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Abstract
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1. Introduction and Preliminaries

Throughout this paper, we always assume that F is a real Banach space, C is a nonempty subset of E
and E* is the dual space of E. Let G be a bifunction from C' x C to R, where R denotes the set of real
numbers. Recall the following equilibrium problem in the sense of Blum and Oettli [4]. Find z € C such
that

G(zy) >0, VyeC. (1.1)

The problem was first introduced by Ky Fan [11]. In this paper, We use Sol(G) to denote the solution set
of equilibrium problem (1.1)). That is,

Sol(G) ={x € C:G(z,y) >0, VyeC}.
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Let
G(ﬂ?,y) = <A$)y - CC>, Vﬂfay € 07

where A : C — E* is a given nonlinear mapping. Then Z € Sol(G) if and only if Z is a solution of the
following variational inequality. Find Z such that

(Az,y —x) >0, VyedC. (1.2)
In order to study the solutions of problem (|1.1]), we assume that G satisfies the following restrictions:

R-1) limsup,o G(tz + (1 - t)x,y) < G(x,y),Vz,y,2 € C;
2) G(x,y) +G(y,z) <0,Ve,y € C;

R-
-3) for each x € C, y — G(x,y) is weakly lower semi-continuous and convex;

(
(
(R-3)

(R-4) G(z,z) =0,Vz € C.

The equilibrium problem provides us a natural, novel and unified framework to study a wide class of
problems arising in physics, economics, finance, transportation, network, elasticity and optimization. The
ideas and techniques of this theory are being used in a variety of diverse areas and proved to be productive
and innovative. It has been shown that variational inequalities and mathematical programming problems
can be viewed as a special realization of the abstract equilibrium problems. Equilibrium problems have
numerous applications, including but not limited to problems in economics, game theory, finance, traffic
analysis, circuit network analysis and mechanics; see, [3], [8], [12], [I3], [25] and the references therein.
Recently, equilibrium problem has been extensively investigated based on fixed point algorithms; see
[7, 9 10], [14)-[17], [23]-]28] and the references therein.

Let E be a real Banach space and let £* be the dual space of . Recall that the normalized duality
mapping J from E to 2F" is defined by

Jr={a" € E*: (z,2%) = ||2*||* = ||=|*}.

Let Bp = {z € E : ||z|| = 1} be the unit sphere of E. E is said to be strictly convex if ||z + y|| < 2 for all
x,y € Bg with x # y. It is said to be uniformly convex if for any € € (0, 2] there exists ¢ > 0 such that for
any z,y € Bg,

|lx —yl| > € implies |z +y| <2—26.

It is known that a uniformly convex Banach space is reflexive and strictly convex. E is said to be smooth
or is said to have a Gateaux differentiable norm iff lims oo (||sz + y|| — s||z||) exists for each x,y € Bg. E
is said to have a uniformly Gateaux differentiable norm if for each y € Bg, the limit is uniformly obtained
for each x € Bg. If the norm of F is uniformly Gateaux differentiable, then J is uniformly norm to weak*
continuous on each bounded subset of F and single valued. It is also said to be uniformly smooth if and
only if the above limit is attained uniformly for any z,y € Bg. It is well known if F is uniformly smooth,
then J is uniformly norm-to-norm continuous on each bounded subset of E. It is also well known that E is
uniformly smooth if and only if £* is uniformly convex.

From now on, we use — and — to denote the strong convergence and weak convergence, respectively.
Recall that E is said to has the Kadec-Klee property (KKP) if for any sequence {x,} C E, and x € F with
|zn|| — ||| and x,, — z, then ||z, — z|| — 0 as n — oo. It is known if E is a uniformly convex Banach
space, then E has the KKP.

Let E be a smooth Banach space. Consider the functional defined by

o(z,y) = [lz||* + |ylI> — 2(z, Jy), Va,y € E.

In a Hilbert space H, v/¢(x,y) = ||z —y||. Let C be a closed convex subset of H. For any = € H, there exists
a unique nearest point in C, denoted by Pox, such that ||z — Pox| < ||z — y||, for all y € C. The operator



M. Zhang, S. Y. Cho, J. Nonlinear Sci. Appl. 9 (2016), 1453-1462 1455

Pc is called the metric projection from H onto C. It is known that Pg is firmly nonexpansive. Recently,
Alber [2] introduced a generalized projection operator Il¢, in a Banach space E, which is an analogue of
the metric projection Pr in Hilbert spaces.

Recall that the generalized projection Il : E — C'is a map that assigns to an arbitrary point € E the
minimum point of functional ¢(z,y), that is, llcx = Z, where Z is the solution to the minimization problem

¢(Z, ) = min @(y, ).
yeC

Existence and uniqueness of operator Il follows from the properties of functional ¢(x,y) and strict mono-
tonicity of mapping J. In the framework of Hilbert space, Il = Po. It is obvious from the definition of
function ¢ that

(lzll = llyl)* < é(z,y) < (lyll + ll=]))?, Yo,y € B (1.3)

and
¢($,y)—2<$—Z,JZ—Jy> :¢($,Z)+¢(Z,y), Vl’,yaZGE (14)

Let T : C — C be a mapping. Recall that a point p € C' is said to be a fixed point of T if and only if
p = Tp. In this paper, we use Fiz(T) to denote the fixed point set of T. Recall that a point p in C' is said
to be an asymptotic fixed point [21] of T" if and only if C' contains a sequence {x,} which converges weakly
to p such that lim,_, ||y — Ty, || = 0. The set of asymptotic fixed points of 7" will be denoted by PA’ZE“(T)
Recall that T is said to be asymptotically regular on C' if and only if any bounded subset K of C,

lim sup sup{|| 7" 'z — T"z||} = 0.

n—oo ek

T is said to be relatively nonexpansive [5], [6] iff
Fiz(T) = Fiz(T) # 0, ¢(p,Tz) < ¢(p,x), Va € C,¥p € Fiz(T).
T is said to be relatively asymptotically nonexpansive [I] iff
Fiz(T) = Fiz(T) # 0, ¢(p, T"z) < knd(p,z), Yz € C,Vp € Fiz(T),vn > 1,

where {k,} C [1,00) is a sequence such that k, — 1 as n — oo.

Remark 1.1. The class of relatively asymptotically nonexpansive mappings, which covers the class of rela-
tively nonexpansive mappings, was first considered in [I]; see the references therein.

T is said to be quasi-¢-nonexpansive [1§] iff
Fia(T) #0, 6(p,Tz) < (p,x), Va € C,¥p € Fia(T),

T is said to be asymptotically quasi-¢-nonexpansive [19] iff there exists a sequence {k,} C [1,00) with
k, — 1 as n — oo such that

Fiz(T) #0, ¢(p,T"x) < kno(p,x), Vre C,Vpe Fix(T),Yn > 1.

Remark 1.2. The class of asymptotically quasi-¢-nonexpansive mappings, which covers the class of quasi-¢-
nonexpansive mappings [18], was considered in Qin, Cho and Kang [19]. The class of quasi-¢-nonexpansive
mappings and the class of asymptotically quasi-¢-nonexpansive mappings are more general than the class of
relatively nonexpansive mappings and the class of relatively asymptotically nonexpansive mappings. Quasi-
¢-nonexpansive mappings and asymptotically quasi-¢-nonexpansive do not require restriction Fix(T) =
Fixz(T).

T is said to be asymptotically quasi-¢-nonexpansive in the intermediate sense [20] iff Fiz(T) # () and

lim sup sup (¢(p, T"z) — ¢(p,x)) < 0.
n—co peFia(T)weC

Putting &, = max{0, SUp,c pia(rysec (6(p, T2) — 6(p, 7))}, we see & — 0 as n - co.
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Remark 1.3. The class of asymptotically quasi-¢-nonexpansive mappings in the intermediate sense, which
is reduced to the class of asymptotically quasi-nonexpansive mappings in the intermediate sense in the
framework of Hilbert spaces, was introduced by Qin and Wang [20].

In order to present our main results, we also need the following lemmas.

Lemma 1.4 ([4]). Let E be a smooth, strictly conver and reflexive Banach space and let C be a closed
convez subset of E. Assume that G is a bifunction from C x C to R satisfying (R-1), (R-2), (R-3) and
(R-4). Let r >0 and x € E. There ezists z € C' such that

rG(z,y) — (z—y,Jz — Jx) >0, VyeC.

Lemma 1.5 ([2]). Let E be a smooth, strictly conver and reflexive Banach space and let C be a closed
convex subset of E. Assume x € E. Then

oy, Heoz) < ¢(y,x) — ¢(Ilex,z), Vye C.

Lemma 1.6 ([2]). Let C be a closed and convex subset of a smooth Banach space E, and let x € E. Then
xo = lex if and only if
(xo —y,Jr — Jxg) >0, YyeC.

The following result was implicitly proved in Qin and Wang [20].

Lemma 1.7. Let E be a reflexive, strictly convex, and smooth Banach space such that both E and E* have
the KKP and let C be a convexr and closed subset of E. IfT is a closed asymptotically quasi-p-nonerpansive
mapping in the intermediate sense on C, then Fix(T) is closed and conver.

The following result can be found in Blum and Oettli [4], Takahashi and Zembayashi [22].

Lemma 1.8. Let E¥ be a smooth, strictly convex and reflerive Banach space and let C be a closed convex
subset of E. Assume that G is a bifunction from C x C to R satisfying (R-1), (R-2), (R-3) and (R-4). Let
r >0 and z € E. Define a mapping S, : E — C by

Sz ={z€C:rG(z,y)+(y—2z,Jz—Jx) >0, VyeC}.

Then the following conclusions hold:

(1) S, is single-valued;
(2) S, is a firmly nonexpansive-type mapping, i.e., for all x,y € E,

(Srx — Spy, JSrx — JS,y) < (Spx — Sy, Jx — Jy);

3) S» is quasi-p-nonerpansive;

(3)

(4) (g, Srx) + ¢(Srw, ) < ¢(q,x),Vq € Fiz(Sr);
(5) Fixz(S,) = Sol(G);

(6)

6) Sol(G) is closed and conver.
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2. Main results

Theorem 2.1. Let E be a reflexive strictly convexr and smooth Banach space such that both E and E*
have the KKP and C a convex and closed subset of E. Let A be an index set and G; a bifunction with
(R-1), (R-2), (R-3) and (R-4). Let T; : C — C be an asymptotically quasi-¢-nonexpansive mapping in the
intermediate sense for every i € A. Assume that T; is closed and uniformly asymptotically reqular on C for
every i € A and NjepA Fix(T;) () NieaSol(G;) is nonempty. Let {x,} be a sequence generated in the following
manner:
(10 € E chosen arbitrarily,

Ca,i = C,C1 = NieaCl14)

xr1 = H01x07

Clns1i) = {2 € Clnyiy + 9(2,2n) +&ni > 9(2,u(n))

L Cnt1 = NieaClat1)s Tnr = e, 21,

where &, 5 = max{0, SUPpe pin(1;),zeC (¢(p, T7"x) — ¢(p, )}, {U(n)} s a sequence in Cp such that r(,;
Gi(Un,i),¥) = (Umi) — Y Jumiy — JT'Tn), y € Cn, and {r@, )} is a real sequence in [a;,00), where
{a;} is a positive real number sequence, for every i € A. Then sequence {x,} converges strongly to
ey Fis(Ty) N Nien Sol(G) T1-

Proof. From Lemma and Lemma one sees that Njea Fiz(T;) () NieaSol(G;) is closed and convex so
that the generalization projection onto the set is well defined.

Next, we show C), is closed and convex. To show C,, is closed and convex, it suffices to show that, for
each fixed but arbitrary i € A, C, ;) is closed and convex. This can be proved by induction on n. It is
obvious that C(; ;) = C is closed and convex. Assume that C,, ;) is closed and convex for some m > 1.
Letting 21,22 € Cpnyi1,), We see that 21,22 € Cpp ). It follows that z = tz; + (1 — t)z2 € C(p 5y, Where
t € (0,1). Notice that

(21, U(my)) < G215 Tm) + Emi
and
P (22, u(m,z)) < (22, Tm) + Em,i-

The above inequalities are equivalent to
2(21, J¥m — Ju(m,i)) < N2ml* = [tmi 1> + Em,i

and
2(z2, Jxm — Jugm,i) < @mll” = [t 1>+ Emai-

Multiplying ¢ and (1 — ¢) on the both sides of the inequalities above, respectively yields that
2(z, Jxm = Jugmi) < 2wl = lugmil? + Emi-

That is,
QS(Z, u(m,z)) < (;5(2:, xm) + §m,ia
where 2z € Cy, ;). This finds that C,,,1 ;) is closed and convex. We conclude that C(,, ;) is closed and convex.
This in turn implies that C, = NieaC,,;) is closed, and convex. This implies that Il¢, z; is well defined.
Note that
ﬂieAFix(Ti) mmieASOZ(Gi) cchi=C

is clear. Suppose that Niea Fix(T;) [ NieaSol(Gi) C Cyy, iy for some positive integer m. For any

w € NieaFiz(T;) [ | NieaSol(Gi) C Clmyp),
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we see from the definition of asymptotically quasi-¢-nonexpansive mappings in the intermediate sense that
¢(w7 u(m,i)) = ¢(w7 ST(m,i)j—;mxm)

o(w, T zm))

(W, Tim) + (m.i)-

VANV

This implies w € C(,41,5). Hence,
NieaFiz(T;) ﬂ NieaSol(G;) C ﬂiGAC(n,z‘)~

Since x, = Ilg,x1, we find from Lemma that (x, — z,Jx1 — Jx,) > 0, for any z € C),. Since
NieaFiz(T;) (N NieaSol(G;) C Cy, we find that

(@n —w, Joy — Jog) 20, Yw € NieaFiz(T) [ |NieaSol(Gy). (2.1)
Note that x, = Il¢, ,#1. Using Lemma one sees that

O(Tn,, Pia(T)) () NieaSol(Gi) T15 T1)
> O(Iln, y Fia(Ty) O nieaSol(G)T1, T1) — O(IIn, y Fia(T)) O nicaSol(G) T1, e, T1)
> ¢(c,., 71, 71)
= ¢($n, xl)‘
This implies that {¢(x,,z1)} is bounded. Hence, {z,} is also bounded. Since the space is reflexive, we may

assume that z,, — z. Since C, is closed and convex, we find that £ € C,. This implies from z, = II¢, 21
that ¢(xn, x1) < ¢(Z,x1). On the other hand, we see from the weakly lower semicontinuity of the norm that

¢(Z, 1) > limsup ¢(x,, 1)

n—oo

> liminf ¢(zp, 1)
n—oo

= liminf(||z, || — 2(zn, Jz1) + ||l21]%)
n—oo

> |12|* - 2(z, Jx1) + [|21 ]

= (T, 21),

which implies that lim,, o ¢(zy, 1) = ¢(Z, x1). Hence, we have lim,,_, ||2,,|| = ||Z||. Since E has the KKP
one has z, = T € C,, as n — oco. Using Lemma [L.5] one has

A(Tnt1,71) > ¢(Tnt1, Tn) + G(Tn, T1).

This implies that lim, oo ¢(Znt1,2n) = 0. Since x,, 41 = ¢, 21 € Cpt1, we find that

n+1

O (Tnt1,Tn) + Eni) = A(Tnt1, Ugni))s

which further implies limp, 00 @(Zn41, U(n,5)) = 0. Hence, we have limy, o0 (||Zn41]| = [|t(n,5)||) = 0. Therefore,
one has lim, . ||| = [|Z]|- On the other hand, we have
T [Jugug | = lim gl = 3] = 1721,

This implies that {Ju(, ;) } is bounded. Since both £ and E* are reflexive, we may assume that Ju,; —

u*?) € E*. Since E is reflexive, we see J(E) = E*. This shows that there exists an element u’ € E such
that Ju® = u(*%). Tt follows that

O(@Tnt1s Ui g)) = [ Tnt1ll = 2@ns1s Jugm) + [T 1
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Therefore, one has ‘ ‘
0> [|Z]* + [l |* = 2(2, ul*?)

= |z|* - 2(z, Ju') + ||u’?
= ¢(z,u')
> 0.

That is, Z = u’, which in turn implies that u®*? = Jz. It follows that Jug, ) — Jx € E*. Since E* has
the KKP, we obtain that lim, o Ju(y, ;) = JZ. On the other hand, one has limy, o0 ¢(Tn+1, T} n) = 0. Tt

follows that lim, o || 7]"@y|| = ||Z||. On the other hand, we have
i (| JT e, || = lm ([T, = |[z]] = [|JZ].

This implies that {JT*z,} is bounded. Since both E and E* are reflexive, we may assume that J7T;'z, —
y™®i) e E*. Since E is reflexive, we see J(E) = E*. This shows that there exists an element 3’ € E such
that Jy' = y*9. It follows that

¢(xn+17ﬂn$n) = ”xn+1”2 — 2<xn+1, Jjwlnxn> + HJTILnanQ
Therefore, one has | |
0> [lz* — 2(2,y*) + |y
= |lzl* — 2(z, Jy') + ']
= ¢(f,y’)
> 0.

That is, Z = y*, which in turn implies that y*% = Jz. It follows that JT'x, — Jx € E*. Since E* has
the KKP, one has lim,, oo JT'z, = JZ. Since J ~1 is demi-continuous, we have Tz, — z, for every i € A.

Since
T znll = (2] < [|J(T %) — JZ,

one has [|[T'z,|| — ||Z||, as n — oo, for every i € A. Since E has the Kadec-Klee property, one obtains
limy, o0 || 1]* @y, — Z|| = 0. On the other hand, we have

T e — T || + 1T w0 — 2| 2 |17 20 — 2| 2 0.
In view of the uniformly asymptotic regularity of 7T}, one has

lim || T e, — 2| =0,
n—oo

that is, T;T;'x, — T — 0 as n — oo. Since every Tj is closed, we find that T;z = z for every i € A.
On the other hand, we have

(Y = Un,iys Junyiy = JL Tn) + 70 Gi(Ung), y) 2 0, Yy € Cp,

we see that
ly — vyl T,y — JL Tl = 7000 Gi(Y, Uns))s VY € Ch.

In view of (R-3), one has G;(y,z) < 0. For 0 < t; < 1, define
Yiri) = tiy + (1 — ;)T
It follows that y ;) € C, which yields that G;(y(,), %) < 0. It follows from the (R-3) and (R-4) that
0= Gi(Y,i)» Yt.0)
< Gy, y) + (1= ) GiYe,), T)
< tiGi(Y (i), Y)-
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That is, Gi(y(s,5), y) = 0. Letting t; | 0, we obtain from (R-1) that G;(z,y) > 0, Yy € C. This implies that 7 €
Sol(G;) for every i € A. This shows that Z € NjeprSol(G;). Finally, we prove T = I, _, piz(T;) () nyenSol(Gy) T1-
Letting n — oo in [2.1] we see that

(@ —w,Jzy = JI) 20, Vw € NieaFiz(Ty) (| NieaSol(Gi).
Using Lemma, we find that Z = In, _\ piz(7) M nieaSol(Gy)@1- This completes the proof. O

For the class of quasi-¢-nonexpansive mapping, we have the following result.

Corollary 2.2. Let E be a reflexive strictly convex and smooth Banach space such that both E and E* have
the KKP and let C be a convexr and closed subset of E. Let A be an index set and let G; be a bifunction with
(R-1), (R-2), (R-3) and (R-4). Let T; : C — C be a closed quasi-p-nonexpansive mapping for every i € A.
Assume that Niepa Fiz(T;) () NieaSol(G;) is nonempty. Let {xn} be a sequence generated in the following
manner:

(20 € E chosen arbitrarily,

Caiy = C,C1 =NieaC14),

z1 = e, zo,

C(n+1,i) = {Z € C(n,z) : ¢(Z7xn) > ¢(Za u(n,z))}v

Crnt1 = NieAClnt1,)s Tn+1 = e,y 21,

where {u(, )} is a sequence in Cp such that v, 5 Gi(Uni),Y) = (Ung) — Y JUmiy — JTivn), y € Cp, and
{7(n,i)} s a real sequence in [a;, 00), where {a;} is a positive real number sequence, for every i € A. Then
sequence {xy,} converges strongly to Un,_, pia(T,) NsenSol(G)T1-

Using Theorem [2.1} we also have the following result on equilibrium problem (|L.1]).

Corollary 2.3. Let E be a reflexive strictly convex and smooth Banach space such that both EE and E* have
the KKP and let C be a convex and closed subset of E. Let A be an index set and let G; be a bifunction with
(R-1), (R-2), (R-3) and (R-4). Assume that NjcpSol(G;) is nonempty. Let {x,} be a sequence generated
i the following manner:

xg € E  chosen arbitrarily,

C,iy) = C,C1 =NieaClu ),

z1 = Uey o,

Clnr1i) = {2 € Cinyiy 1 9(2:20) +&ni = 9(2,u(n,i)) }
Crt1 = NieaClnt1), Tnt1 = I, 21,

where {u(, )} is a sequence in Cy, such that v, ;) Gi(Um.i), Y) = (Un,i) =Y JUniy = JTn), Y € Cn,y and {7, 5}
is a real sequence in [a;,00), where {a;} is a positive real number sequence, for everyi € A. Then sequence
{wn} converges strongly to U, _, soi(c)T1-

In the framework of Hilbert spaces, \/¢(z,y) = ||z — y||, Vz,y € E. The generalized projection is
reduced to the metric projection and asymptotically quasi-¢-nonexpansive mappings in the intermediate
sense is reduced to asymptotically quasi-nonexpansive mappingss in the intermediate sense. Using Theorem
we have the following result.

Corollary 2.4. Let E be a Hilbert space and let C be a convex and closed subset of E. Let A be an index set
and let G; be a bifunction with (R-1), (R-2), (R-3) and (R-4). Let T; : C' — C be an asymptotically quasi-
nonexpansive mapping in the intermediate sense for every i € A. Assume that T; is closed and uniformly
asymptotically reqular on C for every i € A and Nijep Fix(T;) () NieaSol(G;) is nonempty. Let {z,} be a
sequence generated in the following manner:
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xg € E  chosen arbitrarily,

Ca,i) = C,C1 =NieaCl1 ),

z1 = ey o,

Cint1) = {2 € Clnyiy : lon — 2l + &nii > 12 — unpl1?},
Cn+1 = NieAClat1), Tnr1 = Lo, 21,

where &, 5y = max{0,SUPpe pig(1y) wcc (Ilp — T7z|l> — |lp — 1)}, {u@n} is a sequence in C, such that
Tni)Gi(U(ni) ¥) = (Uing) = Y5 Uni) — T]'Tn), ¥y € Cn, and {rg,;)} is a real sequence in [a;,00), where
{a;} is a positive real number sequence, for every i € A. Then sequence {x,} converges strongly to
PrienFia(T) NnieaSol(Gi) 1

If T; is the identity operator for each ¢ € A, we have the following result.

Corollary 2.5. Let E be a Hilbert space and let C' be a convexr and closed subset of E. Let A be an index
set and let G; be a bifunction with (R-1), (R-2), (R-3) and (R-4). Assume that N;epSol(G;) is nonempty.
Let {x,} be a sequence generated in the following manner:

(20 € E chosen arbitrarily,

Cai) = C,C1 = NieaCl14),

x1 = ¢, zo,

Clns1i) = {2 € Cinyiy * lzn — 2| > 12 = il
Cn+1 = NieAClng1,i)s Tnt1 = o, 21,

where {uwm )} is a sequence in Cp such that v, iy Gi(U(n ), Y) = (Umi) = Ys Uni) — Tn)s Y € Cny and {1}
is a real sequence in [a;,00), where {a;} is a positive real number sequence, for everyi € A. Then sequence
{wn} converges strongly to Pn,_, soi(G;)T1-

i
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