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Abstract

We introduce a ¢ analogue of Durrmeyer type modification of Bernstein operators based on Pdlya dis-
tributions. We study the ordinary approximation properties of operators using modulus of continuity and
Peetre K-functional of second order. Further, we establish the weighted approximation properties for these
operators. (©2016 All rights reserved.

Keywords: Pélya distribution, g-integers, g-Bernstein operators, modulus of continuity, Peetre
K-functional, weighted modulus of continuity.
2010 MSC: 41A25, 41A35.

1. Introduction

The quantum calculus (¢g-Calculus) is an important branch of mathematics and physics. In the theory
of approximation for linear positive operators, g-calculus was applied first by Lupas [12], who introduced
the g-analogue of the classical Bernstein polynomials. In 1997 Phillips [I5] proposed a new ¢ analogue of
the Bernstein polynomials, which became popular amongst researchers. Recently Aral, Gupta and Agarwal
[1] presented some results on convergence of several different operators. We use the notations of ¢ calculus
as mentioned in [I].

Also, Nowak [I3] introduced the g-variant of the Lupas operators, which is based on Pélya distribution.
For f € C[0,1], 0 < ¢ < 1 and « > 0, the operators considered in [13] are defined by

Bo(fiw) =Y f([Kle/[nlg)p5(x), @ € [0,1], (1.1)
k=0
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where

() [ n ] 170 ( + i) [T (1 — @ + [flga)
e K |, o (L (1) ‘

Note that empty product in the above basis function pZL‘z(aj) is denoted by 1. Nowak in [I3] and Nowak and
Gupta in [14] estimated the moments and established some direct estimates for the operators ([1.1f).

In the year 2008 Gupta [0] introduced g-Durrmeyer operators. Some other results and forms of ¢-
Durrmeyer type operators were discussed in [2], 5] [7, 10, 1T] and [§] etc. We now introduce the g-analogue
of Lupag Durrmeyer operators for f € C[0,1] and 0 < ¢ < 1 by

1
DL (£ ) = [0+ 1] Zq‘k @) /pi,k(qt)f(t)dqtv z €[0,1], (1.2)
where k—1 [ilg —k—1 (1]
ey < | 7] T+ BTS00 i
" b, [T+ )
and

n—k—1

P ilat) = [ i ] Rk H — ).

As a special case when ¢ — 1, we get the operators due to Gupta and Rassias [9].

2. Lemmas

Lemma 2.1. Fore; =t',i=0,1,2,3,4, the moments of g-Lupas operators based on Pdlya distribution are

Bz’a(eo;:ﬂ) - 17
Bi%(ey;x) = x,

BI(e3;7) = — (WMH (1]— >>7

1+a [
9 -
Wi(q
B%%(eg:x) = ,
" ( ’ ) Hz 0(1+ ;) q
3
Wi ( q,a x)
Bi%(eq;x) =
" ( ! ) Hz 0(1+ kgo q
where
Wolg, s 2) = z(z + a)(z + [2]4a),
Wi(g, ;2) =2(1 — 2)(z + ) (2 + q),
Wa(g, as2) = (1 — 2)(1 - [2]2),
Wolg, s z) = z(z + a)(z + [2]qe) (z + [3]4a),
Wi(g, ;) = (1 — ) (z + o) (z + [2]40) (¢° + 2¢ + 3),
Wo(q,o52) = 2(1 — z)(x + «) ((q +3q+3)x(z+a)— [2]3(:r +a—[2]gz(1+ [3]qa))) ,
Ws(q, a;2) = (1 — z)(z + ) ([2]gz([3]qz — ¢ = 2) +1 — qo).
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Lemma 2.2. For all x € [0,1], n € N and q € (0,1), we have
D%’l/[n]q(eo;x) =1,

g1/l .\ _ 4nlgr +1
D er; ) = TET
9 1/[nlg (. oy _ [n]ga® ol " z(l — )
Dn (2’”‘u+mam+%m+mq<<+”””+ s )
q(2q + 1)[n]w q+1
[n+ 2]4[n + 3], [n—|-2]q[n+3] ’
a1/ Inlg (g . 0y — a1(q)[n]g 2 Wi(q ¢ T)
Dy, (ez;z) = [n =+ 2]4[n + 3]4In+ 4], H?:o(l + [ilq/ Z;)
az(q)[nl] o oy, wl—a)
*u+mmm+%m+%m+%<(’””“*F[@;)
as(q)[n]qx n as(q)
[0+ 2]g[n + 3]q[n + 4]q [n+2]q[n+3] [n+4]g’
a1/l gy oy b1(q)[ng ° Wilq, 1/ )
Dy, (e4;) = [n+ 2]4[n + 3]g[n + 4]4[n + 54 1‘[ o(L+i z;) q
ba(q)[n]? iym%w )
[n+2]q[n+3]q[n+4}q[n+5]qH§:0<1+ [i] — lg
bs(g)[n3 ey 20 =)
- ([n]q"" 1)[""‘2]q[n+3]q[”+4]q[”+5]q ( ( " 1/[ ]q) - [n]q >
" ba(q)[n]qx a4(q)

[n + 2]g[n + 3]g[n + 4g[n + 5]y " [n+2]g[n + 3]qg[n + 4]¢[n + 5]11.
We have

! q s s + klg![n)q!
/0 PrlaD)tdgt = ' [+ n +] 1][q!][k]q!’

using the methods described in [6] and Lemma The proof of the lemma follows immediately and thus
we omit the details.

Corollary 2.3. For central moments, denoted by ¢, m(z) = D%’l/[n]q((t —x)" x), m=1,2, we have
(gln]q — [n+ 2]g)z +1

gz,l(x) = [n+ 2]q

S (nly =D 2qol )

nalt) = G*u+mmm+mwﬂﬁb m+m)

N 2[n]3q3 q(2¢ +1)[n], B 2 .
(L+[nlgn+2)gn+3lg  [n+2n+3]g [n+2]g
qg+1
[n+ 2Jg[n + 3](1'
Lemma 2.4. For q € (0,1) and n > 3, we have
q _ 3

where §2(z) = ((pz(x) + ﬁ) and p?(z) = x(1 — ).
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Proof. By using Corollary and simple computation, we obtain

| () ma(l — o) (120D ~ [P0 ¥ a+2) — 2Ag + g 1)
n2\H) LTS T+ [nlg)[n + 2lgfn + 3,

2 M3(* —2¢+ 1)+ nlglq* — ¢ +q— 1)+ ], = +¢* —g—1)+ ¢ -1
(1+ [”]q)[n + Q}q[n =+ 3]q

q+1

+ [n+2]4n+ 3],

Clearly for n > 3, we have

(nl7q(2q +1) — [n),(2¢° + ¢ +2) = 2(¢* + ¢+ 1) > 0 (2.2)
and ) 5 )
[nlga(2a +1) —[nle(2¢° + ¢ +2) ~ 2" +q+1) _ 3 (2.3)
(1 + [n]g)[n + 2]g[n + 3]q T n+3
Also, as ¢ € (0,1), we obtain
nl5(¢® =20+ 1)+ [nloald* = + 9 - D)+ (20" -’ +¢* —g—1) +¢* -1
= [n]g(a — 1)* + [nlga(a — D)(¢® + ¢* + 1) + [n]g(q — D(@® + 1)(2¢ + 1) + (¢ — D(¢” +q+1)
= (¢ 1) (nlola = 1) + [nl2a(¢® + ¢ + 1) + [nlg(¢® + D¢+ 1) + (¢® + ¢+ 1))
<0.
Finally, by using the above inequality, (2.2) and ({2.3]), we get
3 q+1
M <z(l- +
na@) S 2(l—2) o= 3, | [+ 24n+ 3],
3 1
=2 (2-2)+—]).
[n+ 2], <x( z) [n+2]q>
O
3. Local Approximation
Let us consider:
W?={geC0,1]:4,4" € C[0,1]}.
The Peetre’s K-functional for § > 0 is defined by
Ky(f,6) = inf  {||If —gll+0llg"ll : g € W?},
960123[0,00)
where ||.|| is the uniform norm on C[0, 1]. There exists a constant C' > 0, due to [3], such that for § > 0, we
have
K2(f?6) < Cw?(fv \/5), (31)

where the second order modulus of continuity for f € C|0,1] is defined by

wrf,V0)= sup  sup |f(e 2k = 2f(r +h) + f(@)]
0<h<+y/$ z,24+2h€[0,1]

We prove below the following local direct result:



V. Gupta, T. M. Rassias, H. Sharma, J. Nonlinear Sci. Appl. 9 (2016), 1497-1504 1501

Theorem 3.1. Let 0 < g < 1. Then
D%’I/[n]q (f;z) — f(x)‘ < Kws (fv \/¢;1172($) + ¢Z712($)> +tw (fv ¢Z,1(x)>

for every x € [0,1] and f € C[0,1], where K is a positive constant. Here ¢y, |(x) and ¢}, 5(x) are the first
1/[nlq

and second central moments of the operator Dy

Proof. We consider modified operators 53{1/ e defined by

DIl (. 0 — Dl g ) g <%) (o), (3.2)

/In]

where z € [0, 1]. The operators ﬁi’l ? preserve linear functions:

DM (4 gy =0, (3.3)
Let g € C?[0,1] and t € [0,1]. Using Taylor’s expansion, we have
t
o) =g(a) + g @)t~ o)+ [ (£ = w)g"(wdu
Then using (3.3), we get
DL i) = ofe) + DY ([

Therefore from (3.2)), we have
— 71
| DY (g;2) - g(a) |

t

(t — w)g" (u)du; x) .

q[n]gz+1

t

< ‘D%’I/Mq </ (t —u)g" (u)du; a:) ‘ + / ol (q[[n]f;]L L u) g" (u)du

x x n q

¢ Galine (3.4)
< Dyl ( [it-ul \g"<u>\du;x) # [T |2 —u] 9" (w)| du

T x q

2
< | pe/mla (2. qlnfgr +1 "
< [Dn ((t=a)%52) + mra, —©) [l
On using Equation (3.2]), we see that
D5 (pr)| < | DRV ()| + 2001 < 1A DEY ) + 2010 =3 (3.5)

Now using Equations (3.2), (3.4) and (3.5)), we obtain
DI (i) — pl)| <[ DV = )|+ 1(F = 9) ) + (DY (g5 ) - ()]

o)

<A = gl + (84(0) + 4,2l + £ (T — ).

Thus taking infimum on the right-hand side over all g € W2, we get
1/[n
| DRI (i) = f(@)| < 4K (£,00 5(@) + 68,°@)) +w (f,60,()) -

Consequently, we get

‘D;Zl,l/[”]q(f;x) _ f(g:)‘ < Kuws (f, \/(;33172(95) + ¢%712(x)> +w <f7 ¢Z,1(az)) :

This completes the proof of the theorem. O
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4. Global Approximation

The Ditzian—Totik moduli of the first order is given by
Sy(fim) = sup sup  [f(z + he(z)) — f(2)],

0<h</M z+hp(z)€[0,1]

where 1) is an admissible step-weight function on [0,1]. The second order Ditzian—Totik modulus of smooth-

ness, for f € C[0,1], p(z) = /z(1 — x) and = € [0, 1] is defined by

wy (f,4/m) = sup sup | f(x+ he(x)) 4+ 2f () + f(z — he(z))).
0<h< M zthp(z)€[0,1]

For W2(p) = {g € C[0,1] : ¢’ € AC},.[0,1],p%¢" € C[0,1]} and ¢’ € AC},.[0, 1] means that g is differentiable
and ¢’ is absolutely continuous on every closed interval [a,b] C [0,1]. K-functional corresponding to the
second order Ditzian—Totik modulus of smoothness is defined by

F7 f7 — 1nf f_g + 29// + 2 g// .
2,0(f,m) QGWW){II I+ nlle"g" | +n7llg" I}

It is well known that (see [4]) B
Kao(f,n) < Cwl(f, /). (4.1)

Theorem 4.1. For f € C[0,1], ¢ € (0,1) and ¥ (x) = 2z, x € [0, 1], there exists an absolute constant C > 0

such that
Al oy 1 1
DN (f) — f(2)] < Cw (f, [n+2]q)+m, <f, [n+2]q>.

Proof. Again, consider modified operators DZ " Jefined by

DIV (g gy = DIV ) g <%) + o), (4.2)

where x € [0,1]. Using Taylor’s expansion for g € W2(¢p), we have
t
o) =g(a) + g (@)t~ o)+ [ (£~ w)g" (W
x
Then, using (3.3)), we get

Dy gi0) = gt + DV

Therefore from (4.2), we have

t

(t —u)g" (u)du; x) :

t g[n]qz+1
7L/ 1/ [n [n+2] nlgr + 1
T e R e | R B € s P
xT T q
[n]gz+1
< pet/nla ! " ) i, qlnjgr +1 "
< Dy It —ul|g" (u)| du;z | + W—u 9" ()] du.
x T q

As the function 62 is a concave function on [0, 1], we have for u =t + 7(x — t), 7 € [0, 1], that the following
estimate holds true
[t —u| Tz — ¢
on(u) — aA(t+7(z—1))
< Tz — t| [t — x|
T 0t + 7(0R(x) —05() T OR(x)
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Hence,
/i "t —ul et | Tl o
E‘Ial Mg, . _ <D%1/["]q —u du: 52 " / nrelg n+2|q du 52 "
D4 (g:2) — g(a)| < [ laua ) 121+ [ 2’|
1 1/[n qnjqxr +1 2
<50 (Dz”[ (0= a) + (T ) ) 824"
n q
Also,
1
62 /! — 2 ! 2.1 /"
n(@)]g" ()| = " (2)|g" ()| + [n+2]q|9 (@) < lle"g"ll + [n+2]q||9 I,
where z € [0, 1]; thus we obtain
Ho/ gy < 10 2,1 "
D3 (gi2) - o) < g (1% + o) (43)

Using (3.2) and ., we get
\Dz’” "le(fiw) = @) <[ DEE = gia)| + 1 = @) + [DEY T (g52) - g(a)
‘f (qm“) f()

[n + 2]
(wg"u n

<4||f —gll +

Io1) + | (450 ) = )|

1
[n+ 2], [n+ 2],

Taking infimum on the right-hand side over W?(¢), we have

D8 ) = )] < 10 (Frpgr ) + |1 (M) - 7). (14)
Consider
() 1] < o B -
([nlg — [n + 2]g)x
= ot e o | (v )~
([ ]q_[n+2]q) _ 1
<t (1 i) =% (P
Finally, using , and the above inequality, we get
DE () — fla)| < Cuf (f, [an]> + 3 (F i)
O
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