).

sinhx>3 B

coshz < (
x

(3.8)

that is,

Case 1. If 0 < x < 7, then, by Corollary one has
sinz\?
cos T — < ) < 0,
x
which, along with the Lazarevié’s inequality (|1.2)) gives
sinz )\ ® sinhz®
cosa:—( > <0<( ) — coshz.
x T
Case 2. If x > 7, then, form Theorem it follows that

sin x 3
cosST — <1.
T

On the other hand, using Theorem [3.4] gives

inh 3 inh 3
(sm $> —coshz > (sm 7T> —coshm > 1.

X s

. 3 . 3
sinx sinh z
cos T — < > < < ) — cosh zx.
x T

Combining the Cases 1 and 2 leads us to

Hence
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for x € (0, 4+00).

If x € (—00,0), then we have —z > 0. A straightforward application of the above result yields that

sin(—x)>3 g (Smh(—x) >3 — cosh(—a),

cos(—a) — (

—x —x
that is,
<sinx>3 (Sinh:c)3
cos T — < — cosh z.
x x
The right-hand side inequality of (3.8)) is proved. The proof of Theorem is completed. O

4. Sharpening Wilker-type Inequality for Hyperbolic Functions

In 1989, Wilker proposed the following inequality as an open problem (see [I1])
Prove that, if 0 < 2 < 7/2, then

T T

<sinx>2+tanx 59 (41)

Sumner et al. [I0] proved the inequality (4.1). Guo et al. [I], Zhu [24], Zhang and Zhu [22] showed
different proofs of the Wilker’s inequality. Wu and Srivastava [12, [I5] [16] gave some refinements of Wilker’s
inequality.

In 2007, an inequality of Wilker-type for hyperbolic functions was established by Zhu [25]

<sinh :v) 2 tanhz
+

; >2 (z#0). (4.2)

X

Wu and Debnath [14] gave the following sharpened version of inequality (4.2))

> 2+ %x?’ tanhz (z #0). (4.3)

<sinh l‘) 2 tanhz
- +

In this section, we present a new generalized and sharpened form of inequality (4.2)), as follows

Theorem 4.1. Let 0 < 0 < 1 and p(1 —0) > 2¢O > 0. Then, for all nonzero real numbers x, the following

imequality holds
0
sinh z\? tanh 2\ ? T \3 31\ “
(1-9)( - >+9< . ) ><1+(Smhx) ) . (4.4)

Proof. By using Lemma and Theorem together with the assumption conditions of 0 < 8 < 1 and
p(1 —0) > 2¢O > 0, it follows that

(1-0) <sinh3:>p+(9 <tanhx>q
x x
- sinh 2 \?"? /tanh 2\
- X x
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_ (sinhz PA=0) 7 ginh 2\ 7 1 90
N T T cosh x
—q0
)P“@) <sinhx>q0 ((sinhx)3 (sinx>3> ‘
— |cosx —
x x x
sinh o\ P(1—0)+ab—3q0 o 3 —qf
1—
T ) <sinhx)
p(1=0)=240 T \3 sinz?
> (1_ (sinha:) cose < x )

)qe
1 “
1 - (sinlilx)3 |COS$ - (%)3‘

(singim;)g |COS$ — (si%):a‘ )qé’
?

1— (2 )ﬂcosx—(ﬁ%)
3)‘19

sinh z
(sin ZL‘)
cos T —
T
This proves the required inequality (4.4]), The proof of Theorem is completed. O

—_
+

1 z N
>
- + (Sinhm)

Next, we give some direct consequences of Theorem Setting p = 2, ¢ = 1 in Theorem we get,

6
) . (4.5)

Corollary 4.2. If x#0 and 0 < 0 < %, then

sinh z \ 2 tanh x T 3
1-06 0 1
( ) < T ) + < T > ~ ( - (sinhx)

Putting 6 = % in Theorem ({4.1]) yields,

Corollary 4.3. If x £ 0 and p > q > 0, then

sinh 2 \? tanh z\ ¢ T \3
2 v >3 (14 ()
T T sinh x

Putting 0 = % in Theorem |4.1| gives,

Corollary 4.4. If x # 0 and p > 2q > 0, then
q
inhz\” haz\? 3 i 31\ 2
(e () ) oo (22)]) »
z x sinh T

In particular, if we choose p = 2 and ¢ = 1 in the inequality (4.7, the following Wilker-type inequality
for hyperbolic functions is derived.
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Corollary 4.5. For all nonzero real numbers x, the following inequality holds

3 sinz\3
- CcoST — )
sinh x

T T xr

inhz\? tanh
(sm az) +an :1:>2 1+<

Obviously, the inequality (4.8]) is a sharpened version of the Wilker-type inequality (4.2)).
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