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Abstract
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1. Introduction

Matthews introduced the concept of a partial metric space by replacing the condition d(z,x) = 0 with
the condition d(z,z) < d(z,y) for all z,y [12 [13]. The partial metric space is a generalization of the metric
space and has applications in theoretical computer science [3]. A lot more generalized metric spaces were put
forward by many researchers of fixed point theory, for example, Hitzler and Seda have focused fixed point
theorems on dislocated metric spaces defined by themselves [7], more relevant results based on such spaces
followed in recent years [2, 10, 17, [19]. Czerwik presented the notion of b-metric space [5]. Nakano [16]
introduced the notion of modular spaces as a generalize of metric spaces in 1950. Corresponding fixed point
theorems were studied in the above generalized metric spaces (see, e.g.[1}, [4, 8, 11} 14} [15] and the references
therein). Especially, as a further generalization for the metric spaces and partial metric spaces, Karapinar
et al. introduced the notion of a quasi-partial metric space and discussed the existence of fixed points of self-
mappings 7" on quasi-partial metric spaces [9]: any mapping T of a complete quasi-partial metric space X into

*Corresponding author
Email addresses: £anxm093@163.com (Xiaoming Fan), wangzg20032050163. com (Zhigang Wang)

Received 2015-10-07



X. Fan, Z. Wang, J. Nonlinear Sci. Appl. 9 (2016), 1658-1674 1659

itself that satisfies, for mappings R from X to a complete quasi-partial metric space Y and ¢ : R(X) — Rt
there exist € X and ¢ > 0 such that the inequality max{qgp*(y,Ty), cqp*(Ry, RTy)} < ¥(Ry) — ¥(RTy)
for all y € O(xz,T), has a fixed point if and only if G(z) = gp*(z, Tz) is T-orbitally lower semi-continuous
at x. Very recently, Gupta and Gautam (see [6]) have focused on this subject and have generalized some
fixed point theorems from the class of quasi-partial metric spaces to the class of quasi-partial b-metric spaces.

In this paper, inspired by [9], we introduce generalized quasi-partial metric spaces (GQPMS) and gen-
eralize some fixed point theorems on quasi-partial metric spaces to generalized quasi-partial metric spaces.
In the meantime, some examples are provided to verify the effectiveness of the results.

2. Preliminaries

Throughout this paper, N denotes the set of all positive integers and R* denotes the set of all nonnegative
real numbers.
We begin with the following definition as a recall from[7, [1§].

Definition 2.1. Let X be a nonempty set. Suppose that the mapping d : X x X — [0,00) satisfies the
following conditions:

(dy) d(z,z) =0 for all x € X
(d2) d(z,y) = d(y,x) = 0 implies z =y for all z,y € X;

(d3) d(z,y) = d(y,x) for all z,y € X;
(dg) d(z,y) < d(z,2) + d(z,y) for all z,y,z € X.

If d satisfies conditions (d;), (d2) and (d4), then d is called a quasi-metric on X. If d satisfies conditions
(d2), (d3) and (d4), then d is called a dislocated metric on X. If it satisfies conditions (d2) and (d4), it is
called a dislocated quasi-metric. If d satisfies conditions (dj)-(d4), then d is called a (standard) metric on
X.

The concept of a quasi-partial metric space was introduced by Karapinar et al.

Definition 2.2 ([9]). A quasi-partial metric on a nonempty set X is a function gp : X x X — R™, satisfying
the following conditions:

(QP1) If gp(z, z) = qp(z, y) = qp(z,y), then z = y;

(QP2) qp(z,x) < gp(x,y);

(QPs3) gp(z,z) < qp(y, z);

(QP4) qp(z,y) + qp(z,2) < qp(z,2) +qp(z,y) for all z,y,z € X

A quasi-partial metric space is a pair (X, gp) such that X is a nonempty set and gp is a quasi-partial
metric on X.
For each quasi-partial metric gp : X x X — R™, the function d; : X x X — R" defined by

dy(z,y) = qp(z,y) + qp(y, ) — qp(x, ) — qp(y,y)

is a (standard) metric on X.
The next Lemma has shown the relationship between quasi-partial metric and standard metric.

Lemma 2.3 ([9]). Let (X, gp) be a quasi-partial metric space and (X, dq) be the corresponding metric space.
Then (X, qp) is complete if and only if (X, d,) is complete.

For each quasi-partial metric gp : X x X — R™, the function dg, : X x X — RT defined by

dp(,y) = qp(z,y) — qp(z, x)

is a dislocated quasi-metric.
We introduce the concept of generalized dislocated quasi-metric, a generalization for dislocated quasi-
metric, which is shown as follows:
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Definition 2.4. Let X be a nonempty set. Suppose that the mapping gdg : X x X — [0,00) satisfies the
following conditions:

(gdai) gdg(z,y) = gdy(y, z) = 0 implies z = y for all z,y € X;

(gdag) If (z,y) € X x X, {z,}72 € C(gdy, X, z), then

gdg(z,y) < limsup gdg(zn,y),
n—oo

where
C(gdy, X, x) = {{a:n}flo:o cX: nh_}rrolo gdy(x,z,) = nli_}rrgogdq(a:n,x) = O}.
Then gd, is called a generalized dislocated quasi-metric (or simply gd,-metric) on X.

The pair (X, gdy) is then called a generalized dislocated quasi-metric space.

Remark 2.5. Obviously, if the set C(gdy, X, x) is empty for every € X, then (X, gd,) is a generalized
dislocated quasi-metric space if and only if (gdq;) is satisfied.

Proposition 2.6. Any dislocated quasi-metric on X is a generalized dislocated quasi-metric on X.

Proof. Let d be a dislocated quasi-metric on X. We have just to proof that d satisfies the property (gdq2).
Let z € X and {z,}22, € C(g9dy, X, x). For every y € X, by the property(dz), we have

d(.’IJ, y) < d(mv IEn) + d(xTH y)

for every natural number n. Thus we have d(z,y) < limsup d(z,,y). The property (gdqz) is then satisfied.

n—o0
O

Definition 2.7. Let (X, gd,) be a generalized dislocated quasi-metric. Then

(i) A sequence {z,}7>, C X converges to x € X if and only if lim gdy(z,z,) = lim gdy(z,,z) = 0.

(ii) A sequence {z,}>2, C X is called a Cauchy sequence if and only if lim gdy(xm,z,) and
n,m—00

lim gdy(zn, zn) exist (and are finite).
n,Mm—00
(iii) The generalized dislocated quasi-metric space (X, gd,) is said to be complete if every Cauchy se-
quence {zy,};2, C X converges with respect to 4, to a point € X such that li_>m gdy(x,zy) =
n o

nh_}rglo gdy(zn,z) = 0.
d
We denote simply gd,-converges to x by xy, 9%, .

3. Generalized quasi-partial metric spaces

We introduce the concept of generalized quasi-partial metric space and give some properties on such
spaces in this section.

Let X be a nonempty set and ¢p* : X x X — R* be a given mapping. For every x € X, let us define
the set

(ap, X, o) = {{wadizo © X lim qp"(2,20) = lim g (w0, @) = qp* (2, 2) and lim qp"(@n, o) exists |-
n—oo n—oo

n—oo

Definition 3.1. A generalized quasi-partial metric on a nonempty set X is a function ¢gp* : X x X — R,
satisfying the following conditions:
(GQP1) If gp*(z, ) = gp*(z,y) = qp™(y, ), then z = y.
(GQP2) gp*(z,2) < gp* (2, y).
(GQP3) gp*(z,z) < gp*(y, x).
(GQPy) If (z,y) € X x X, {z,}22, € €(qp*, X, x), then

qp*(z,y) + lim qp*(wn, zn) < qp*(x, ) + limsup gp* (wn, y). (3.1)

n—o0
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A generalized quasi-partial metric space (GQPMS) is a pair (X, ¢gp*) such that X is a nonempty set and
qp* is a generalized quasi-partial metric on X.
Remark 3.2. At least, there exists a constant sequence {z, = 2}5°, € €(¢p*, X, x) such that € (¢p*, X, x)
is nonempty for every = € X. In this case, the Inequality (3.1)) reduces to ¢p*(x,y) < limsup gp*(z,,y) due

n—oo
to lim qp*(zp, z,) = qp*(x, ).
n—o0

Proposition 3.3. Any quasi-partial metric on X is a generalized quasi-partial metric on X.

Proof. Let gp be a quasi-partial metric on X. We should just proof that QP satisfies the property (GQPy).
Let z € X and {z,}22, € €(qp, X, x). For every y € X, by the property(QP4), we have

qp(x,y) + qp(xn, zn) < gp(x, ) + qp(Tn, y)

for every natural number n. Thus we have

qp(z,y) + lim qp(Tn,rn) < limsup gp(z, z) 4 lim sup gp(zn, y)

n—oo n—oo

= qp(z, x) + limsup gp(zy, y).

n—oo

The property (GQP,) is then satisfied. O]
Next we provide an example of generalized quasi-partial metric space as follow:

1
Example 3.4. Let X = {n — — : n € N} and define
n

@*(z,y) = (x —y)* +
for any (z,y) € X x X.
If gp*(x, x) = qp*(x,y) = qp*(y,y), that is, z = (x — y)? + x = y, then it is obvious that GQP; holds for
any (z,y) € X x X. In addition, it is easy to calculate

gp*(z,7) =& < (z —y)* + @ = qp*(z,y).
1
Let t =n— —,y = m — — for any m,n € N, then
n m

1 ) 1 1
* —n—— * —(m—-n)21+—)24+1-—,
q@*(z,x) =n —ap (y,z) = (m —n)*(1+ mn) +1-—
Calculating
1 1 1
qp*(y,x) — qp*(z, ) = [(m —n)(1 + mn) + 2] 120

thus, gp*(z,x) < qp*(y, ) is true, hence GQP2 and GQP3 hold for any (z,y) € X x X. Moreover, for any

x =n— —(n € N), we do not find any sequence belonging to € (¢p*, X, z) except for a constant sequence
n
{ni = x}32,. Additionally,

gp*(z,y) =(x—yP’+x
< @ + limsup(n; — y)?
1—>00
=z + limsup|(n; — y)2 + n;] — limsupn;
= qp*(x, x) + limsup gp” (1;, y) — lim sup gp” (n;, ;)
71— 00 71— 00

is true for any (z,y) € X x X, that is, (GQP4) holds, hence (X, gp*) is a generalized quasi-partial metric

space, but since
1 1 1 1 1467 972 1 1 1 1
“5—=,1—= 2-22-)=— > —p(5--,2— - “2-2,1-=
WGPt 2-5.2-0)=—Fr->r = 6-2-0)+w 2= 51-7)

(QP4)(triangle inequality) is not true, thus (X, ¢gp*) is not a quasi-partial metric space.
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Remark 3.5. Proposition and Example [3.4) indicate that quasi-partial metric spaces are generalized
quasi-partial metric spaces, but conversely this is not true.

Denote 7~ as the topology induced by the generalized quasi-partial metric gp*. Next we define conver-
gent sequence, Cauchy sequence, completeness of space and continuous mapping in generalized quasi-partial
metric spaces.

Definition 3.6. Let (X, ¢gp*) be a generalized quasi-partial metric. Then

(i) A sequence {z,}2%,C X converges to z € X if and only if ¢p*(z, z) = lim ¢p*(z,z,) = lim ¢p*(xy, ).
n—0o0 n—roo

(ii) A sequence {z,}2, C X is called a Cauchy sequence if and only if lim ¢p*(zm,z,) and
n,M—00

lim gp*(zy,Ty) exist (and are finite).
n,M—00
(iii) The generalized quasi-partial metric space (X, ¢p*) is said to be complete if every Cauchy sequence
{zn}ry C X converges with respect to g+ to a point = € X such that

qp*(x,z) = lm qp*(zm,zn) = lim gp*(xn, Tm).
m,n— 00 m,n— 00

(iv) A mapping f : X — X is said to be continuous at © € X if, for every € > 0, there exists 6 > 0 such
that f(B(zo,6)) C B(f(xo),€)-

The relationship between generalized quasi-partial metric and generalized dislocated quasi-metric will
be shown in next proposition.

Proposition 3.7. For each generalized quasi-partial metric qp* : X x X — RT, the function gd, : X x X —
R defined by
9dq(z,y) = qp*(z,y) — qp*(z, v) (3:2)

18 a generalized dislocated quasi-metric.

Proof. If gdg(z,y) = gd4(y, x) = 0, then gp*(z,y) = qp*(z,x) = qp*(y,y), it follows that x = y.
If {zp}22, € €(qp*, X, x), then

qp*(z,y) + lim gp*(zp, x,) < limsup gp* (zp, y) (3.3)
n—o0

n—oo

for all (z,y) € X x X, on the other hand, following Eq. (3.2)
9dg(zn,y) = qp*(xn, y) — qp* (Tn, Tn)
is true for every n € N. Thus

limsup gdy(xr,y) = limsup gp*(z,,y) — limsup ¢gp* (xy, zn)

n—00 n—00 n—00 (3 4)
= limsup ¢p*(zp,y) — lIm gp™ (2, zn), '
n—o00 n—00

subsequently, by Eq. (3.2), Inequality (3.3)) and Eq. (3.4)

gdg(z,y) = qp*(z,y) — qp*(z, x)

< limsup gp* (2, y) — lim qp*(zn, )
n—oo n—00

= lim sup gdq(zn, y).

n—oo

O

We denote simply gp*-converges to x by x, L, . We state the uniqueness of the limit of a sequence
in a generalized quasi-partial metric space.
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Proposition 3.8. Let (X, gp*) be a complete generalized quasi-partial metric space, {x,}2, be a sequence
in X. If {zn}p2y € €(gp*, X, 2) NC(qp*, X, y) and qp*(z,y) = qp*(y, x) for z,y € X, then x =y. In other

words, if T, @®, T, Ty r, y then x = y.
Proof. Assume that z, 2 z and z, 2 y in (X, qp*), then

qp* (2, 2) = lim gp*(2,,2) = lim gp*(z,zn)

and
qp*(y,y) = lim gp*(xy,y) = lim qp*(y,x,).
n—oo n—oo

Since ¢p* is complete, it is obvious that

qp*(xz,x) = lim gp*(xp,z) = lim qp*(x,zy,),
= lim qp*(xm7$n) = lim qp*(xnaxm)
m,n—00 m,n— 00
and . . . .
q*(y,y) = lim gp*(zn,y) = lim qp*(y, zn),
n—ﬁoo n—0o0 .
= lim ¢p*(xm,zn) = lLm qp*(zn,Tm).
m,n—00 m,n— 00

On the other hand, using GQP4, we have

qp*(z,y) < limsup qp*(zn, y) + qp* (x, x) — lim gp™(zp, ),
n—00 n—00
— 3 *
= lim gp"(wn, y)
=qp*(y,y)

and

qp*(y, z) < limsup gp* (2, ) + qp*(y,y) — lim gp™(2n, z5),
n—oo n—oo
= lim gp*(2n,x)
n—oo
= qp*(z, ).
In combination with GQPs and GQPs5,

ap* (v, y) = qp*(x,y), qp" (x,x) = qp* (y, ).

Subsequently, from the condition ¢p*(x,y) = qp*(y, x), we get gp*(z, ) = qp*(x,y) = qp*(y, y) which implies
from the property (GQP;) that z = y. O

Definition 3.9. We called the generalized quasi-partial metric space satisfying the condition ¢p*(z,y) =
qp*(y, z) a generalized partial metric space.

Lemma 3.10. Let (X, qp*) be a generalized quasi-partial metric space and (X, gd,) be the corresponding
generalized dislocated quasi-metric space. Then (X, gdg) is complete if (X, qp*) is complete.

Proof. Since (X, gp*) is complete, every Cauchy sequence {x,}22, in X converges with respect to Jg,- to
a point x € X such that

gp*(z,x) = lim qp*(xn,zm) = lm  qp* (2, 2n). (3.5)

m,n—00 m,n—00



X. Fan, Z. Wang, J. Nonlinear Sci. Appl. 9 (2016), 1658-1674 1664

Consider a Cauchy sequence {z,}2, in (X, gd,). We will show that {z,} 2 is Cauchy in (X, ¢p*). Since
{zn}52 is Cauchy in (X, gd,), lim gdy(zn, ) exists and is finite. On the other hand,
n—oo

9dg(Xn, Tm) = qp* (X, Tim ) q0* (T, Tn)

and
gdq(ﬂjma $n) = qp* (SUm, xn)qp* (l‘m, -Tm)

hold for any m,n € N, hence lim ¢p*(xp,xn,) and lim ¢p*(am;,,x,) exist and are finite. Therefore,
m,n—00 m,n—00

{zn}52 is a Cauchy sequence in (X, gp*). Because (X,gp*) is complete, therefore the sequence {z,}°,
converges with respect to J,« to a point x € X such that (3.5)) holds. In addition,

lim gdy(z,2,) = lim gp*(z, 2)qp* (z, 2) = 0.

n—oo

Similarly,

lim gdg(xp,x) = lim ¢p*(x,,x) im ¢p* (2, z,) = 0.
n—o0 n—oo n—o0

Hence
lim gdy(z,xy,) = nh_)ngo gdgy(xn, ) = 0.

n—oo

Lemma 3.11. Let (X, gp*) be a generalized quasi-partial metric space. Then the following hold.
(i) If qp*(z,y) = 0, then x = y.
(ii) If = #y, then gp*(z,y) > 0 and qp*(y,z) > 0.

The proof is similar to the case of quasi-partial metric space [9], thus we omit it.

4. Main results

In this paper, some fixed point results (see [9]) on quasi-partial metric spaces are extended to generalized
quasi-partial metric spaces.

Definition 4.1 ([9]). Let T : X — X be a self-mapping on X, O(x,T) = {x, Tz, T?x,...} is called a orbit
of x. A mapping G : X — RT is T-orbitally lower semi-continuous at x if {x,,}°2 is a sequence in O(z,T)

and lim z, = z implies G(z) < liminf G(z,,).
n—oo n—oo

The following two lemmas are very useful in the proof of the main theorems.

Lemma 4.2. Let (X, qp*) be a generalized quasi-partial metric space. Assume that there exist v € X and
zn, € O(z,T) such that limsup gp™ (n;,y) < oo holds for ally € O(z,T) and {n;};2y € € (qp*, X, xk), then

71— 00
ap” (2n, y) < 00
for ally € O(z,T).

Proof. If {n;}32, € € (qp*, X, xy,), then using GQPy,

ap* (Tn,y) < qp* (T, Tn) + limsup gp™ (1;, y) — limsup gp* (m;, ;)
71— 00 11— 00
= lim sup gp* (1;, Tn) + limsup gp*(n;, y) — lim sup gp* (n;, 7:)
1—>00 1—>00 1—00
< limsup gp* (i, xn) + lim sup gp* (1, y),

1—00 1—00

subsequently, gp*(zy,y) < oo since lim sup ¢p*(n;, x,,) < 0o and lim sup gp* (n;, y) < oo. O]

1—>00 1—00
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Lemma 4.3. Let (X, qp*) be a generalized quasi-partial metric spaces. Assume that there exist x € X and

x, € O(x,T) such that limsup qp* (nF,y) < oo for ally € O(x,T), {nF}2, € €(qp*, X, 1) and n < k < m,
i—00

then there exists 0 < C,, < oo such that

m—1

@p* (T, 2m) < Co Y qp* (Th, The1)

k=n
holds for all m > n(m,n € N).

Proof. Set xy, xmy € O(z,T), m >n (m,n € N). Considering the two cases:
Case (i) gp*(zpn, xm) = 0. In this case, obviously,

m—1

0 = qp*(zn, 2m) < Cn Y qp” (Tk, Thp1)

k=n
for arbitrary C,, > 0.
Case (ii) gp*(@n, zm) > 0. In this case, let us prove that
m—1
0 < gp™(zp, Tm) < ccand0 < Z qgp* (g, Tpt1) < 00.
k=n

Note that when z,,z,, € O(z,T) and {nl'}°, € €(qp*, X, xy), limsup ¢gp* (0", zmm) < oo holds, therefore,

1—00
we get from Lemma
qp* (xn, Tm) < 00

for all m > n. )

Assume that Z qp*(xg, xp4+1) = 0, then
k=n
gp* (w, 2p11) = 0.
From Lemma [3.11] we derive zj, = zg41 for n < k < m, that is,

Ly = Tpt+l = -« = Ty,

hence
qp*(xn,xm) - 07

which contradicts gp* (2, ) > 0.
Thus

m—1
> ap*(xh, wpgr) > 0.
k=n

On the other hand, because limsupqp*(nf,y) < oo for all y € O(z,T), {nF 0 € Clgp*, X, 1) and
i—00

ke{n,n+1,...,m—1}, in combination with Lemma it can be deduced

qp* (@, Tpy1) < 00

for every k € {n,n+1,...,m — 1}.
If m < oo, then
m—1
0< Z qp*(zg, Th1) < 00.
k=n
m—1
Therefore there exists 0 < gp™*(x,, :pm)/ Z qp*(zg, v41) < Oy, < 00 such that

k=n
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m—1

0" (T, Tm) < Cn Y qp* (Tp, Tps1)

k=n

holds.
If m = oo, then

m—1 00
> ap @k wri1) = Y qp (@r, wrp1) < 00
k=n k=n

or
m—1 e’e
> @k wrar) = Y 0" Tk, Trpr) = 0.
k=n k=n
m—1
Considering the first case, we take qp*(:vn,:rrm)/ Z qp* (zk, Tp11) < Cp < 00. As for the second case,
~ k=n
P (Tn, Tm) < Cp Z qp* (zk, xk+1) holds for arbitrary C,, (0 < C), < 00). O

k=n

Theorem 4.4. Let (X, qp*) be generalized quasi-partial metric spaces and T : X — X be a self-mapping,
then the following hold

(i) There exists a mapping v : X — RT such that
qp*(z,Tz) < P(z) —¢(Tx) (4.1)
holds for all x € X if and only if
oo
> (T, T )
n=0
converges for all x € X.
(ii) There exists a mapping ¢ : X — RT such that
ap*(y, Ty) < Y(y) — ¥(Ty)

holds for ally € O(z,T) if and only if
> (T, T y)
n=0

converges for all y € O(z,T).
Proof. Proof of (i). First, let us prove the necessity of (i). Take z € X and let
qp*(z, Tx) < Y(z) —(Tx).
Denote the sequence {x,,}2°, in the following way:

To=x,2p41 = Tx, =Tz forall ne{0,1,2,...,},

thus

n n

> apt(wr wein) = Y ap(TFwo, T ).
k=0 k=0
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Set

By (4.1)), we obtain

&1<§ﬁwﬂmwwa“%ﬂ

k
= ¢( 0) — Y(T* o)
< Y(wo) = ¥(x),
which implies {S,} is bounded. On the other hand, {S,} is non-decreasing by definition and hence it is
convergent.
Next we prove the sufficiency of (i). Define

= S W(Tre) — o)), Sa(w) = S (TR — w(TF )
k=0 k=0
Calculating

n n
Sn(@) = Su(Tx) =Y qp* (TFa, T"'a) = Y " qp* (T, TF )
— =0 (4.2)
=qp*(z,Tx) — qp* (Tk41, Thr2)-

(o @]
Moreover, since Z qp*(T"z, T™ ) converges for all z € X, then
n=0

lim ¢p*(T"z, 7" '2) =0 and lim S,(z) = ¥(z).
n—oo n—oo
Letting n — oo in Eq. (4.2)), we get
(x) = P(Tx) = gp*(, Tx).
Proof of (ii). It can easily be proved using part (i). O

We present an example of a generalized quasi-partial metric instead of quasi-partial metric to illustrate
Theorem 4.4

Example 4.5. Let X = [O, %} and define

qpy(z,y) = tan |z —y| +

for any (z,y) € X x X.
If gp*(z,x) = qp*(z,y) = qp*(y,y), that is, x = tan |x — y| + = = y, then it is obvious that (GQP;) holds for
any (z,y) € X x X. In addition, since

qp*(z,r) = x < tan |z — y| +x = qp*(z,y)
and

qp*(r,z) =2 = v —y+y|
<ly—z[+y

are true, then (GQP2) and (GQP3) hold for any (z,y) € X x X. Moreover, we observe that for every
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x,y € X, if sequence {z,}>2, € €(¢p*, X, z), then

qp*(z,y) =tan |z —y| + =

< z + limsup tan |z, — y|
n—o0

=z + limsup(tan |z, — y| + x,) — limsup z,

n—oo n—oo
= gqp*(z,z) + limsup gp*(zp,y) — limsup gp™ (zn, ),
n—oo n—oo

that is, (GQP4) holds, hence (X, gp*) is a generalized quasi-partial metric space, but since

*(71' 0) + (7r 77) + >t 4t +2 (7r T
T2 S tan T 4 tan - 4+ =8
ap ¥ T AP 180 1R "5 9 18 " 9 6718

(QP4) (triangle inequality) does not hold, thus (X, gp*) is not a quasi-partial metric space.
(o]

—) +aqp*( 870),

Define T : X — X as Tx = g for all x € X, we can verify that the series qu*(T":c,T"Haz) is

n=0
convergent. In fact

oo o
. LT T
qu (T"e, T a) :qu (2n’2n+1)

n=0 n=0
o

T X

=D tan|g; 2n+1‘+ on
n=0

4
2311 < %(n € NU {0}) and it is not difficult to verify that tanz < 3% when z € [0, %},
o0
Z qp" (T"2, T+ ') Z tan ooy 2n+1 + on
n=0

<235 ;)
25

Because 0 <

therefore

In addition,
qp*(z,Tz) = tan T
2
< 2 +x
S 2
= 2z.

Define ¢ (x) = 4z, then ¢(x) — ¢(Tx) = 2x, the conditions of Theorem are satisfied.

The statement on the conditions for the existence of fixed points of operators in the setting generalized
quasi-partial metric spaces will be given in subsequent theorem.

Theorem 4.6. Let (X, gp*) and (Y, qp*) be complete generalized quasi-partial metric spaces. Given mappings
R:X =Y, T:X — X and ¢ : R(X) — R*. If there exist x € X and ¢ > 0 such that

max{qp”(y, Ty), cqp*(Ry, RTy)} < Y (Ry) — Y(RTy) (4.3)
holds for all y € O(z,T) and moreover, assume that limsup qp*(nF, z) < oo for all z € O(z,T) and every
i—00

k € N when {nf}2, € €(qp*, X, z1), then
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(i) nh_)ngoT x = ( exists.
(i) T(C) = ¢ iff G(z) = qp*(x, Tx) is T-orbitally lower semi-continuous at x.
(1ii) There exists C > 0 such that gp*(z, T"z) < C(Rx).

(i) If y — qp*((,y) is continuous for ¢ € O(x,T), then there exists C' > 0 such that qp*(T"x,() <
C(R™z) and 4(x,¢) < C(Re).

Proof. Proof of (i).
Denote 41 = Tx, = T" 'z, 29 = x. For every fixed n and all m > n (m,n € {0,1,...}), according to
Lemma there exists 0 < C,, < oo such that

m—1
" (Tn, Tm) < Cn Y qp* (@h, Tha). (4.4)
k=n
Taking C' = max{Cy, C1,Co,...}, then
m—1
@p* (T, xm) < C Y qp* 2k, Tota)- (4.5)
k=n

Next, we will prove that the sequence {zn}72 is a Cauchy sequence.

Following [9], set S, (x) = C qu Tk, Tkt1). Using Inequality (4.3} .,
k=0
qp*(TFa, T ') < max{gp*(T"z, T* '), cqp*(RT*x, RT**'x)}
< (RT*z) — p(RTH2),

thus
S, () C’Z Y(RT*z) — (RT* )]

C(w(Rw) Y(RTH )
< CyY(Rz),

consequently, Z qp* (2, xg11) is convergent. Taking the limit as n,m — oo on the two sides of Inequality

(4.5)), we obtain

m,n—00 m,n—00

Using similar arguments, one can show that

lim qp*(l‘m,mn) =0,

m,n—o0
that is, the sequence {xy}>2 , is Cauchy in (X, gp*). Since (X, gp*) is complete, (X, gd,) is also complete by
Lemma and hence lim gd,(T"x,¢) = lim gd,((,T"x) =0, that is, lim T"x = ¢. Moreover, we get
n—00 n—00 n—00

lim qp*(Tna;,TnHm) = lim ¢p*(¢,¢) = 0.
n—oo

n—oo

Proof of necessity of (ii).

Suppose that T¢ = ¢ and {x,}°, . € O(x,T) with z,, KL Using Lemma [3.10}

qp*(z,x) = lm qp*(zn,zm) = Lm gp*(zm,zn)

m,n— 00 m,n— 00



X. Fan, Z. Wang, J. Nonlinear Sci. Appl. 9 (2016), 1658-1674 1670

= h_)m gdg(T"x,() = li_)m gdq(¢,T"x) = 0.
Then G(¢) = ¢p*(¢, TC) = qp*(¢,¢) < liminf gp*(zp, Tzn) = liminf G(zn), that is, G(z) = qp*(z, Tx) is

n—oo
T-orbitally lower semi-continuous at x.

Proof of sufficiency of (ii).

Assume that z,, 2+ z and G is T' -orbitally lower semi-continuous at z. It can be derived that

0<gp*(¢,TC) = G(() < liminf G(z,)
= liniinf qp*(T"z, T x)
= lim inf gp* (2, 2p+1)
= qp*(¢,¢) = 0.
It follows from Lemma that T'¢ = (.
Proof of (iii).
The same as the proof of (i), there exists C' > 0 such that

n—1

ap* (2, 20) < C D qp* (i, Thi1), (4.6)
k=0

Using Eq. (4.3)),

qp* (TFx, T*2) < max{qp*(T*z, T"1z), cqp*(RT*z, RT**'x)}
< Y(RTFz) — (RT ),

thus .
ap* (@, mn) <O qp*(xk, Thia),
k 0
CZ Y(RT ) — (RT" )]

C(¢(R$) »(RT* 1))
< CY(Rz).
Proof of (iv).

Because y — ¢p*((,y) is continuous for every fixed ( € O(z,T), therefore letting n — oo, ¢(z, () < C¥(Rx)
holds. We have shown in (4.5

m—1

" (Tn, Tm) < C Y qp* (g, Tosa)- (4.7)
k=n

Similar to the proof of (iii), we derive

m—1

@p* (Tn, xm) <C Z ap* (Th, Tra1),

Z RTk (RTk-H )]
k=
= C( ( "x) — Y(RT™x))
< CY(R"x)
for m > n. Letting m — oo, then the inequality ¢(T"z, () < Cy(R"x) follows. O]

We give an illustrative example for above fixed point theorem in the setting of generalized quasi-partial
metric spaces.
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Example 4.7. Let X = [0, %} and define g¢pj(z,y) = tan |z — y| + « for any (z,y) € X x X, then (X, gp*)

is a generalized quasi-partial metric space. Define T : X — X as Tx = g forallz € X; R: X =Y as

1
Rx =2z and ¢ : R(X) — R" as ¢(x) = 2z. Then for ¢ = 3 and y € {O, %},

max {QP* (y’ Ty), qu*(Ry, RTy)} = max < qp (

2) ;qp (2, y)}

1
= max tanf +y,—tany + vy .
2 2
Since tanf < 20 for 0 € [0, %], then

2y

¥ (2y) — ¢ (y)

= ¢(Ry) — ¢ (RTy).

For every z € X and k € N, when {nf}2, € €(qp*, X, x), let us prove limsup gp*(nF,2) < oo for all

1—00
z € O(x,T). Indeed

max {qp*(y,Ty), cqp*(Ry, RTy)} <

limsup gp* (7', 2) = lim (tan |n; — 2| + ;)

1—00

< lim (2[nf — 2| +177)
71— 00
I T
== 5 < 0.
Let C = g, we now prove that (i)-(iv) of the above theorem hold:
x
()nle Tz, = hm 27—0—Cex1sts

(ii). By (i), we get ¢ = 0. Therefore T'(¢) = T(0) = 0 = ¢ holds trivially. Hence whenever G(x) =
qp*(z, Tz) is T-orbitally lower semi-continuous at x implies T'¢C = (.
Conversely, let T'( = ¢ and we show that G is T-orbitally lower semi-continuous at z. Let T'( = ¢ and

i, € O(x, T witha:nﬁ)C:O,Wehave
n—0o0

G(Q) = ap™ (¢, T¢) = qp* (¢, Q) = ¢ =
On the other hand,

0 = liminfx—n + xn
n—oo 2

x
< lim inf tan — + x,
n—o00 2

= liminf gp* (25, 7) = qp" (@n, Ton)
= liminf G(z,).
n—oo
Hence G(¢) = lirginfG(xn).
(ii).

" (z,T"z) = qp*(2, —)

27’L
—tan’x——’—i—m
< T
< 2z — 2n Py i
<3z —
= on—1

s 2"

<5 X 4x = CY(Rx).
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(iv). Let m > n, then
r

ap* (T2, T™x) = ap* (550 o)
x x
= tan o = o[+ |50
; 2m " -1z L2
=tan —+— 2+ —
2m AL
m " -1z =
S g on
(2m~1 — 2"z
T xomel
2m71 _9n
Moreover, since 0 < <2m_1)x <l< g, subsequently, gp* (T"z, T™x) < g X 2% = CyY(RT"x).

When taking X = Y, g = idx and ¢ = 1 in Theorem we can obtain the following corollary
immediately.

Corollary 4.8. Let (X, qp*) be a complete generalized quasi-partial metric spaces. Given mappings T :
X = X and ¢ : X — RT. If there exists v € X such that

ar” (y, Ty) < ¢(y) — ¥(Ty) (4.8)

holds for all y € O(x,T) and moreover, assume that lim sup qp*(nf,z) < oo for all z € O(x,T) and every
1—00
k € N when {nf}2, € €(qp*, X,z1), then
(i) nlgroloT x = ( ewists.
(i) T(C) = ¢ iff G(z) = qp*(x, Tx) is T-orbitally lower semi-continuous at x.
(iii) There exists C > 0 such that qp*(x,T"x) < C(x).

() If y — qp*(¢,y) is continuous for ¢ € O(x,T), then there exists C > 0 such that qp*(T"z,() <
CY(T™) and q(z,¢) < Cy(a).

As a corollary of Theorem [4.6] we can state the subsequent facts.

Corollary 4.9. Let (X, qp*) be a complete generalized quasi-partial metric spaces. Given mappings T :
X = X and v : X — RT. If there exist v € X and 0 < o < 1 such that

ap*(Ty, T?y) < qp*(y, Ty) (4.9)

holds for all y € O(x,T) and moreover, assume that lim sup qp*(nf,z) < oo for all z € O(x,T) and every
1—>00
k € N when {nf}2, € €(qp*, X,z1), then
(i) lim T"xz = ( exists.
n—oo
(11) T(C) = ¢ iff G(x) = qp*(x, Tx) is T-orbitally lower semi-continuous at x.
C
(11i) There exists C > 0 such that gp*(z,T"z) < 17qp* (x,Tx).
-«

Proof. Following [9], taking y = T"x in (4.9)), then

qp*(Tn+1.1‘,Tn+2£L‘) < aqp*(T"+1:U,T”+2x)

and
qp*(T"x, T"'H:L‘) —aqp*(T"x, T”'H:E) < qp* (T, T”'H:z:) — qp*(T"+1:1:, T”+2:U),
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thus
1

* Tn Tn+l <
" (T"e, T" ") < ——

<qp* (Tnx’ Tn+1$) _ qp* (Tn+1:(}, Tn+2$)> )

1
Set (y) = Eqp*(y,Ty) for all y € O(x,T), then

ap™(y, Ty) < (y) — »(Ty).
The assertions (i)-(iii) follow immediately from Corollary O

Because quasi-partial metric spaces are special generalized quasi-partial metric spaces, therefore if we
apply Theorem [£.6], Corollary [4.8] and Corollary [4.9] to the setting of quasi-partial metric spaces respectively,
then the following several corollaries can be stated.

Corollary 4.10. Let (X, gp) and (Y, qp) be complete quasi-partial metric spaces. Given mappings R : X —
Y, T:X — X and ¢ : R(X) — R*. If there exist x € X and ¢ > 0 such that

max{qp(y, Ty), cqp(Ry, RTy)} < ¥(Ry) — Y(RTy) (4.10)
holds for all y € O(z,T) and moreover, assume that limsup ap(nf,z) < oo for all z € O(x,T) and every
k € N when {nf}2, € €(qp, X, z1), then o

(i) nh_}ngo T"x = ( exists.
(ii) T(C) = ¢ iff G(x) = qp(x, Tx) is T-orbitally lower semi-continuous at x.
(iii) There exists C > 0 such that gp(z, T"z) < C(Rx).

() If y — qp(C,y) is continuous for ¢ € O(x,T), then there exists C' > 0 such that qp(T"x,() < Cyp(R"x)
and q(z,¢) < Cy(Rz).

Corollary 4.11. Let (X, qgp) be a complete quasi-partial metric spaces. Given mappings T : X — X and
Y : X — RT. If there exists v € X such that

ap(y, Ty) < (y) — ¥(Ty) (4.11)
holds for all y € O(x,T) and moreover, assume that lim sup qp(nf,z) < oo for all z € O(z,T) and every
k € N when {nf}2, € €(qp, X, z1), then o

(i) nlgrolo T"x = ( exists.
(i) T(C) = ¢ iff G(z) = qp(z, Tx) is T-orbitally lower semi-continuous at x.
(i) qp(x, T"x) < ().

(iv) If y — qp(C,y) is continuous for ¢ € O(x,T), then there exists C > 0 gp(T"x,() < CY(T"x) and
q(z,¢) < CY(z).

Corollary 4.12. Let (X,qp) be a complete generalized quasi-partial metric spaces. Given mappings
T:X — X andv: X — R, If there exist v € X and 0 < a < 1 such that

ap(Ty. T%y) < aqp(y, Ty) (4.12)
holds for all y € O(z,T) and moreover, assume that limsup qp(nf,z) < oo for all z € O(z,T) and every
1—00
k € N when {nf}e2, € €(qp, X, z1), then



X. Fan, Z. Wang, J. Nonlinear Sci. Appl. 9 (2016), 1658-1674 1674

(i) lim T"z = ( ewists.
n—oo
(i) T(C) = ¢ iff G(z) = qp(z, Tx) is T-orbitally lower semi-continuous at x.
C
(11i) There exists C > 0 such that gp(z, T"x) < qu(a:,Ta:).
-«

Remark 4.13. Because quasi-partial metric spaces are special generalized quasi-partial metric spaces and tri-
angle inequality are satisfied on such spaces, as a consequence, Corollary Corollary and Corollary
are stated in simpler and better formations in the setting of quasi-partial metric spaces in [9].
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