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Abstract

In this paper, we prove some common fixed point theorems for two pairs of weakly compatible self-
maps satisfying a new w-contractive condition in the framework of a partial metric space. We also provide
illustrative examples in support of our new results. The results obtained in this paper differ from the recent
relative results in literature. (©2016 All rights reserved.
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1. Introduction and Preliminaries

In 1994, Matthews [20] introduced the notion of partial metric spaces. In this spaces, the distance of a
point to its self may not be zero. In [20], Matthews extended the well known Banach contraction principle
from metric spaces to partial metric spaces. Later in [I]-[19] and [21]-[28], several authors obtained some
fixed point results for mappings satisfying different contractive conditions.

The purpose of this paper is to use the concept of weakly compatible mappings to discuss some common
fixed point problem for four self-maps satisfying a new 1-contractive condition in the framework of a partial
metric space. Our results differ from the recent relative results in literature. In fact, as far as now, no
author has investigated this problems.
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Definition 1.1 ([20]). A partial metric on a nonempty set X is a function p : X x X — R™ such that for
all z,y,z € X:

(p1) p(z,z) = p(z,y) =p(y,y) &z =y;
(p2) p(z,x) < p(x,y);
(p3) p(z,y) = p(y,z);

(p4) p(z,y) +p(z,2) < p(z, 2) + p(z,y).

A partial metric space(PMS for short) is a pair (X,p) such that X is a nonempty set and p is a partial
metric on X.

Suppose that (X, p) be a PMS, the function p® : X x X — R™ given by
p*(z,y) = 2p(z,y) — p(z,2) — p(y,y)

is a (usual) metric on X. Each partial metric p on X generates a Tj topology 7, on X with a base of the
family of open p-balls {By(z,¢) : € X,e > 0}, where

Bp(z,e) ={y € X : p(z,y) < p(z,z) + e}
for all x € X and ¢ > 0.
Definition 1.2 ([20] 23]). Assume that (X, p) be a PMS,
(1) A sequence {x,} in (X, p) converges to x € X if and only if p(z, z) = lim, o0 p(x, zp).
(2) A sequence {z,} in (X, p) is called a Cauchy if and only if limy, ;—y00 P(Zn, Tm) exists (and finite).

(3) A (X,p) is said to be complete if every Cauchy sequence {z,} in X converges, with respect to 7,, to
a point & € X such that p(z,z) = limy, m—oc0 P(Tn, Tm)-

(4) A mapping f : X — X is said to be continuous at xg € X,if for every ¢ > 0, there exists § > 0 such
that f(By(wo,6)) C Bp(f(20), ).

Example 1.3 ([20]). Suppose that X = {[a,b] : a,b € R,a < b} and define p([a,b],[c,d]) = max{b,d} —
min{a,c}. Then (X,p) is a PMS.

Example 1.4 ([20]). Assume that X = [0, +oc] and define p(z,y) = max {x,y}, for all z,y € X. Then
(X, p) is a complete PMS. It is clear that p is not a (usual) metric.

Lemma 1.5 (|2, [I7]). Suppose that (X,p) be a complete PMS. Then
(1) If p(z,y) =0 then x = y.
(2) If x # y then p(x,y) > 0.
Lemma 1.6 ([20, 23]). Assume that (X,p) be a PMS.
(1) The sequence {xzy} is Cauchy in (X,p) if and only if {x,} is a Cauchy sequence in (X, p®).
(2) (X,p) is complete if and only if the metric space (X, p®) is complete. Moreover,

lim p’(z,2,) =0 p(z,z) = lim p(x,z,) = lim p(z,,zm).
n—oo n—oo n,m_>00

Lemma 1.7 ([23, 2]). Assume the , — z as n — oo in a PMS (X,p) such that p(z,z) = 0. Then
limy, 00 p(Tn, y) = p(2,y) for everyy € X.

Recall that a pair of self-mappings {F,G} in a nonempty set X are said to be weakly compatible if
{te X : Ft =Gt} C{t e X : FGt = GFt}.
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2. Main Results

In this section, we obtain some unique common fixed point results for four mappings satisfying a new
1p-contractive condition in the framework of a partial metric space.

Theorem 2.1. Let F,G,S and T be four self-maps of a complete PMS (X, p) such that
(i) FX CTX and GX C SX;
(ii) one of the ranges SX and TX is a closed subset of (X,p);
(111) the pairs {F,S} and {G, T} are weakly compatible and
P(Fo,Gy) < ¥(M(z,y)), Va,y€ X, (2.1)
where ¢ : RT — RY is continuous non-decreasing function such that (t) < t and the series
Y1 [wn(t)]% converges for all t > 0, and

p*(Sz, Ty),p*(Fz,Sz),p*(Gy, Ty),
M(z,y) = max p(Sz, Ty)p(Fzx, Ty), p(Fx,Sx)p(Fx, Ty),
p(Gy, Ty)p(Fa, Ty), 1 p(Sz, Gy) + p(Fz, Ty)]?

forallx,y € X. Then F,G,S and T have a unique common fixed point in X.
Proof. Consider an arbitrary point zg € X. It follows from FX C TX and GX C SX that, there exist two
sequences {z,} and {y,} in X satisfying
Yon = Fwon = Txont1 and  Yopy1 = GTopt1 = STont2 (2.2)

for allmn € N.

Next we shall prove that {y,} is a Cauchy sequence in the PMS (X, p).
It follows from (p2) and (p4) that

PA(Szan, Tront1), P*(Fxon, STan), P*(GTon+1, T Tan+1),
P(ST2n, TT2n41)D(F22n, T22n11), D(F2on, S2n)D(F22n, T Toni1),
P(Gxani1, Tr2n41)P(FT2n, T Tont1),
10(Sz2n, Gront1) + P(Faon, Twons1)]?}

P2 (Y2n—1, Y2n) P> (Y2ns Y2n—1), P> (Y2n+1, Y2n),
= max P(Y2n—1, Y2r)P(Y2n, Y2n ) P(Y2n, Y2n—1)P(Y2ns Y2n ),
P(Y2n+1, Yon )P (Y2n, Y2n), 5 1P(Y2n—1, Y2nt1) + P(Y2n, y2n)]* 1}

< max { 1 p2(y2n—17 an)7p2 (an, y2n+1), }
B 1P(y2n—1,Y2n) + P(Y2n, Yoni1)]?}

= max{p*(yan—1, Y2n), P> (Y2n, Yan+1) }
for all n € N. By virtue of the property of ¥, we get that
(M (@20, Tan11)) < Y(max{p®(yan—1,Y2n), P (Y2n, Y2n11)})- (2.3)
By using with x = 29y, ¥ = yon41 and we obtain
P (Y2n, yant1) = p°(F2n, Groni1)
< P(M(x2n, Tant1)) (2.4)
< p(max{p*(yan—1, Y2n), P (Y20, Yan11)})-

M (z2p, Topy) = max

Analogously we can show that

P (Y2n+1, Yont2) < w(max{p®(yan, Yont1), P> (Yont1, Yont2)})- (2.5)
Note that (2.4 and (2.5)) implies that
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pz(ymyn—i-l) < w(max{pQ(yn—la yn>7p2(ym yn—l—l)}) vn > L. (2'6)

If In € N such that p?(y2n_1, y2n) = 0. Then we have yo, 1 = yo,,. It follows from (2.4) that

P*(Y2n, Yont1) < V(P*(Y2n, Y2nt1))-

Since ¥(t) < t for each t > 0, with the above inequality we conclude that p?(ya,,¥2n+1) = 0 and so
Yon = Y2n+1- LTherefore, by (2.5) we get that

P?(Y2nt1, Y2n+2) < VO (Yant1, Yons2)),

which implies that ya,+1 = yan+2. Hence, we deduce that yo,—1 = yon = Yon+1 = Yont+2 = -+ -. Then {y,}
is a Cauchy sequence in (X, p). The same conclusion holds if we suppose that there exists n € N such that

P*(Y2n, Y2nt1) = 0 and then ya, = yant1-
Without loss of generality, we may assume that p?(y,,yn+1) > 0, ¥V n € N. Then from (2.5, using the
fact that ¢(t) < t for all ¢ > 0, we have

P (Yns Ynt1) < max{p*(Yn—1,Yn), > (Yn: Yn+1) }-

Which implies that p?(yn, Yns1) < P*(Yn—1,yn) and so

max{p?(Yn—1,Yn), 2> Yn> Yn+1)} = P> (Yn—1,Yn)-

Hence, from (2.6) we deduce that

p2(yn,yn+1) < 1/1(P2(yn—1,yn)) Vn>1. (27)

Repeating this inequality n times we get

P2 Yy Ynt1) < V" (0% (%0, 1))- (2.8)

It follows from the properties (p2) and (p3) that

max{p* (Y, Yn)s 2° (Yn+1: Yo 1)} < (Y Y1)
Hence from we have

max{p*(Yn, Yn), P> Wnt1, Yns1)} < V" (0% (o, y1))- (2.9)
Therefore, from (p2), (p4), and we obtain

[0° Wn> Yt 1)1* =120, Ynt1) = P(Uns Yn) — PWns1, Yng1)]
<4p* (Yns Ynt1) + 0°(Yns Yn) + 0° (Unt1, Uns1)
+ 2p(Yn, Yn)P(Ynt1, Ynt1)
<4P” (Yns Ynt1) + 0" Wns Un) + 0 (Ynt1s Yns1)
+ 2max{p*(Yn, Yn), 0" (Yn+1, Yn+1)}
<8¢" (p*(y0, 11))-

Hence, we have
1
P Yns Yny1) < [8¢" (0% (w0, 11))] 7 - (2.10)
Now by the triangle inequality for the metric p® and (2.10)), for any k,n € N, we can get
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P Yns Yntk) <P°(Yns YUnt1) + 0° Unt1, Ynt2) + - + P°(Ynth—1, Yntk)

1

< [867 (0 (o, 50)]* + 89" (0P )] * + -+ [ (0 (o, )]
n+k—1

=22 Z [4" (P* (30, 1))]

N

N

N

§2\/§Z [V (p*(yo,91))] 2 -

By virtue of the property of ¥ we conclude that for an arbitrary € > 0 there is a positive integer ng satisfying
P°(Yn, Yn+k) < €, for every n > ng and all k € N. Therefore {y,} is a Cauchy sequence in the metric space

(X, p%).
Since (X,p) is complete PMS, then (X,p®) is a complete metric space. Therefore, the sequence {y,}
converges to some y € X, that is, lim, oo p*(yn,y) = 0.

Now, we claim that lim, o0 p?(Yn,y) = 0. In fact, from Lemma (2), we have

p(y,y) = Im p(ys,y) = Lm  p(yn, ym). (2.11)

n,m

Moreover, since {y,} is a Cauchy sequence in (X, p®), then lim, ;00 P*(Yn, ym) = 0, and so from (2.8),
(2.9) and the property of 1, we have

lim pQ(ymyn) =0 and nllngopz(ynvyn+l) =0. (2‘12)

n—oo

Thus from the definition of p* and (2.12), we have limy, m—00 P(Yn, Ym) = 0. So limy, m—seo P> (Yns Ym) = 0.
Hence, from ([2.11]) we have

P’(y,y) = im p*(yn,y) = Lm  p*(Yn, ym) = 0. (2.13)
n— 00 n,m—00
This implies that
lim p®(yan,y) = Um p?(yon+1,y) = 0. (2.14)
n—oo n—oo
It follows from ([2.2]) and (2.14) that
lim p?*(Fron,y) = lim p*(Taon41,y) =0 (2.15)
n—oo n—0o0
and
lim p?*(Gaansi1,y) = lim p*(Swani2,y) = 0. (2.16)
n—oo n—oo

Assume that S(X) is a closed subset of the PMS (X,p). From (2.16]), there exists u € X such that
y = Su. We claim that p?(Fu,y) = 0. Otherwise, p?(Fu,y) > 0. By (p2), (p4) and (2.1)) we infer that

p°(y, Fu) < [p(y, Groni1) + p(Fu, Grans1) — P(Gxant1, GTans1))?
< p*(y, Grant1) + p*(Fu,Groni1) + 02 (2041, GTont1)
+ 2p(y, Gr2n+1)p(Fu, Groni1)
< p*(y, Gzans1) + P> (Fu, Groni1) + p°(y, Gront1) (2.17)
+ [p*(y, Gront1) + p*(Fu, Groni1)]
< 3p°(y, Gwant1) + 2p(Fu, Gran11))
< 3p” (Y, yant1) + 20(M (u, T2n11)).
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On the other hand, it follows from ({2.2]), (p4), (2.13]) and (2.14]) that

P*(Su, Twon41), p*(Fu, Su), p*(Gxant1, Tron+1),
p(Su, Txon+1)p(Fu, Txont1), p(Fu, Su)p(Fu, T xont1),
P(Gxany1, Tr2ni1)p(Fu, Tr2ny1),
11p(Su, Groni1) + p(Fu, Txani1))?

p2(y7y2n)7p2(Fu7y)7p2(y2n+17y2n)7
= max P(Y; y2n)(Fu, y2n), p(Fu, y)p(Fu, Yon),
(y2n+17y2n) (FU an)a 4[ (yayZn-l—l) +p(Fuay2n)]2
),p

(y Yon (Fuvy)7 2(y2n+17y2n)7
(y Yon) [P(Fu, ) + (Y, y2n) — p(y, y)], (2.18)
< max p(Fu, y)[p(Fu,y) + p(y, y2n) — p(y, )],

P(Y2n+1, Yon) [P(Fu, y) + p(Y, yon) — P(y, y)]
L 3P, y2nt1) + p(Fu,y) + p(y, y2n) — p(y, )

p2 (yv y2n)7 pQ(Fuv y)apz(an-l-la yZn)v
(Y, y2n) [P(Fu, y) + p(y, y2n)],
= max p(]:u, y)[p(fu7 y) + p(y7 an)]a
P(Y2n+1,Y2n) [P(Fu, y) + (Y, yan)]
1P, y2ns1) + p(Fu,y) + p(y, yon)

Taking the limit as n — oo in (2.18]), we deduce that
lim M (u, on1) = p*(Fu,y). (2.19)

n—o0

M(u, 2op41) = max

2

2

Since v is continuous, from (2.17)), (2.19)), (2.14]), and taking the limit as n — oo we obtain
P*(y, Fu) < 7}2{.10[3172(% Yan+1) + 20(M(u, 22 41)))]
=3 nli_)HOIOPQ(yy Yan+1) + 20( lim M(u, 22n+1))
= 2 (p*(Fu,y)).

Hence, as we supposed that p?(Fu,y) > 0 and as () < t for t > 0, we have p?(y, Fu) < 2p*(y, Fu), which
is impossible. Consequently, p?(Fu,y) = 0, so that

Fu =y = Su. (2.20)

That is, u is a coincidence point of F and S.
In view of y = Fu € FX CTX, we deduce that there exists v € X such that y = Twv.
Now we show that p?(Gv,y) = 0. Otherwise p?(Gv,y) > 0. Using (2.1) we infer that
P*(y, Gv) = p*(Fu, Gv) < (M (u,v)). (2.21)
In light of y = Su = Fu = Twv, we get that
p*(Su, Tv), p*(Fu, Su), p*(Gv, Tv), }

M(u,v) = max { (p(Su, Tv)p(Fu, Tv), p(Fu, Su)p(Fu, Tv),

p(Gv, Tv)p(Fu, Tv), 2[p(Su, Gv) + p(Fu, Tv))]?

P2y, y), P2 (v, ), p*(Gv, v), P*(y, y), } (2.22)

- { Py, ), (G, y)p(y,y), 1[p(y, Gv) + Py, y)]*}
=p*(Gv,y).
Making use of , and the property of ¥, we deduce that
p*(Gv,y) < (p*(Gu,y)) < p*(Gv,y),

which is a contradiction. Hence p?(Gv,y) = 0, and so
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Gv=y="To. (2.23)

That is, v is a coincidence point of G and T .
Since the pair {F,S} is weakly compatible, it follows from (2.20)) that

Fy=FSu=SFu=3S8y.
Now we show that p?(Fy,y) = 0. We suppose on the contrary that p?(Fy,y) > 0, we have

PA(Fy,y) < [p(Fy, yant1) + p(W2nt1, ) — D(Yant1, Yons1))?

< P (FY,y2nt1) + 07 (Y2nt1, ) + P2 (W2n 41, Y2nt1) + 20(AY, Y2n11)P(V2n11, )

P*(Fy, Gront1) + 0*Want1,Y) + P> Wont1, Yon+1) + 20(FY, Goon1)p(Y2nt1,Y)

P*(Fy, Grons1) + P> (Y2nt1,y) + 0° (Y2ns1s Y2ns1) (2.24)
+ [P*(Fy, Gant1) + 1* (y2n 11, v)]

2p” (Fy, Gront1) + 20° (Yant1,¥) + P> (Yant1, Y2nt1)

2

< 20(M(y, 22n41)) + 20> (Y2n+1, Y) + P (Y2nt1, Y2nt1)-

(
“(

IN

On the other hand, we have

P?(Sy, Txont1), p*(Fy, SY), p*(Gront1, Tw2nt1),
P(SY, Taon+1)p(FY, Tront1), p(Fy, SY)p(Fy, Tron+1),
P(Gxony1, To2n41)D(FY, TT2n41),
1Sy, Grant1) + p(Fy, Twont1))? (2.25)

P2(Fy, yon), P2 (Fy, Fy), 0> (Y2n+1, Y2n), D2 (F Y, Yon ),
= max p(Fy, F %)p(f Y, Y2n)s P(Y2n+1, Y2n)P(F Y, Y2n),
1 (Fy, yons1) + p(Fy, y2n)]?

Letting n — oo in the above inequality ([2.25]), and using Lemma and (2.12), we get that

lim M(y, 22n+1) = p*(Fy, ). (2.26)

n—oo

M(y, 22n41) = max

Taking the limit as n — oo in (2.24)), and in view of (2.26]), (2.12]), (2.14]) and the property of 1, we obtain

P> (Fy,y) < 20(0*(Fy,y)) < 20°(Fy,y),

which is a contradiction. Hence p?(Fy,y) = 0, and so
Fy=y=3Sy. (2.27)
Since the pair {G, T} is weakly compatible, it follows from that
Gy=GTv=TGv="Ty.
We claim that p?(y, Gy) = 0. Otherwise p?(y,Gy) > 0. By virtue of and ([2.27)), we obtain
P*(y,Gy) = p*(Fy.Gy) < p(M(y,y)).
On they other hand, in terms of , Gy =Ty, and (p2), we know that

p*(Sy, Ty), p*(Fy,Sy),p*(Gy, Ty),
M(y,y) = max p(Sy, Ty)p(Fy, Ty),p(Fy,Sy)p(Fy, Ty),
p(Gy, Ty)p(Fy, Ty), 1 [p(Sy, Gy) + p(Fy, Ty))?
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P’ (y,G),p*(v,v), p*(Gy, Gy), p*(y, Gy),
= max p(y,y)p(y, Gy),p(Gy, Gv)p(y, Gy),
1lp(y, Gy) + p(y. Gy))?

P*(y, 9), 0*(y, ), P*(y, Gv), p* (4, GY),
< max p(y, ) (y, Qy) p(y, Gy)p (y7 Gy),
1y, Gy) + p(y, Gy))?

= p*(y,Gy).

Therefore, in view of the property of ¥, we infer that

P*(y.Gy) = P*(Fy,Gy) < v(M(y,y)) < o(0°(y, Gy)) < p*(y. GY)-
This is impossible. Hence p?(Gy,y) = 0, and so
Gy=y="Ty. (2.28)
Now, combining and , we obtain
y=Fy=0Gy=35y="Ty.

That is, y is a common fixed point of F,G,S and 7.
To prove the uniqueness, suppose that z is another common fixed points of F,G,S and T and z # v,
then using the contractive condition (2.1), (p2) and (p3), we have

p*(y, 2) = p*(Ay, Gz)
p*(Sy, Tz),p*(Fy,Sy), p*(Gz, T z),
<1 | max p(Sy, Tz)p (fy,Tz) p(Fy,Sy)p(Fy,Tz),
p(Gz, T2)p (fy,TZ), 1[p(Sy,G2) + p(Fy, Tz)]?

“”(max{ R e o })
P(9,2), 9%

)
‘”(’T‘“{ y,zp)(y,z) o 2)( o (y@,)’) })
_p(y,i)

IN

Which is a contradiction and so must be z = y. Consequently, F,G,S and 7 have a unique common fixed
point.

Assume that T(X) is a closed subset of the PMS (X, p), then proof is similarly.

This completes the proof. O

Remark 2.2.  The contractive conditions of Theorem [2.1]is new. As far as now, no author has investigated
the problems.

In Theorem [2.1], if S = T, we deduce the following result of common fixed point for three self-mappings.
Corollary 2.3.  Let F,G and S be three self-maps of a complete PMS (X, p) such that
(i) FX CSX and GX C SX;
(ii) the ranges SX is a closed subset of (X,p);
(iii) the pairs {F,S} and {G,S} are weakly compatible and
p*(Fz,Gy) <$(M(z,y)), Var,y€X, (2.29)

where ¢ : RT — RY is continuous non-decreasing function such that (t) < t and the series
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Y1 [@/}”(t)]% converges for all t > 0, and

p*(Sz, Sy),p*(Fz,Sz), p*(Gy, Sy),
M(z,y) = max p(Sz, Sy)p(Fz,Sy), p(Fz,Sz)p(Fz,Sy),
p(Gy, Sy)p(Fx,Sy), 1 [p(Sz,Gy) + p(Fz, Sy))?

forall x,y € X. Then F,G and S have a unique common fized point in X.

In Theorem if #/ =G and § = T, we deduce the following result of common fixed point for two
self-mappings.

Corollary 2.4.  Let F and S be two self-maps of a complete PMS (X, p) such that
(i) FX CSX;
(ii) the ranges SX is a closed subset of (X, p);
(i1i) the pairs {F,S} are weakly compatible and
p*(Fa, Fy) < (M(z,y)), Vo,yeX, (2.30)
where ¢ : RY — RT is continuous non-decreasing function such that (t) < t and the series
Y1 [@/}”(t)]% converges for all t > 0, and

p*(Sz, Sy), p*(Fz,Sz), p*(Fy, Sy),
M(z,y) = max p(Sz, Sy)p(Fz,Sy), p(Fz,Sz)p(Fz,Sy),
p(Fy,Sy)p(Fz,Sy), 1[p(Sz, Fy) + p(Fz, Sy)*

for all x,y € X. Then F and S have a unique common fized point in X.

In Theorem [2.1} if we take S =T = Z (Z is identity mapping, the same below), we deduce the following
result of common ﬁxed point for two self-mappings.

Corollary 2.5. Let F and G be two self-maps of a complete PMS (X, p) such that
P (Fz, Gy) < v(M(a,y), Vr.y€ X, (2.31)

1
where 1 : RY — RT is continuous non-decreasing function such that (t) < t and the series 3p>1 [¢"™(t)]2
converges for allt > 0, and

p*(x,y), p*(Fa, x),p*(Gy, y),
M(z,y) = max p(x, y)p(Fr,y), p(Fz, x)p(Fz,y),
p(Gy,y)p(Fx,y), 1[p(z, Gy) + p(Fz,y))

forall x,y € X. Then F and G have a unique common fixed point in X.

In Theorem if ¥ =Gand § =T = Z, we deduce the following result of fixed point for one
self-mapping.

Corollary 2.6.  Let F be a self-maps of a complete PMS (X, p) such that
PP(F, Fy) <p(M(a,y)), Yoy € X, (2.32)

D=

where 1 : RY — R is continuous non-decreasing function such that (t) < t and the series Yp>1 ™ (t)]
converges for all t > 0, and

), p*(Fy, y),
z)p(Fz,y),

P*(x,y),p (
(z, Fy) + p(Fz,y))

?(Fa
M(z,y) = max p(z,y)p(Fzr,y
(fy y)p(Fr,y),

for all x,y € X. Then F have a unique fized point in X.

P
[p

th—t\—/
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In Theorem if we take ¥ (t) = kt and k € (0, 1), then we get the following corollary.

Corollary 2.7. Let F,G,S and T be four self-maps of a complete PMS (X, p) such that
(i) FX CTX and GX C SX;
(7i) one of the ranges SX and TX is a closed subset of (X,p);
(it) the pairs {F,S} and {G, T} are weakly compatible and

p*(Sz, Ty),p*(Fz,Sz), p*(Gy, Ty),
p*(Fz,Gy) < kmax p(Sz, Ty)p(Fz, Ty),p(Fz, Sz)p(Fx, Ty), (2.33)
p(Gy, Ty)p(Fz, Ty), 1 [p(Sz,Gy) + p(Fz, Ty))?

forallx,y € X, where k € (0,1) is a constant. Then F,G,S and T have a unique common fixed point
mn X.

In Corollary if S =7, we deduce the following result of common fixed point for three self-mappings.

Corollary 2.8. Let F,G and S be three self-maps of a complete PMS (X, p) such that
(i) FX CSX and GX C SX;
(ii) the ranges SX is a closed subset of (X,p);

(iii) the pairs {F,S} and {G,S} are weakly compatible and

p*(Sxz,Sy), p*(Fx,Sx),p*(Gy, Sy),
pZ(}"m,gy) < kmax p(Sz, Sy)p(Fzx,Sy), p(Fx,Sz)p(Fzx,Sy), (2.34)
p(Gy, Sy)p(Fz,Sy), ;1p(Sz, Gy) + p(Fz,Sy))?

for all x,y € X, where k € (0,1) is a constant. Then F,G and S have a unique common fized point
in X.

In Corollary if # =G and S = T, we deduce the following result of common fixed point for two
self-mappings.

Corollary 2.9. Let F and S be two self-maps of a complete PMS (X, p) such that
(i) FX CSX;
(ii) the ranges SX is a closed subset of (X,p);

(iii) the pairs {F,S} are weakly compatible and

p*(Sz, Sy), p*(Fz,Sz), p*(Fy, Sy),
p*(Fz, Fy) < kmax p(Sz, Sy)p(Fz,Sy), p(Fr,Sz)p(Fz,Sy),
p(Fy, Sy)p(Fz,Sy), 1 [p(Sz, Fy) + p(Fz, Sy))?

(2.35)

for all x,y € X, where k € (0,1) is a constant. Then F and S have a unique common fized point in
X.

In Corollary if S =T = Z, we deduce the following result of common fixed point for two self-
mappings.
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Corollary 2.10.  Let F and G be two self-maps of a complete PMS (X, p) such that

P*(x,y), p*(Fa, x),p*(Gy, y),
p*(Fz,Gy) < kmax p(z,y)p(Fz,y), p(Fz, x)p(Fzx,y), (2.36)

p(Gy, y)p(Fx,y), 1[p(x, Gy) + p(Fx, y)]>

for all x,y € X, where k € (0,1) is a constant. Then F and G have a unique common fized point in X .

In Corollary if F =G and § = 7T = Z, we deduce the following result of fixed point for one
self-mappings.

Corollary 2.11.  Let F be a self-maps of a complete PMS (X, p) such that

P’ (z,y), p*(Fz,x),p*(Fy,y),
p*(Fz, Fy) < kmax p(x.y)p(F,y), p(F, 2)p(Fe, y),
p(Fy,y)p(Fz,y), ;Ip(x, Fy) + p(Fz,y))?

for all x,y € X, where k € (0,1) is a constant. Then F has a unique fized point in X.

(2.37)

Corollary 2.12.  Let 7,G,S and T be four self-maps of a complete PMS (X, p) such that
(i) FX CTX and GX C SX;
(i1) one of the ranges SX and TX is a closed subset of (X,p);

(iii) the pairs {F,S} and {G, T} are weakly compatible and

p*(Fz,Gy) <a1p*(Sz, Ty) + agp?(Fz, Sz) + asp*(Gy, Ty)
+ asp(Sz, Ty)p(Fx, Ty) + asp(Fx,Sx)p(Fx, Ty) (2.38)
+ asp(Gy, Ty)p(F, Ty) + ar[p(Sz, Gy) + p(Fx, Ty))?
holds for all x,y € X, where a; >0 (i =1,2,3,---,7) with a1 + az + a3 + a4 + a5 + ag + 4a7 < 1.
Then F,G,S and T have a unique common fized point in X.

Proof. Let
p*(Sz, Ty), p*(Fa, Sz), p*(Gy, Ty),
M(CE,y) = max p(Sa:,Ty)p(}"x,Ty),p(}"x,Sx)p(fx,Ty),
p(Gy, Ty)p(Fa, Ty), 1 [p(Sz, Gy) + p(Fx, Ty))?

for all z,y € X. Then we have
ap?(Sz, Ty) + azp?(Fz, Sx) + azp*(Gy, Ty) + asp(Sz, Ty)p(Fa, Ty)
+ asp(Fz, Sx)p(Fx, Ty) + asp(Gy, Ty)p(Fz, Ty) + daz - 1[ (Sz,Gy) +p(Fz, Ty)]”
< (a1 +az + az + a4 + a5 + ag + 4a7) M(z,y).
So, if the condition hold, then
p2(Fz,Gy) < (a1 + as + az + a4 + a5 + ag + da7)M(z,y).

Taking k = a1 4+ a2+ a3+ a4+ a5+ ag +4a7 in Corollary the conclusion of Corollary can be obtained
from Corollary [2.5] immediately. O

Remark 2.13. In Corollary 2.12] if we take: (1) S=7T; (2) F=G; 3) F=GandS=T,; (4) S=T =1;
(5) F =G and S =T = Z, then several new results can be obtained and omit its.
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Now, we give two examples to support Theorem

Example 2.14. Let X = [0, 1], and (X, d) be a PMS defined by p(x,y) = max{z,y} for all z,y € X. Let
F,G,S and T be four self mappings defined by

1,2 332 2

}-z:z, Gxr = < Sx=2% Tz= %, Va € [0, 1].
Clearly, the subspace SX = X is closed, FX C SX and GX C TX. Also, it is easy to show that the pairs
{F,S} and {G, T} being weakly compatible. In order to check condition (2.1)) for all z,y € X and ¥(t) = %t
for all t € R™, we consider the following two cases:

Case 1. If z > y, then
T

) ) 2 y2 4
p (fx,gy):p <478> :E

and

Hence we deduce that

Case 2. If z < y, then

2,2 2,2 2 2,2 2 4

2 2 (X7 Y =y y vy )
= _— — = P < Z_  Z - Z_
p“(Fzx,Gy) =p ( 13 ) (max{ 13 }) < (max{ 18 }) T

and

Therefore we infer that

4
1
PA(Fa,0y) < L =2

< L= 206y, Ty) < TM(y) = ¥ (M(z0)

Then in all the above cases, the mappings F,G,S and T are satisfying the condition (2.1 of the Theorem
With ¥(t) = $t. So that all the conditions of Theorem [2.1|are fulfilled. Moreover, 0 is the unique common
fixed point of F,G,S and 7.

Example 2.15. Let X = {0, 2,3} and let a partial metric p : X x X — R™ be defined by p(z,y) = max{z,y}
for all z,y € X. Clear, (X,p) is a complete PMS. Let the mappings F,G,S,7 : X — X be defined by

Table 1: The definition of maps F,G,S and 7 on X

T F g S T
0 0 0 0 0
2 2 0 3 2
3 0 2 2 3

Clearly, the subspace TX = X is closed, FX C SX and X C T X.
Also, it is easy to show that the pairs {F,S} and {G, T} being weakly compatible.
In order to verify 1D with 1(t) = %t for all t € RT, we have to consider six possible cases as follows.
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Case (1) (z,y) € {(0,0),(0,2),(3,0),(3,2)}, we have p*(Fz,Gy) = p*(0,0) = 0, and hence (2.I) is

obviously satisfied.
Case (2) (x,y) = (0,3), then we have p?(Fz,Gy) = p?(0,2) = 4 and

p*(80,T3),p*(F0,80),p*(G3,T3),
M(0,3) = max p(S0,T3)p(F0,T3),p(F0,50)p(FO0,T3),
p(G3, T3)p(F0,T3),$p(S0,G3) + p(F0, T3)]>
=max{ 9,0,9,9,0,9, %
=9.

Thus we conclude that
p*(F0,G3) =4 <5 =

O] ot

Case (3) (7,y) = (2,0), then we have p?(Fz,Gy) = p?(2,0) = 4 and

p*(82,T0),p*(F2,52),p*(G0, T0),
M(2,0) = max p(S82,T0)p(F2,70),p(F2,82)p(F2,70),
p(GO, TO)p(F2,T0), 1[p(52,G0) + p(F2,70))
=max{ 9,9,0,6,6,0, 2
=9.

Hence we infer that 5
PH(F2,G0) =4 <5 =59 =9(M(2,0)).

Case (4) (z,y) = (2,2), then we have p?(Fz,Gy) = p?(2,0) = 4 and

p*(82,72),p*(F2,82),p*(G2, T2),
M(2,2) = max p(S2, T2)p(F2,7T2),p(F2,82)p(F2,T2),
p(G2, T2)p(F2,T2), 1{p(52,G2) + p(F2,T2))?
=max{ 9,9,4,6,6,4, %
=9,

Therefore we deduce that
pP(F2,G2) =4<5=

NeR

Case (5) (7,y) = (2,3), then we have p?(Fz,Gy) = p?(2,2) = 4 and

p*(82,73),p*(F2,82),p*(G3,T3),
M(2,3) = max p(S2, T3)p(F2,T3),p(F2,82)p(F2,T3),
p(G3, T3)p(F2,T3), 1 [p(52,G3) + p(F2,T3))?
=max{ 9,9,9,9,9,9,9 }
=9.

Consequently we know that

pA(F2,G3) =4 <5="=-9=1(M(2,3)).

Nl

Case (6) (z,y) = (3,3), then we have p?(Fz,Gy) = p?(0,2) = 4 and

p*(S3,73),p*(F3,83),p%(G3,T3),
M(3,3) = max p(S3,T3)p(F3,T3),p(F3,83)p(F3,T3),
p(G3, T3)p(F3,7T3), 1 p(S3,G3) + p(F3,T3))>
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Hence we ge

:max{ 974,979a6797% }
=9.

t that
PF3,G3) =4 <5 = 9= p(M(,3)).

Thus, the contractive condition (2.1)) is satisfied. And so, all conditions of Theorem are satisfied.

Moreover, 0
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