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Abstract

We consider the semilinear Schrédinger equation

—Au+V(z)u= f(z,u),z € RV,
u € HY(RVN),

where V' (z) is asymptotically periodic and sign-changing, f(z,u) is a superlinear, subcritical nonlinearity.

Under asymptotically periodic V(z) and a super-quadratic condition about f(z,u). We prove that the

above problem has a ground state solution which minimizes the corresponding energy among all nontrivial
solutions. (©2016 All rights reserved.
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1. Introduction and Preliminaries
Consider the following semilinear Schrodinger equation
—Au+V(z)u= f(z,u), v € RN,
LN (1.1)
ue H (RY),

where V : RN — R and f: RN x R — R satisfy the following standard assumptions, respectively:
(V) V € C(R") is 1-periodic in each of x1,zs,...,xy , and

sup[o(—A + V)N (=00,0)] :=A <0< A:=inflo(—A+ V)N (0,00)]; (1.2)
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(F1) f € C(RN x R) is 1-periodic in each of 1,3, ...,xx, F(z,t) := f(f f(z,s)ds > 0;
(F2) f(z,t) = o(|t]), as |t| — 0, uniformly in x € RY;

(F3)lim)y 500 |tT2’t =00, a.e.t € RV;
(F4)

F4) there exists a 0y € (0,1) such that

2 t
N [ f@5)ds. 9020, (@.1) € B x R
¢
The existence of a nontrivial solution of has been obtained in [5, 8 [12], 15 22] 24] under some other
standard assumptions of V' and f. In some very recent papers, under the above conditions, Xianhua Tang
[18] 19, 20}, 21] proved the problem has a ground state solution of Nehari-Pankov type.

If V(z) is asymptotically periodic, not only that the functional ® loses the Z™V-translation invariance,
but also the operator —A + V' has also discrete spectrum except for continuous spectrum. For the periodic
problem, it is very crucial to show (PS)-sequence or (C)-sequence is bounded that the operator —A 4V has
only continuous spectrum [I6]. For the above knowledge, there are no existence results for when V (z)
is asymptotically periodic and sign-changing and f(z,u) is asymptotically linear as |u| — oo. Motivated by
the works [4, [7, 21], in this paper, we will use some tricks introduced in [9} [10] to overcome the difficulties
caused by the dropping of periodicity of V(x).

Before presenting our theorem, we make the following assumptions.

(V1) V(x) = Vo(x) + Vi(z), Vo € C(RY) N L=®(RY) and

sup[o(—A + Vp) N (—00,0)] < 0 < A := inf[o(—A + Vo) N (0, 0)], (1.3)

Vi € C(RN) and llm‘wl_)oo‘/l(X) = 0;
(V2) V; is 1-periodic in each of x1, xo, ..., zy, and

0 < —Vi(z) <sup(—V1) < A,V € RV,
RN

Let Ay = —A + Vo. Then Ay is self-adjoint in L2(RY) with domain D(Ag) = H2(RY) (see [2], Theorem
4.26). Let {e(\) : —oo < A < 400} and |Ap| be the spectral family and the absolute value of Ay, respectively,
and |Ag|*/? be the square root of |Ag| . Set U = id — £(0) — (0—). Then U commutes with Ay (see [I],
Theorem IV 3.3). Let

E=D(A4|"?), E =¢(0)E, E*=]lid—e(0)]E. (1.4)

For any u € E, it is easy to see that u = u~ + u™, where

u =e(0)ue E, ut = [id — £(0)]Ju € E (1.5)
and
Aou™ = —|Aglu™, Aou™ = |Aolut Yu € END(Ap). (1.6)
Define an inner product
(u,v) = (Ao ?u, Ao|V*v) 12, w,v € E (1.7)
and the corresponding norm
lull = 1ol 2u]l,, € B, (18)
where(-, )72 denotes the inner product of L?(R™) and | - || denotes the norm of L*(RY). By (V1), E =

H'(RY) with equivalent norms. Therefore, E embeds continuously in L*(R") for all 2 < s < 2*. In addition,
one has the decomposition £ = E~ & E™1 orthogonal with respect to both (-,-);2 and (-, -).

Let
B(u) = ;/RN(WUF +V (2)u?)de — /RN Fla,u)dz,Yu € E (1.9)
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and

1
Po(u) = / (IVul* + Vo (z)u?)dx — F(z,u)dx Yu € E, (1.10)
2 N RN
where F(x,t) fo z,5)ds. Then ®g(u) is also of class C'(E, R), and
(@) (u),v) = /RN(VUVU + Wo(x)uv)dx — . f(z,w)vdx Yu,v e E. (1.11)
In view of (|L.5), and , we have
1
Bo) = (1= ) = [ P (112)
and
(B (), u) = [[u™|? = Ju"]]?) — /N f(z,w)udr Yu=u" +ut € E. (1.13)
R

Now, we are in a position to state the main result of this paper.

Theorem 1.1. Assume that V and f satisfy (V1), (V2), (F1), (F2), (F3) and (F4). Then problem (1.1
has a nontrivial solution uy € E. such that ®(up) = infy— ® > 0, where

“={ue E\E™ : (®(u),u) = (®'(u),v) =0 Vve E }. (1.14)
The set N~ was first introduced by Pankov [13|, 14], which is a subset of the Nehari manifold
N = {u e E\{0} : (®'(u),u) = 0}. (1.15)

The rest of this paper is organized as follows. In Section |2 some preliminary results and the proofs of
Theorem are presented.

2. Main results

Let X be a real Hilbert space with X = X~ @ Xt and X~ L XT. For a functional ¢ € C'(X, R), ¢ is
said to be weakly sequentially lower semi-continuous if for any u,, — u in X one has ¢(u) < liminf,, o ©(un),
and ¢’ is said to be weakly sequentially continuous if limy, o (¢’ (uy), v) = (¢'(u),v) for each v € X.

Lemma 2.1 ([3], [6], [7]). Let X be a real Hilbert space with X = X~ @ X" and X~ L X7, and let
o € CYX,R) of the form

1
p(u) = S P = o) = $(w), w=u" +u" €eX 0 X",

Suppose that the following assumptions are satisfied:
(LS1) ¥ € C*(X, R) is bounded from below and weakly sequentially lower semi-continuous;
(LS2) ¢’ is weakly sequentially continuous;
(LS3) there exist r > p > 0 and e € X+ with |le|| = 1 such that

k= 1nfg0(S ) > sup ¢(9Q),

where
Sf={ue X" :|ull=p}, Q={w+se:weX" s>0,[w+sel <r}.

Then for some ¢ € [k, sup ®(Q)], there exists a sequence {u,} C X satisfying
p(un) = ¢, [ (un)[|(1 + [[un]]) = 0. (2.1)

Such a sequence is called a Cerami sequence on the level ¢ or a (C'). sequence.
We set

U(u) = /RN[Vl(m)UQ + F(z,u)lde Yu € E. (2.2)
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Lemma 2.2. Suppose that (V1), (V2), (F1), (F2) and (F3) are satisfied. Then U is nonnegative, weakly
sequentially lower semi-continuous, and W' is weakly sequentially continuous.

Using Sobolev’s embedding theorem, one can check easily the above lemma, so we omit the proof.

Lemma 2.3. Suppose that (V1), (F1), (F2), (F3) and (F4) are satisfied. Then for uw € N,

1 1 1— ¢
D(u) > B(tu+w) + ol - /RN Vi(@)wlde + (@ (u), u) 0
—t{®'(u),w) YueE, t>0, weE".
Proof. For any € RN and 7 # 0, (F4) yields
1— t2 T
5 Tf(x,7) > f(x,s)ds, t>0. (2.4)
tT
It follows that )
1 _ T
( 2t T—17)f(z,7) > f(z,s)ds, t>0, o€R. (2.5)
tt+o
To show ([2.5)), we consider four possible cases. By virtue of (2.4) and sf(z,s) > 0, one has
Case 1) 0<tr+o<7or tr+o<7<0,
T T 1— t2
[ swsas < LD pgas < (55— ) s
tt+o |T’ tt+o 2
Case2) tr+0 <0<,
T T T 1— t2
[ swsas < [Crwsas <KD g < (55— i) s
tr+o 0 |7-’ tr+o 2
Case3) 0<7<tr+oor 7<tr+o<0,
tT+o tT+o 1— t2
/ f(x,s)ds>f(‘x”7—)/ |slds > —( 5 T —t7) f(@, 7);
T T T
Case 4) 7 <0< tr+o,
tr+o 0 0 1— t2
[ pwsasz [ sis= ! (f’f) [ tstds >~ (557 = im) stam)
T T T T
The above four cases show that (2.5 holds.
We let b: E x E — R denote the symmetric bilinear from given by
b(u,v) = / (Vuwy v+ V(x)uww)de Vu,v € E. (2.6)
RN
By virtue of (1.9) and ({2.6]), one has
1
O(u) = =b(u,u) — / F(x,u)dx Yue E (2.7)
2 RN
and
(@' (u),v) = b(u,v) — f(z,u)vdx Yu,v € E (2.8)
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Thus, by , , , and , one has

O(u) — P(tu+w) = %[b(u, u) — b(tu + w, tu + w)| + /RN [F(z,tu + w) — F(z,u)|d

_1 _2t2 b(u,u) — th(u,w) — %b(w, w) + / [F(z,tu+w) — F(z,u)|dx
RN
1 1-#2,, ,
= —Eb(U)’w) + (D' (u), u) — t{(®"(u),w)
1— ¢ u
—l—/RN [ 5 f(l‘,u)u—tf(a:,u)w—/tu+wf(x,s)ds]dx
—lelp =5 [ Viewlde+ 1 (@ () u) — 1 (), )
—2w0 2RN1:wa u), U u), w
1—¢? u
+ [ B et = [ i
2
> 1wl = 1/ Vi (@)wkde + — (@ (), u) — 1P (u),w) VE> 0, we B
2 RN 2
This shows that holds. O

Lemma 2.4. Suppose that (V1), (F1), (F2) and (F4) are satisfied. Then there exists p > 0 such that
m:zji\rfl_fQ)ZK:: inf{®(u):u € ET,|ul| = p} > 0. (2.9)

Lemma can be proved in the same way as ([17], Lemmas 2.4).

Lemma 2.5. Suppose that (V1), (F1), (F2) and (F3) are satisfied. Let e € E™ with |le|]| = 1.
Then there is a ro > 0 such that sup ®(9Q) < 0, where

Q={se+w:weE ,s>0,|se+w| <r}. (2.10)

Proof. (F1) yields that F(x,t) > 0 for (z,t) € RN x R, so we have ®(u) < 0 for u € E~. Next, it is sufficient
to show that ®(u) — —oo as u € E~ @ Re, ||u|]| — co. Arguing indirectly, assume that for some sequence
{wy, + spe} C E~ @ Re with ||w, + spe| — oo, there is M > 0 such that ®(w,, + spe) > —M for all n € N.
Set v, = (wp, + spe),/|wn + spe|| = v, + tne, then |v, + the|]| = 1. Passing to a subsequence, we may
assume that v, — v in E, then v, —» v a.e. on RV, v, = v in E, t, — t, and

M P 21 F
- 5 < (wn + 8”62 = e - / Fla, wn + sne) 8”;) dz. (2.11)
l|wn, + snel| |wn, + snel| 2 2 N |lwn + snel|
If £ = 0, then it follows from (2.11]) that
1 F t2 M
0§\|vn\|2+/ de§—+72—>o,
2 rN ||wn + spell 2 Jwp + spel|

which yields |jv,; || = 0, and so 1 = ||v,|| — 0, is a contradiction.
If ¢ # 0, then v # 0, it follows from (2.11)), (F3) and Fatou’s lemma that

2 1, F(x,w, + spe)
0 <l o 2—/ T d
St (5 Qs [ ot

21, F(z,wy, + spe)

=1 o 2_/ 2\ e T ot 240
17rlr1_>8£p[2 slonl v T t s ]
F(z,wp + spe) o

d
(wn + spe)? Un :):]

1
<~ lim 2 — liminf/
2 RN

n—00 n—00
72

t F n + Sn
/ lim jng £ Wn ¥ 5n€) 241
R

N n—oo  (wy + spe)? "

IN
\
|
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is a contradiction. O

Lemma 2.6. Suppose that (V1), (F1), (F2), (F3) and (F4) are satisfied. Then there exist a constant ¢ > k
and a sequence {u,} C E satisfying

®(uy) — ¢ and |9 (uy)||(1+ ||unl]) = 0. (2.12)
Proof. Lemma [2.6]is a direct corollary of Lemmas and O

Lemma 2.7. Suppose that (V1), (F1), (F2), (F3) and (F4) are satisfied. Then any sequence {un} C E
satisfying
D(up) = ¢ and (P (uy),ul) =0, (2.13)

1s bounded in E.

Proof. To prove the boundedness of {u,}, arguing by contradiction, suppose that ||uy|lo — oo. Let v, =

un/||tunllo- Then 1 = |lv,||3. By Sobolev imbedding theorem, there exists a constant Cy > 0 such that
||lvnll2 < C4. Passing to a subsequence, we have v, — T in E. There are two possible cases: 1)v = 0 and
ii)v # 0.

Case i) © = 0,i.e. v, — 0 in E. Then v;} — 0 and v, — 0in L{ (RY), 2 < s < 2* and v;} — 0 and
vy — 0 a.e.on RN, By (V1) and (V2), it is easy to show that

lim Vi(x)(v,))2de = lim Vi(x) (v, )2dz = 0. (2.14)

n—0o0 RN n—oo RN

If
0 :=limsup sup / T |2dx = 0,
Bi(y)

n—oo yc RN
then by Lion’s concentration compactness principle [I1] or ([23], Lemma 1.21), v;f — 0 in L*(R") for
2 < s < 2. Fix R> [2(1 4 ¢.)]"/2. By virtue of (F0) and (F1), for ¢ = 1/4(RC4)? > 0, there exists C, > 0
such that (1.12)) holds. Hence, it follows that

limsup/ F(x, Rv,)dx < limsupleR?|v,||3 + C.RY|jv,} || 5]
RN n—o00

n—oo
1

< 6(RC4)2 = Z

Let t, = R/||un|lo- Hence, by virtue of (2.10)) and (2.11), one can get that

(2.15)

e +0(1) = ®(uy)

t% 2 + 1— t121 /
> Ll — [ Pt Jdw + =@ (), wn)
RN 2

2
@)+ 2 [ V@) - )

R / 1 R2
= —|lv,|lg — F:):,Rv:{dac—i— == ——= (P (un), un
5 v l5 . ( ) (2 QH%H%N (un), un)
R? . R? _
i @) )+ o [ V@I - (o e
[ | 2 Jpw
R2
> — — / F(z, R, )dx + o(1)
2 RN
R? 1 3
> T3 —ZJro(l) >C*+Z+O(1).

This contradiction shows that § > 0.
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Passing to a subsequence, we may assume the existence of , € Z" such that [, Jxr(n) v, |2 dx > %.
1+ N\

Let wy(x) = vy (x + Ky). Since Vp(z) is 1-periodic in each of x1, xa, ...,xx. Then

/ lw,T|?dx > g. (2.16)

B1+\/ﬁ(0)

Now we define i, () = un(x + Ky ), then uy, /||ugllo = wy and ||wy|lo = ||vn]lo = 1. Passing to a subsequence,

we have w, — w in F, w,, — w in LfOC(RN), 2 < s <2 and w, = w a.e. on RY. Obviously we have w # 0.

Hence, it follows from (2.17)), (F4) and Fatou’s lemma that

1 ®
0= tim @Oy, lun)

n=oo unllg oo [luallg

.1 _ 1 _
= lim [S(Jf 15 = o D) + 5 [ Vi(@)[(wi)? = (vy)?]da

n—oo -2 2 JrN

. )
_ ($ +~/€2m Un) widﬂ
RN Un,

1 F ; 1 F ;
<) e [ FEE ) g 1 / lim inf ZE i) 2 g,

2 n—oo  JpN Uy, 2 RN N—00 Un,
= —OO,

which is a contradiction.
Case ii) ¥ # 0. In this case, we can also deduce a contradiction by a standard argument.
Case i)and ii) show that {u,} is bounded in E. O

Proof of Theorem 1.1. Applying Lemmas and we deduce that there exists a bounded sequence
{un} C F satisfying . Passing to a subsequence, we have u, — @ in E. Next, we prove u # 0.

Arguing by contradiction, suppose that @ = 0,i.e. u, — 0 in F, and so u,, — 0 in LfOC(RN), 2<s< 2"
and u, — 0 a.e. on RV. By (V1) and (V2), it is easy to show that

lim Vi(z)uldr =0 and lim Vi(x)upvdr =0 Yuv e E. (2.17)
n—oo RN n—oo RN
Note that 1
Dp(u) = P(u) — / Vi(z)uldz YucE (2.18)
2 RN
and
(@ (u),v) = (®'(u),v) —/ Vi(z)uvdx Yu,v € E. (2.19)
RN
From (2.10)-(2.13)), one can get that
Do (un) — ¢ and || ®f(un)||(1 + |lun|) — O. (2.20)

Passing to a subsequence, we may assume the existence of s, € ZV such that f B [ |?dz > g
14V (kn)

for some § > 0. Let v,(z) = up(x + ky). Then [Jv,|lo = ||unllo and

/ v |?dz > ) (2.21)
By, vw(0) 2

Passing to a subsequence, we have v,, = v in F, v, — v in LfOC(RN), 2<s<2*andv, v a.e. on RV,
Obviously, (2.21)) implies that v # 0. Since Vy(x) and f(z,u) are periodic in z, then by (2.14]), we have

Do (vy) — e« and || ®f(vn)|[(1+ [Jva]]) — 0. (2.22)
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By a standard argument, one has ®'(v) = 0. This shows that 7 € N~ and so ®(7) > m. On the other hand,
by using (2.22)), (F4) and Fatou’s lemma, we have

m>c, = lim [®(vy) — %(@'(vn),vnﬂ = lim [%f(x, Un)Un — F(x,vy)]dx

n—o0 n—oo | pN
1
- /RN 1}1—%10110 [§f(957 V)V — F(z, vn)]dx
= 2(v) - 5 (P(2),7) = 2(0).
This shows that ®(7) < m and so ®(7) = m = inf—- & > 0. O
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