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Abstract

Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let A; : C — H, for i =1, 2,
be two L;-Lipschitz monotone mappings and let f : C' — C be a contraction mapping. It is our purpose in
this paper to introduce an iterative process for finding a point in VI(C, A1) N VI(C, Ag) under appropriate
conditions. As a consequence, we obtain a convergence theorem for approximating a common solution of
a finite family of variational inequality problems for Lipschitz monotone mappings. Our theorems improve
and unify most of the results that have been proved for this important class of nonlinear operators. (©)2016
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1. Introduction

Let C be a nonempty subset of a real Hilbert space H. A mapping A : C — H is called L-Lipschitz if there
exits L > 0 such that
14z — Ay| < Ljja — yll. Ya,y € C. (1.1)
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If L =1, then T is called nonexpansive and if L < 1, then T is called a contraction. It follows that every
contraction mapping is nonexpansive and every nonexpansive mapping is Lipschitz.
A mapping A : C — H is called n-strongly monotone if there exists a positive real number 7 such that

(Az — Ay, x —y) > ||z —y||?, forall 2,y € C. (1.2)
A is called a-inverse strongly monotone if there exists a positive real number « such that
(Ax — Ay, x —y) > af|Ax — Ayl|?, for all 2,y € C. (1.3)

We note that any a-inverse strongly monotone A is Lipschitz, that is ||[Az — Ay|| < L||z — yl||,Vz,y € C,
where L = é
A is called monotone if

(Ax — Ay,x —y) >0, for all x,y € C. (1.4)

Clearly, the class of monotone mappings includes the class of a-inverse strongly monotone and the class of
n-strongly monotone mappings.

Let C' be a nonempty, closed and convex subset of H and let A : C — H be a nonlinear mapping. The
variational inequality problem for A and C' is the problem of finding a point z* € C' satisfying

(Ax*,x — 2*) > 0,Vx € C. (1.5)

We denote the solution set of this problem by VI(C,A). We know that the solution set of VI(C, A) is
always closed and convex under the assumption that A is continuous and monotone.

The theory of variational inequality has emerged as a very natural generalization of the theory of boundary
value problems and allows us to consider new problems arising from many fields of applied mathematics,
such as mechanics, physics, engineering, the theory of convex programming, and the theory of control: See,
for instance, [9) 11}, 17, 18, 19] 23] 24]. Variational inequalities were introduced and studied by Stampacchia
[13] in 1964. Since then variational inequality problems has been extensively studied in the literature, see
[7, 11, 14, 20 25], 26l 28, B30}, 31}, [32] and the reference therein. There are several iterative methods for solving
variational inequality problems. See, e.g., [2] 3[4} [7, [IT], 23], 24, 27]. The basic idea consists of extending the
projected gradient method for constrained optimization, i.e., for the problem of minimizing f(z) subject to
x € C. For zp € C, compute the sequence {z,} in the following manner:

Tnt1 = Polrn, — anVf(zy)],n >0, (1.6)

where {a,,} is a positive real sequence satisfying certain conditions and P is the metric projection onto C.
See [1] for convergence properties of this method for the case in which f : R? — R is convex and differentiable
function. An immediate extension of the method (1.6 to VI(C, A) is the iterative procedure given by

Tnt1 = Polxn, — anAzy],n > 0. (1.7)

Convergence results for this method require some monotonicity properties of A. Note that for the method
given by there is no chance of relaxing the assumption on A to plain monotonicity. The typical example
consists of taking C' = R? and A, a rotation with a 5 angle. A is monotone and the unique solution of
VI(C,A) is z* = 0. However, it is easy to check that ||x,+1|| > [|zy]| for all n > 0 and all «;, > 0, therefore
the sequence generated by moves away from the solution, independently of the choice of the sequence
an. To overcome this weakness of the method defined by , Korpelevich [§] proposed a modification
of the method, called the extragradient algorithm in the finite-dimensional Euclidean space R™ under the
assumption that a set C' C R"™ is closed and convex and a mapping A of C' into R™ is monotone and
L-Lipschitz continuous,
{ yn:PC[wn_)\Axn]a (1 8)
Tnt1 = Polxn, — Ay, n >0, '
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for all n > 0, where A € (0, %) He proved that if VI(C, A) is nonempty, then the sequences {x,} and
{yn}, generated by , converge to the same point z* € VI(C,A). The difference in is that A
is evaluated twice and the projection is computed twice at each iteration, but the benefit is significant,
because the resulting algorithm is applicable to the whole class of variational inequalities for monotone
mappings. Korpelevich’s method has received great attention by many authors, who improved it in various
ways; see, e.g., [4 6] [7, O] [10L 15, 23, B0] and the references therein. In 2006, Nadezhkina and Takahashi [10]
suggested the following modified Korpelevich’s method for a solution of a variational inequality VI(C, A) for
L-Lipschitz continuous monotone mapping A in infinite-dimensional Hilbert spaces. Let {z,} be a sequence
generated from an arbitrary zg € C by

{ Yn = PC’[xn - )\nAxn]a

Tpt1 = Qplpy + (1 - an)PC[xn - )\nAyn]pn > 07 (19)

where P¢ is a metric projection from H onto C, {\,} C [a,b] for some a,b € (0,1/L) and {a,} C [c,d]
for some ¢,d € (0,1). Then, they proved that the sequences {x,},{y,} converge weakly to the minimum-
norm point of VI(C, A). We remark that Korpelevich’s modified method has only weak convergence
in the infinite-dimensional Hilbert spaces (see Censor et al. [0] and [4]). So to obtain strong convergence
the original method was modified by several authors. For example in [2, [6, 21] it is proved that some
very interesting Korpelevich-type algorithms strongly converge to a solution of VI(C, A). Recently, Yao
et al. [21] suggested the following modified Korpelevich’s method for a solution of a variational inequality
VI(C, A) for a-inverse strongly monotone mapping A in infinite-dimensional Hilbert spaces. Let {x,} be a
sequence generated from an arbitrary zg € C by

{ Yn = PC[$n - )\Axn - Oénﬂ?n],

1.10
Tn+1 = Polen — Muyn + p(yn — zp)],n > 0, (1.10)

where P is a metric projection from H onto C, A € [a,b] C (0,2a), u € (0,1) and {a,} C (0,1) satisfying
certain conditions. Then, they proved that the sequence {x,} converges strongly to the minimum-norm
point of VI(C, A). One may also see related results in [2I]. More recently, Yao et al. [22] investigated the
problem of finding a solution of variational inequality VI(C, A) for a-inverse strongly monotone mapping
A by considering the following iterative algorithm:

{ Yn = PC[xn — MAx, + an(fxn - xn)}:

1.11
Ip+1 = PC[xn - MnAyn + ’Yn(yn - ﬂ?n)],n >0, ( )

where f : C — H is a p-contractive mapping and {ay,}, {A\n}, {pn} and {75} are real sequences satisfying
certain conditions. Then they proved that the sequence {x,} generated by converges strongly to
e VI(C,A).

A natural question arises: can we obtain an iterative scheme which converges strongly to a solution VI(C, A)
of a variational inequality problem for a more general class of monotone mappings?

It is our purpose in this paper to propose an extragradient-type method for solving a common solution
of two variational inequality problems for Lipschitz monotone mappings. As a consequence, we obtain
a convergence theorem for approximating a common solution of a finite family of variational inequality
problems for Lipschitz monotone mappings. The results obtained in this paper improve and extend the
results of Nadezhkina and Takahashi [10], Yao et al. [21I] and Yao et al. [22] and some other results in this
direction.

2. Preliminaries

Let C be a nonempty, closed and convex subset of a real Hilbert space H. We remark that for every point
x € H, there exists a unique nearest point in C, denoted by Pox, satisfying

||z — Pox|| < ||z —y|| for all y € C. (2.1)
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The mapping P¢ is called the metric projection of H onto C. We know that Pg is a nonexpansive mapping
of H onto C' and is characterized by the following properties (see, e.g., [16]):

Pox € C and (x — Pox, Pcx —y) > 0, for all z € H,y € C and (2.2)

lly — Poz||? < ||z — y||? — ||z — Pozl||?, forallz € H,y € C. (2.3)

Let A: C — H be a monotone mapping. We note that in the context of variational inequality problem we
have that
z* € VI(C,A) if and only if 2" = Po(z* — AAz™),VA > 0. (2.4)

A monotone mapping B : C — 2 is called mazimal monotone if its graph G(B) is not properly contained
in the graph of any other monotone mapping. That is, a monotone mapping B is maximal if and only if,
for (x,u) € H x H, (x — y,u —v) > 0, for every (y,v) € G(B) implies u € Bx. Let A be a monotone and
L-Lipschitz mapping of C into H and let Ngv be the normal cone to C at v € C} i.e.,

Nev={we H: (v—u,w) >0,Yu € C}.

Define

Bu — { Av + Ngow, if v e C, (2.5)

0, ifvé¢C.

Then, B is maximal monotone and 0 € Bv if and only if v € VI(C, A) (see, e.g., [12]).
In the sequel we shall make use of the following lammas.

Lemma 2.1 ([29]). Let H be a real Hilbert space. Then for all x; € H and oy € [0,1], for i =1,2,3 such
that ap + as + as = 1 the following equality holds:

3
llonzy + agws + agws||* =Y il — D aieyllas — x>
=1 1<4,5<3

Lemma 2.2. Let H be a real Hilbert space. Then for any given x,y € H, the following inequality holds:

o+l < [lo]]* + 20y, = + ).

Lemma 2.3 ([I8]). Let {a,} be a sequence of nonnegative real numbers satisfying the following relation:

ant1 < (1 — ap)an + andy,n > ng,

oo
where {a,} C (0,1) and {0,} C R satisfying the following conditions: h_)m an = O,Zan = 00, and
n—oo
n=1
limsup d, < 0. Then, lim a, = 0.
n—00 n—oo
Lemma 2.4 ([9]). Let {a,} be sequences of real numbers such that there exists a subsequence {n;} of {n}
such that ayn, < ap,+1, for all i € N. Then there exists a nondecreasing sequence {my} C N such that
my — 0o and the following properties are satisfied by all (sufficiently large) numbers k € N:

Ay, S Gy +1 and ag S Qg +1-

In fact, my = max{j < k:a; < aj41}.
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3. Main Result

Theorem 3.1. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let A; : C — H be
a finite family of L;-Lipschitz monotone mappings with Lipschitz constants L;, fori1=1,2. Let f : C — C
be a contraction mapping. Assume that F = Ni_,VI(C, A;) is nonempty. Let {x,} be a sequence generated
from an arbitrary xo € C by

Zn = PC[xn - ’VnAQ-'L‘n],
Yn = PC'[xn - 'YnAlxn]y (31)
Tpt1 = anfxn) + (1 — an)(anajn + b Poxn — YnA1yn] + cnPolxy, — 'ynAgzn]),

where Pc is a metric projection from H onto C, v, C [a,b] C (0, %), for L := max{L1, Lo}, {a,}, {bn},

{en} Cle,1) C (0,1), such that an+by,+cp =1 and {a,} C (0,c] C (0,1) for alln > 0 satisfies lim «, =0
n—oo

and Y an = oo. Then, {x,} converges strongly to a point x* € F which is the unique solution of the

variational inequality (I — f)(x*),x — 2*) > 0 for all xz € F.
Proof. Let p € F, up, = Po(xy — ynA1yn) and v, = Po(z, — Y A2zy,) for all n > 0. Then, from we
have
lun = pI* < 20 — mAryn = pII° = [J2n — 1 A1yn — unl|?
= [[zn = plI> = |20 = unl[® + 270 {A1yn, p — up)
= [[2n = plI* = 20 = unl[* + 270 ((A1yn — A1p,p = yn)
+ (A1p,p = Yn) + (A1Yn; Yn — un))
< lzn _sz = |Jzn — Un||2 + 290 (A1Yn, Yn — Un)
= ||z = pl1* = llzn = yall* = 20 — Yn, Yo — un)
—lyn — un||2 + 29 (A1Yn, Yn — Un)
= [lzn = plI* = |20 = yal* = [lyn — ual
+ 2(zn — WmA1Yn = Yn, Un = Yn) (3.2)
and from , we obtain

(Tn = YnA1Yn = Yn, tn = Yn) = (Tn — YnA1Zn = Yn, Un = Yn)
+ <’YnA1xn - ’YnAlyna Up — yn>
< <7nA1xn — YnA1Yn, Up — yn>
< nLllzn = ynll[lun — ynll. (33)
Thus, from (3.2)) and (3.3) we get
= pl* < |z = pII” = |20 = ynll® = llyn — wall?
+ 290 Ll|zn — ynlll|un — ynl|
< lzn = plI? = ll2n = ynll* = lyn — unl|?
+ W L(||zn — ynHQ + [[yn — unHQ)
< lzn = ol + (WL = Dl = yal[* + (3L = Dllyn — unl[*. (3.4)
Likewise, we obtain that
llon = pII* < lzn = pl1? + (WL = Dllzn = 20]1* + (L = D||20 — va| > (3.5)
Thus, from (3.1), Lemma 2.1} (3.4) and (3.5) we have the following:

e _pHQ =[lanf(wn) + (1 — an)(an®n + bptn + cpvn) — sz
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<ap||f(zn) _pH2 + (1 — an)llan(zn — p) + bu(un — p)
+ (v — p)|?
<anl|f(zn) = plI* + (1 = an) [anllzn — plI* + ballun — pl|”
+ cnllvn _pHQ]
<an|f(zn) = plI* + (1 = an)an||zn — pl[* + (1 = an)bp[|J2n — pl|?
+ (L = Dllzn = yal® + (L = Dllyn — wnl|’]
+(1- an)cn[Hmn _pH2 + (WL = 1)[|lzn — ZnHZ
+ (L = 1)||20 — vnlf]
=anl|f(zn) = plI* + (1 = an)l|zn — pl* + (1 — an)bn
X (L = Dl = ynll* + (1 = an)bu(ml — 1)
X |yn = un|* + (1 = an)en(ynL = 1)| |20 — 2al?
+ (1 — an)en(L — 1)||20 — va| [ (3.6)

Now, since from the hypotheses, we have -, < % for all n > 1, the inequality 1} implies that

lznt1 = plI* < anllfza) = pII” + (1 = an)llzn — pI*. (3.7)

Furthermore, we have that

1f(zn) = pl* = [IIf (@a) — F®)I| + 11£ () — pll])°
< [pllzn — pll + 11 /() = pll]’
< p|lzn — plI* + £ (p) — pII* + 2plzn — pllI| f () — Pl
< p(L+ p)llzn = plI* + (1L + p)|If (p) — pl?, (3.8)

where p is a contraction constant of f. Substituting (3.8]) into (3.7)) we get that

et = pI < (1= an(l = p(1+ p)))llzn = pII* + an(1 + )l f(p) — plI*.

Therefore, by induction we get that

1+p
||nt1 — pl|* <max{|[zo — p||?, ] 1£(p) = pl*},¥n > 0,

= p(1+p)

which implies that {z,}, {yn}, {zn}, {un} and {v,} are bounded.
Let * = Prf(«*). Then, using (3.1]), Lemma Lemma and following the methods used to get ([3.6)

we obtain
|| Tn41 — *77*”2 =llan(f(2n) — %) + (1 — o) [(anxn + bpn + crvn) — fh} H2
<(1 — an)||lan®y + bpun + cpv, — :13*||2
+ 200 (f (zn) — 2%, Tp41 — 27)
<(1 = an)an||lzn — x*HZ + (1 = an)bp|un — ‘T*H2
+ (1 — an)en||vn — x*HQ — (1 = an)bpan||un — xn|’2
— (1 = an)epan||vn — xn||2 + 200 (f (20) — 27, Tpt1 — 27)
<(1 — ap)an||zn — 93*”2 +(1— an)bn[Hxn - $*||2
+ (WL = Dllzn = yal* + (L = Dllyn — unl[?]
+(1— an)cnwxn - 519*"2 + (L — D)2y — ZHHQ
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+ (WL = Dllzn — UHHQ] — (1= ap)bpag|lun — x|

— (1 = an)epan||vn — xn||2 + 200 (f (20) — 27, Tpt1 — 27)
—(1 = an)llzn — 212 + (1 = an)bu(tnL = llzn — gal

+ (1 = an)bn(yn L — 1)|[yn — “nH2 + (1 —an)en(ml — 1)

X |Jzn = 2| 4+ (1 = an)en(n L = 1)| |20 — vnl[?

— (1= an)baan|lun = za|[* = (1 = an)cnan|vn — zpl*

+ 200 (f(zp) — 2%, Tpg1 — ) (3.9)
<(1 = a)||zn — ¥ * + 200 (f (z) — %, 2py1 — 2*). (3.10)

But

(f(@n) — 2", np1 — %) =(f(zn) — 2% 20 — %) + (f(20) — 2", Tng1 — Tn)
<(f(zn) = f(&7), 20 — 2") + (f(27) — 2", 2, — 27)
+ [|#n41 — @pll|[ f(2n) — 27|
<pllen — 2*(|> + (f(a*) = 2*, 2y — 2¥)
+ lzntr — @allllf (#n) — 27| (3.11)

Thus, substituting (3.11f) in (3.10) we obtain that

lenr1 — 2| (1= an(l = 2p)) ||z — 2*|* + 200 (f (2") — 2", 20 — @)
+ 20 |[zn 1 — 2all || f (2n) — 27| (3.12)

Now, we consider two cases.

Case 1. Suppose that there exists ng € N such that {||z,, — z*||} is decreasing for all n > ng. Then, we get
that, {||z, — 2*||)} is convergent. Thus, from , the fact that 7, < b < 1 for all n > 0 and o, — 0 as
n — oo, we have that

Up — Tp — 0,0p —Tpn — 0,y —Tp — 0,2, —2p — 0,2, —vp — 0,Yn — up — 0 as n — oo. (3.13)
Moreover, from (3.1)) and (3.13)) we get that
Tng1 — Tn =0 (f(@n) — ) + (1 — ) [bn(un — ) + cn(vn — 2n)] — 0 as n — oco. (3.14)

Furthermore, since {x,} is bounded subset of H which is reflexive, we can choose a subsequence {zn;} of

{zn} such that z,, — z and limsup(f(z*) — 2%, 2, — 2%) = lim (f(2") — 2", 2,; — ). This implies from
n—00 j—o0

(3-13) that u,;, — z and v,,; — z.

Now, we show that z € N2, VI(C, A). But, since A;, for each i € {1,2}, is Lipschitz continuous, we have
[|[A1yn; — A1un,|| — 0 as j — oo.

Let N
. 1z + Nz, if x € C,
le_{@, ifxé¢C,

where N¢(x) is the normal cone to C at « € C given by No(z) = {w € H : (x —u,w) > 0 for all u € C}.
Then, B; is maximal monotone and 0 € Bz if and only if z € VI(C, A;) (see, e.g. [12]). Let (v, w) € G(By).
Then, we have w € Byv = Ajv+ Ngv and hence w—Ajv € Nov. Thus, we get (v—u, w—Ajv) > 0, for all u €
C. On the other hand, since up; = Po(Tn; —Vn; A1Yn;) and v € C, we have (v, —n; A1Yn; —Un;, Un; —v) > 0,
and hence, (v — wn,, (Un; — Tn;)/Yn; + A1Yn;) > 0. Therefore, from w — Ajv € Nov and u,, € C we get

(3.15)
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(V= Up;, w) >(V — up,, A1)

>(v — Un;, A1) — (U = Un;, (Un; — Tn;) /Yoy + A1Yn;)
(V= tup;, Av — Atn;) + (U — Up;, A1y, — A1yn;)
— (v — Uny (unj - fxnj)/%zj)

>(v— un].,Alunj — A1ynj) — (v — Uny, (Unj - ffnj)/an>-

V

This implies that (v — z,w) > 0, as j — oo. Then, maximality of By gives that z € By '(0). Therefore,
z € VI(C, Ay). Similarly, with the use of vn; = Po(wn; — yn; A22n,) we get that 2 € VI(C, Az) and hence
z € N2, VI(C, A;). Thus, from we immediately obtain that

limsup(f(z*) — 2%, 2, — 2%) = im (f(2") — 2%, 2y, — )
n—00 J—o0

=(f(z") —2",z —2") <0. (3.16)

Hence, it follows from (3.12)), (3.14)), (3.16) and Lemma that ||z, — 2*|| = 0 as n — oco. Consequently,
Ty — ¥ = Prf(az*).
Case 2. Suppose that there exists a subsequence {n;} of {n} such that

n, — "] < |Jen 41 — 27|
for all ¢ € N. Then, by Lemma there exist a nondecreasing sequence {my} C N such that mj — oo, and
zm, — 2| < [|lzmy1 — 27| and [|lzx — 27| < [|zmq1 — 27| (3.17)

for all kK € N. Now, from 1' the fact that v, < % for all n > 0 and a,, — 0 as n — oo, we get that
Uy, — Ty, — 0, Uy — Ty, = 0, Yy — Ty — 0, 2my, — Ty, — 0, 2y, — Uy, — 0, Yy, — Uy, — 0 as kK — 00.
Thus, following the method in Case 1, we obtain

limsup(f(z*) — 2%, &y, — ™) <O0. (3.18)

k—o0

Now, from (3.12)) we have that

lom 1 = @[] <0 = o, (1= 2p))|2m, — 27||* + 20m, (f(2") — 2", @m, —27)

+ 20, |[emye1 = g [ (g ) = 271 (3.19)

and hence (3.17) and (3.19) imply that

oy, (1= 2p) |y, = *11? |2, = 2*|* = [|zm+1 = %17 + 20m, (f(27) = 2%, 2, — 27)

+ 2amk”xmk+1 - xmk””f(xmk) - .CC*H
But the fact that a,,, > 0 implies that
(1 = 2p)[[wm, — 2*[|* < 2(f (%) = 2", 2y, — ") + 2||Tmpr1 — Ty |11 f () — 27].

Thus, using and we get that ||z, —2*|| — 0 as k — oo. This together with implies that
[|Zme+1 — %] = 0 as k — oco. But ||z — 2*|| < ||@m,+1 — 2*|| for all k € N gives that x; — z*. Therefore,
from the above two cases, we can conclude that {z,} converges strongly to a point * = Prf(x*), which
satisfies the variational inequality ((I — f)(z*),z — 2*) > 0, for all z € F. The proof is complete. O

If, in Theorem [3.1} we assume that f(z) = u € C, a constant mapping, then we get the following corollary.
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Corollary 3.2. Let C' be a nonempty, closed and convex subset of a real Hilbert space H. Let A; : C — H
be a finite family of L;-Lipschitz monotone mappings with Lipschitz constants L;, for i = 1,2. Assume that
F =N, VI(C, A;) is nonempty. Let {x,} be a sequence generated from an arbitrary xo,u € C' by

Zn = PC [5571 - ’YnAZCUn]a
Yn = PC[xn - 'YnAlxn]; (3.20)
Tp4+1 = Qpu + (1 - an)(anfEn + anC[xn - 'VnAlyn] + CnPC[xn - 'YnA2Zn])a

where Pc is a metric projection from H onto C, v, C [a,b] C (0,%), for L := max{L1, Lo}, {an}, {bn},

{en} Cle,1) € (0,1), such that ap+by+cn =1 and {ay,} C (0,¢] C (0,1) for alln > 0 satisfies lim «, =0
n—oo

and > o, = co. Then, {x,} converges strongly to a point x* € F which is the unique solution of the

variational inequality (x* —u,x — x*) > 0 for all x € F.

Remark 3.3. We note that when f(z) = u € C' we observe that the sequence {z,} converges strongly to the
point z* € F which is nearest to u.

If, in Theorem we assume only one variational inequality problem for a monotone mapping A, then we
obtain the following corollary.

Corollary 3.4. Let C' be a nonempty, closed and convex subset of a real Hilbert space H. Let A:C — H
be an L-Lipschitz monotone mapping with Lipschitz constant L. Let f : C — C be a contraction mapping.
Assume that F = VI(C, A) is nonempty. Let {x,} be a sequence generated from an arbitrary xo € C by

{ Yn = Polrn — Az, (3.21)

Tp4+1 = anf(mn) + (1 - an)(anxn + (1 - an)PC[xn - ’VnAyn])y

where Pc is a metric projection from H onto C, v, C [a,b] C (0,1), {an} C [e,1) C (0,1) and {on,} C

(0,¢] C (0,1) for all n > 0 satisfies li_>m anp =0 and Y ay, = 00. Then, {x,} converges strongly to a point
n o

x* € F, which is the unique solution of the variational inequality (I — f)(x*),x — x*) >0 for all z € F.

If, in Theorem we assume that A;, for i = 1,2, are o;-inverse strongly monotone mappings, then both

are L-Lipschitz with constant I = max{- 12} and hence we get the following corollary.

a1’ az
Corollary 3.5. Let C' be a nonempty, closed and convex subset of a real Hilbert space H. Let A; : C — H
be a finite family of a;-inverse strongly monotone mappings. Let f : C' — C be a contraction mapping.
Assume that F = N2_,VI(C, A;) is nonempty. Let {x,} be a sequence generated from an arbitrary zo € C

by

zn = Po [xn - 'YnA2xn]a
Yn = PC[xn - ’YnAlxn]v (3.22)
Tn+1 = O‘nf(xn) + (1 - an)(anl'n + anC[xn - %z‘hyn] + CnPC[xn — ’}/nAQZn]),

where Pc is a metric projection from H onto C, v, C [a,b] C (0, 1), for L = max{a%, 0%2}, {an},{bn},{cn} C

[e,1) C (0,1), such that ay, + by + ¢, =1 and {an} C (0,¢] C (0,1) for all n > 0 satisfies li_)rn an =0 and
n—oo

> ay = o00. Then, {x,} converges strongly to a point x* € F, which is the unique solution of the variational
inequality (I — f)(x*),x —2*) >0 for all z € F.

We note that the method of proof of Theorem [3.1] provides a convergence theorem for a finite family of
Lipschitzian monotone mappings. In fact, we have the following theorem.

Corollary 3.6. Let C' be a nonempty, closed and convex subset of a real Hilbert space H. Let A; : C —
H. for i =1,2,...N, be a finite family of L;-Lipschitz monotone mappings with Lipschitz constants L;, for
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i=1,2,..,N. Let f: C — C be a contraction mapping. Assume that F = ﬁi]\LlVI(C, A;) is nonempty. Let
{zn} be a sequence generated from an arbitrary xoy € C' by

Tnt+1 = anf(l‘n) + (1 - an)(bnoxn + Zi\il bniPc [:L'n - VnAiyni])a

where Po is a metric projection from H onto C, v, C [a,b] C (0,%), for L := max{L; : i = 1,2,...., N},

{bni} C [e,1) C (0,1), such that Zi]\io bpi = 1 and {a,} C (0,¢] C (0,1) for all n > 0 satisfies lim a, =0
n—oo

and > oy = oo. Then, {x,} converges strongly to a point x* € F, which is the unique solution of the

variational inequality (I — f)(x*),x — x*) > 0 for all z € F.

If, in Theorem [3.1| we assume that C' = H, a real Hilbert space, then P becomes identity mapping and
VI(C,A) = A~1(0) and hence we get the following corollary.

Corollary 3.7. Let H be a real Hilbert space. Let A; : H — H be a finite family of L;-Lipschitz monotone
mappings with Lipschitz constants L;, fori =1,2. Let f : H — H be a contraction mapping. Assume that
F = O%ZIA;I(O) is nonempty. Let {x,} be a sequence generated from an arbitrary xg € C by

Zn = Tn — rYnAQ-rna
Yn = Tn — YnA1Ty, (3.24)
Tpt1 = apf(zn) + (1 — an)(anxn + b (Tn — Y A1Yn) + cn(Tn — 'YnA2Zn))»

where v, C [a,b] C (0, 1), for L := max{Ly, Lo}, {an}, {bn},{cn} C [e,1) C (0,1), such that ap+by+c, = 1

and {a,} C (0,c] C (0,1) for alln > 0 satisfies lim o, =0 and > o, = 0. Then, {x,} converges strongly
n—o0

to a point x* € F, which is the unique solution of the variational inequality (I — f)(z*),x —x*) > 0 for all

r e F.

We note that the method of proof of Theorem [3.1] provides the following theorem for approximating the
unique minimum norm common point of solution of two variational inequality problems.

Theorem 3.8. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let A; : C — H
be a finite family of L;-Lipschitz monotone mappings with Lipschitz constants L;, for i = 1,2. Assume that
F =2_,VI(C, A;) is nonempty. Let {x,} be a sequence generated from an arbitrary xo € C' by

zn = Polxn — ynAoxy),
Yn = PC[xn - 'YHAlxn]a (325)
Tnt1 = Po [(1 — an)(anxn + by Po|xn — ynA1yn] + cnPolzn — 'ynAgzn])],

where Pc is a metric projection from H onto C, v, C [a,b] C (0,7), for L := max{L1, Lo}, {an}, {bn},

{en} Cle,1) € (0,1), such that ap+by+c, =1 and {ay} C (0,¢] C (0,1) for alln > 0 satisfies lim o, =0
n—o0

and > «a, = co. Then, {x,} converges strongly to a unique minimum norm point =* of F which is the

unique solution of the variational inequality (x*,x — x*) > 0 for all x € F.

Remark 3.9. Theorem provides convergence sequence to a common solution of two variational inequal-
ity problems for Lipschitz monotone mappings whereas Corollary [3.6] provides convergence sequence to a
common solution point of a finite family of variational inequality problems for Lipschitzian monotone map-
pings. In addition, Theorem [3.§] provides convergence sequence to a common minimum norm solution of
two variational inequality problems for monotone mappings.

Remark 3.10. Theorem extends Theorem 3.1 of Nadezhkina and Takahashi [10], Yao et al. [21] and
Therem 1 of Yao et al. [22] in the sense that our scheme provides strong convergence to a common solution
of variational inequality problem for a Lipschitz monotone mappings.
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4. Numerical example

Now, we give an example of two monotone mappings satisfying Theorem [3.I] and some numerical experiment
result to explain the conclusion of the theorem as follows:

Example 4.1. Let H = R with absolute value norm. Let C = [-2,1] and A;, A3 : C' — R be defined by

—x2 x € [-2,0], 0, z € [-2,1],
Az = { 0, e (0,1], and Agx = { 3(e— 12z e (4,1, (4.1)

Clearly, F = VI(C, A1) NVI(C, Az) = [0,1] N [-2, %] = |0, %] and A; and As are monotone. Next, we show
that Ap is Lipschitz with Ly = 5. If z,y € [-2,0], then

A1z — Avy| = |2° —y?| = & + yllz — y| < 4o —y| < 5lz—yl. (4.2)
If x,y € (0, 1], then
|A1x — Ary| = 0 < 5|z — y.
If x € [-2,0] and y € (0, 1], then

|Arz — Ary| = [2* — 0] = |2° — y* + ¢
<lz4ylle—yl+y> <4z —y|+ |y — x| <5lz—yl

Thus, we get that A; is Lipschitz monotone mapping with L; = 5. Similarly, we can show that Ao is
Lipschitz monotone mapping with Ly = 9.

Now, taking an = 1550 Yo = 7 + 0-065, an = by = 25 +0.01, ¢, = 1 — 25 — 0.02, and
f(z) =u € C, we observe that conditions of Theorem are satisfied and scheme provides the data
in Tables 1 and 2 and Figures 1 and 2.

(i) When f(z) = v = 0.6 and xp = 0.9, we see that the sequence {z,} in converges to x* = 0.5 as

shown in Table 1 and Figure 1 (see below).

n |0 50 100 300 400 500 700 800
Zpn, | 0.9000 | 0.5777 | 0.5457 | 0.5195 | 0.5159 | 0.5136 | 0.5108 | 0.5100

Table 1

© x(0)=0.9
0.9t x=05 |

08

y Mik

0.5

041

iterates, x

0.3
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0.1

0 100 200 300 400 500 600 700 800
iterations, n

Figure 1
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(ii) When f(z) = u = —1.0 and zy = 0.8, we see that the sequence {x,} in (3.1) converges to z* =0 as
shown in Table 2 and Figure 2 (see below).

n |0 50 100 1,000 | 4000 19000 | 40000 | 90000
Zpn | 0.8000 | 0.4312 | 0.3454 | 0.0765 | -0.0604 | -0.1001 | -0.0712 | -0.0455

Table 2

1 ‘ ‘
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Figure 2
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