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Abstract

This paper deals with the study of a mathematical model which describes the bilateral, frictionless
adhesive contact between two viscoelastic bodies with damage. The adhesion of the contact surfaces is con-
sidered and is modeled with a surface variable, the bonding field, whose evolution is described by a first order
differential equation. We establish a variational formulation for the problem and prove the existence and
uniqueness result of the solution. The proofs are based on time-dependent variational equalities, a classical
existence and uniqueness result on parabolic equations, differential equations, and fixed-point arguments.
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1. Introduction

In this paper we study a mathematical model which describes the adhesive contact between two vis-
coelastic bodies, when the frictional tangential traction is negligible in comparison with the traction due
to adhesion. As in [I], Bl 5l 6], we use the bonding field as an additional variable, defined on the common
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part of the boundary. We derive a variational formulation of the model then we prove its unique solvability,
which provides the existence of a unique weak solution to the adhesive contact problem.

The subject of damage is extremely important in design engineering since. It affects directly the useful
life of the designed structure or component. There exists a very large engineering literature on it. Models
taking into account the influence of the internal damage of the material on the contact process have been
investigated mathematically. General novel models for damage were derived in [8] [0} 111, [12] from the virtual
power principle. Mathematical analysis of one-dimensional problems can be found in [7]. In all these papers,
the damage of the material is described by a damage function of restricted to have values between zero and
one, when of = 1, there is no damage in the material, when of = 0 the material is completely damaged,
when 0 < af < 1 there is a partial damage and the system has a reduced load carrying capacity. Contact
problems with damage have been investigated in [7, [10].

The adhesive contact between bodies, when a glue is added to keep the surfaces from relative motion,
has also recently received increased attention in the mathematical literature. Analysis of models for adhesive
contact can be found in [4, 5] 6l 14, 16] and recently in the monographs [16, [I7]. The novelty in all the above
papers is the introduction of a surface internal variable, the bonding field, denoted in this paper by g, it
describes the pointwise fractional density of active bonds on the contact surface, and is sometimes referred
to as the intensity of adhesion. Following [5] [6], the bonding field satisfies the restrictions 0 < 8 < 1, when
8 =1 at a point of the contact surface, the adhesion is complete and all the bonds are active, when 8 = 0 all
the bonds are inactive, severed, and there is no adhesion, when 0 < 8 < 1 the adhesion is partial and only
a fraction 3 of the bonds is active. We refer the reader to the extensive bibliography on the subject in [14}, 16].

The paper is organized as follows. In section [2] we present the notation and some preliminaries. In
section [3] we present the mechanical problem, we list the assumptions on the data, and give the variational
formulation of the problem. In section [4] we state and prove our main existence and uniqueness result,
Theorem [£.I] The proof is based on arguments of time-dependent nonlinear equations with monotone
operators, a fixed-point argument, and a classical existence and uniqueness result on parabolic equations.

2. Notations and preliminaries

We denote by S? the space of second order symmetric tensors on R%; ” -” and | - | represent the inner

product and the Euclidean norm on R? and S? respectively. Thus, for every uf, v € R? and ¢!, 7¢ € S* we
have:

u@ ’ Ve = Uf ’ Ufa |Vz‘ = (Vevve)l/Qa
1/2
ol 7t = ij : Tfj, 17| = (74, 791/2.

Here and below, the indices ¢ and j run between 1 and d the summation convention over repeated indices
is adopted.

Let Q! and Q2 be two bounded domains in R?. Everywhere in this paper, we use a superscript £ to
indicate that a quantity is related to the domain Qf, ¢ = 1,2. For each domain Qf, we assume that its
boundary I'* is Lipschitz continuous and is partitioned into three disjoint measurable parts Fli, Fé and T'%,
with measI'{ > 0. The unit outward normal to I'* is denoted by v = (Vf). We also use the notation

H' = {v" = (v) |v] € LX(Q0)}, Hi={v'=()|vjeH(Q")},
H = {1l = () | 7}, =1 e L)}, H{={r"e H'|Divr) e H}.

The spaces H', H f , 1, and 7—[‘{ are real Hilbert spaces with the canonical inner products given by

(uf, v e = / ut - vidr, (UZ,VZ)H{z = (0, v") e + (Vub, Vv e,
0¢
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(0,780 = / o' rldz, (Ue,TE)H/{ = (0%, 7%) 5 + (Dive®, Divrt) e,
0¢

and the associated norms || - || g, || - ||Hf7 Il - Iz, and || - HH{ respectively.
Here and below we use the notation

1
V' = (ufy), e(u) = (ey(u), eyu) = S(ul; +ufy), ' e HY,
Now, we define the space V¢ by
Vi={vte Hf |v! =0on %}
Since meas T > 0, the following Korn’s inequality holds
¢ l ¢ l
Je ) e = excVillge, W' € VY, (2.1)

where the constant ¢y denotes a positive constant which may depends only on Q, T'{ (see [13]). Over the
space V¢, we consider the inner product given by

(uh,vh e = (e(u?),e(vh))pye, Vulvt e VE (2.2)

and let [| - [|ly¢ be the associated norm. It follows from Korn’s inequality (2.1) that the norms || - | ¢ and

| - |lye are equivalent on V¢ Then (V¥ | - |ly¢) is a real Hilbert space. Moreover, by the Sobolev trace
theorem and ([2.2)), there exists a constant cg > (, depending only the ¢ such that

IVl z2ryys < collVEllye, vt e Ve, (2:3)
and we denote by ¢y a constant given by
co = max{c}, c}. (2.4)
We define the set V of admissible displacement fields by
V={v=rLv) eV xV?|v! +v2=0o0nT3}.

The space V is a real Hilbert space endowed with the canonical inner products (-,-)y and the associated
norm | - |y

Since the boundary I'* is Lipschitz continuous, the unit outward normal vector v on the boundary I'¢
is defined a.e. For every vector field, v/ € H{ we use the notation v|p¢ for the trace of v/ on I'* and we
denote by v’ and v/ the normal and the tangential components of v/ on the boundary, given by

L=yt vh = vi— vfue.

For a regular (say C') stress field o, the application of its trace on the boundary to v* is the Cauchy
stress vector o‘vf. We define, similarly, the normal and tangential components of the stress on the boundary
by the formulas

ob = () v, ol =o' -l

When o is a regular function, the following Green’s type formula holds,
(%, e(v))gye + (Divel, v e = /Fl o'vtvda, Wv' e HY. (2.5)

Here and below we denote by Div the divergence operator for tensor valued functions defined on Q' or
02



A. Derbazi, et al., J. Nonlinear Sci. Appl. 9 (2016), 1216-1229 1219

In order to simplify the notations, we define product spaces

V=V'xV%  H=H'xH?  H =H xH
H=H'xH> and H,=H =1

They are all Hilbert spaces endowed with the canonical inner products denoted by (-, -)v, (-, ) g, (-, )y,
(-, ), and (-, )y, respectively. Moreover, we denote by (V', |- ||y+) the strong dual of V and (-, -)y/xy will
represent the duality between V'’ and V.

Finally, for every real Banach space X and T" > 0, we use the classical notation for the spaces LP(0,T; X)
and W*P(0,T;X), 1 < p < 400, £ = 1,2, and we use the dot above to indicate the derivative with respect
to the time variable.

3. The model and its variational formulation

We describe the model for the process , we present its variational formulation. The physical setting is
the following. We consider two elastic bodies that occupy a bounded domains Q' and Q2. The two bodies
are in bilateral, frictionless, adhesive contact along the common part 'y = T'3, which will be denoted in
what follows. Let T > 0 and let [0, T] be the time interval of interest. The body is clamped on T'{ x (0,T),
so the displacement field vanishes there. A surface tractions of density ff act on I‘g x (0,T) and a body
force of density f§ acts in Qf x (0,7)).

We denote by u’ the displacement vectors, by of the stress tensors, by o a damage field, and by
e’ = £(u’) the linearized strain tensors. We model the materials with nonlinear viscoelastic constitutive law

with damage:

o' = A'(e(a)) + G (e(u’), o),

where A’ is a given nonlinear viscosity function and G is a given nonlinear elasticity function which depends
on the internal state variable describing the damage of the material caused by elastic deformation and the
dot above represents the time derivative.

The differential inclusion used for the evolution of the damage field is

&l — K Aat 4 dppee (af) 3 Sh(e(ub), ab),
where K is the set of admissible damage test functions, S is the source function of the damage
K ={ceHY Q) |0<(¢<Tae QY

where k¢ is a positive coefficient, 8‘%& denotes the subdifferential of the indicator function ¢, and S’ is a
given constitutive function which describes the sources of the damage in the system.

We assume that the normal derivative of af represents a homogeneous Newmann boundary condition
where

o l
o’ _
ot
with
a = (al,a?).

Now we describe the conditions on the contact surface I's. We assume that the contact is bilateral, i.e.,
there is no separation between the bodies during the process. Therefore

ul +u2 =0 onT;3x[0,T].

Moreover,

v!=—1% on T3 and e'v!=-6%? onTl3x][0,T].
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Consequently,

ol =¢% and ol = -2 on T3 x[0,7].

:

Following [4, 5], we introduce a surface state variable /3, the bonding field, which is a measure of the
fractional intensity of adhesion between the surface and the foundation. This variable is restricted to values
0 < 8 <1; when 8 = 0 all the bonds are severed and there are no active bonds; when § = 1 all the bonds
are active; when 0 < 8 < 1 it measures the fraction of active bonds, and partial adhesion takes place.

We assume that the resistance to tangential motion is generated by the glue, in comparison to which the
frictional traction can be neglected. Moreover, the tangential traction depends only on the bonding field
and on the relative tangential displacement, that is

—ol =062 =p.(B,ul —u?) onT;3x[0;T].
We assume that the evolution of the bonding field is governed by the differential equation

/8 = Had(ﬁvR(’u'lr - u'2r|))

Here, H,q is a general function discussed below, which vanishes when its first argument vanishes. The
function R : Ry — R is a truncation and is defined as

s if 0<s<L
R(S)_{ L if s>, (3.1)

where L > 0 is a characteristic length of the bonds (see, e.g., [14]). We use it in H,4 since usually, when the
glue is stretched beyond the limit L, it does not contribute more to the bond strength.

Let Bo, the initial bonding field. We assume that the process is quasistatic and therefore we neglect the
inertial term in the equation of motion. Then, the classical formulation of the mechanical problem may be
stated as follows.

Problem P.

Find the displacement field u = (u!,u?) such that u’: Q¢ x [0,T] — RY, a stress field o = (¢!, 0?)
such that o : Qf x [0,T] — S?, a damage field o = (a!, a?) such that of : Qf x [0,7] — R, and a bonding
field B : I's x [0, 7] — R such that

ol = Ale(i') + G (e(u?), ), in Qf x (0,7), (3.2)
af — kAt 4+ Bpge(af) 3 Ste(uf), o), in Qf x (0,7), (3.3)
Dive’ + f§ =0, in Qf x (0,7), (3.4)
u =0, on I'{ x (0,7), (3.5)
o'vt = fi, on T x (0,T), (3.6)
ol =02 ul+u’=0, on I's x (0,7, (3.7)
— ol =0%=p(B,ul —u?), on I's x (0,T), (3.8)
B = Haq(B, R(Jut —u?))), on I's x (0,T), (3.9)
Zjﬁ =0, on T x (0,7), (3.10)
u‘(0) = uf at(0) = af, in Q°, (3.11)
B(0) = Bo, on I's. (3.12)

In the study of the Problem P, we consider the following assumptions.
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Assumptions.
The viscosity function A : Qf x S — S? satisfies

( (a) There exists L 4« > 0 such that
|AY(z, &1) — Az, &)| < L gelés — &
Ve, & € St aex € QL.
(b) There existsm 4¢ > 0 such that
(A (2, &) — A2, &) - (&1 — &2) > m & — &f? (3.13)
M IRTES Sd, a.e. x € QL.
(c) The map x — A(z,£) is Lebesgue measurable on 0
for any ¢ € S%,
([ (d) The map = — A%(x,0) € H’.

The elasticity operator Gl Ql x S% x R — S? satisfies

(a) There exists Lge > 0 such that
1G4 (z, &1, 1) — (2,62, 2)| < Lge([€1 — &o| + |ar — azl)
VEL & €S Vaq,0? €R ae. z € Q.

(b) For any £ € S and a € R
z — G'(z,€, ) is Lebesgue measurable on QF.

(c) The map x — G*(x,0,0) € H-.

(3.14)

The damage source function S : Qf x S x R — R satisfies

( (a) There exists Mge > 0 such that
|S€(X, €1, al) — SK(X,EQ, ag)’ < M‘ge(‘éj — 62| + ‘041 — 042|).
V€1,€2 S Sd, VOél, Q9 € R, a.e. X ¢ QZ.
(b) For any € € S%, a € R,
x — S(x, €, a) is Lebesgue measurable on Q.
(c) The mapping x — S*(x,0,0) € L2(Q).

(3.15)

The tangential contact function p, : I's x R x RY — RY satisfies

(a) There exists L; > 0 such that
lpr (%, B1,71) — pr(®, B2,m2)| < L (|81 — B2| + |r1 — 72|)
Vﬁl, ,82 eER,ri,ry € Rd, a.e.x € I's.
(b) The map z — p,(z, 3, ) is Lebesgue measurable on I's (3.16)
V5 e R, r € R%.
(c) The map z — p,(z,0,0) € L>®(T'3)%
L (d) pr(x,B,7).v(z) =0 V¥r € R?such that r.v(z) =0,a.e.x € I's.

The adhesion function H,q : I's x R x [0, L] — R satisfait

(a) There exists Liqq > 0 such that
|Had(,01,71) — Haa(,b2,72)| < Liaa(|by — ba| + |r1 —ra|)
Vb1,bo € R Vry,ry € [0, L] a.e. x € T's.

(b) The map x — Hyq(x,b,r) is Lebesgue measurable on I's
VbeRrel0,L]

(c) The map (b,r) — Hgyq(x,b,r) is continuous on R x [0, L]
a.e.x € I's.

(d) Hga(z,0,7) =0 VY re|0,L], ae. xzels.

(e) Hug(z,b,7) >0 V¥b<0,r€l0,L],a.cex €Ty and
Hui(z,b,r) <0 Vb>1, rel0,L], ae. x €.

(3.17)
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We also suppose that the body forces and surface tractions satisfy

fy € C(0,T; H"), f; € C(0,T;L*(T9)7), (3.18)
and, finally, the initial data satisfies
Bo € LOO(Fg), 0<pBy<1lae zels. (319)
Finally we assume that the initial data satisfy the following conditions
uf e V4, (3.20)
of € K. (3.21)
We define the bilinear form a : H'(Q%) x H(Q) — R by
2
=> K / vt getde. (3.22)
=1
The microcrack diffusion coefficient verifies
k> 0. (3.23)

Using (2.5)) and (3.4]), we deduce that for £ = 1,2 we have

(" (1), e(v"))ppe =(£5(t), v*) e + / B(t).vida+t
E (3.24)
/ (cf () + ot(t)vh)da Wi eVtae. te (0;T).
s

We define the map f = (f',£?) : [0,T] — V by the equality
2

(60 v)v = 3 ((E(0.v) 0 + /F Eh(1)v"da) (3.25)

/=1
for all v = (v, v?) € V,a.e.t € (0;T). We note that, using (3.18)) we obtain the following regularity
feC0T;V). (3.26)

From and , we deduce
2
(o(t),e(vV)u =) _(o(t),e(v"))pue

=1
V+Z/ eda+2/ ~vida Wv = v?) eV, ae te(0,T).

(3.27)
Keeping in mind (3.7)) and (3.8)), we deduce
2

Z/ (ob vl + ot vh)da = —/ pr(B,ul —u?). (v — v?)da. (3.28)

=113 T's

Let us define the functional j : L*°(T'3) x V x V — R by
j(Bu,v) = / p-(6,ul —u?).(vl — v?)da. (3.29)
I's

for all € L>(I'3) and u = (u',u?) € V and v = (v!,v?) € V. Taking into account (3.27)-(3.29), we can
write

(a(t),e(v)y + 7 (B(),u(t),v) = (f(t),v). VveV, ae. t€l0,T].

Then, the variational formulation of the Problem P may be stated as follows.
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Problem PV.
1 1

Find a displacement field u = (u!,u?) : [0,7] — V, a stress field o = (o', 0?) : [0,T] — H, a damage
field a = (at,a?) : [0,T] — H(Q2), and a bonding field 3 : [0, T] — L>(T'3) such that

o'(t) = Ae(i (1) + Gle(u’ (1), ") (3.30)
B(t) = Haa(B(), R(uA() —w2(0)])), 0< B() < 1, (3.31)
2
S (@ (6,20 + 3 (B ult).v) = (B, V)y, WV eV, (3.32)
(=1

alt) € K, g (68,6 — (1)) gy + alalt). € — a(t))

2 (3.33)
> gl(se(&(ue(t))’ a’(t), € = o (t)) 2 ), € € K,

a.ete[0,T],
u(0) =ug, B(0)=py, «a(0)=a. (3.34)

We notice that the variational Problem PV is formulated in terms of displacement, stress field, damage
field, and bonding field. The existence of the unique solution Problem PV is stated and proved in the next
following section.

4. Well posedness of the problem
Our main existence and uniqueness result is the following.

Theorem 4.1. Assume that (3.13))~(3.21)) hold. Then there exists a unique solution to Problem PV . More-
over, the solution satisfies

ueCH0,T;V),
o < C(O,T;Hl),
a € WH2(0,T; L*(Q)) N L*(0,T; H'(R)),

1
2
3
B € Whee(0,T; L=(T'3)). 4

~ o~~~
= e e
— — ~— ~—

A quadruplet (u, o, 5, «) which satisfies f is called a weak solution to the compliance contact
problem P. We conclude that under the stated assumptions, problem — has a unique weak solution
satisfying f.

We turn now to the proof of Theorem which carried out in several steps. To this end, we assume
in the following that f hold. Below, C denotes a generic positive constant which may depend
on QY I“i, I's, A’, and T, but does not depend on ¢ nor of the rest of input data, and whose value may
change from place to place. Moreover for the sake of simplicity, we suppress, in what follows, the explicit
dependence of various functions on zf € Q¢ UT*. The proof of Theorem - 1| will be carried out 1n several
steps. In the first step we solve the differential equation in ) for the adhesion field, where u’ is given,
and study the continuous dependence of the adhesion solutlon w1th respect to u’.

Lemma 4.2. For every u = (u!,u?) € C(0,T;V), there exists a unique solution
Bu € WH(0,T; L*(T3)),
satisfying

Bu(t) = Haa(Bu(t), R(luz(t) —uZ(t)]),  ae t€(0,T), (4.5)
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Bu(o) = 50- (4.6)

Moreover,
0<Bu(t)<1, Vtel0,T], a.e. onTs, (4.7)

and there exists a constant C > 0, such that, for all u; = (u'*, u?%) € C(0,T;V),
t
1804 () = Bua®)leyy < € [ fh(s) = wa(s) s
Proof. We consider the map H : [0,7] x L*°(I's) — L*°(I'3) defined by
H(t,B) = Hog(B,R(Jul(t) —ui(t)]), ae. te (0,T)VYS e L>T3).

It is easy to check that H is Lipschitz continuous with respect to the second variable, uniformly in time;
moreover, for all ¢ € [0,7] and 8 € L>®(I's), t — H(t, 5) belongs to L>°(0;T; L>°(I'3)). Thus, the existence
of a unique function [, which satisfies f follows from a version of the Cauchy—Lipschitz theorem.

Finally, the proof of is a consequence of the assumptions and , see [15] for detail. Now
let uj, ug € C(0,7;V) and let t € [0,7]. We have, for i = 1,2,

t
Budt) = o+ [ Haa (o), R(Jubi(s) — 2 (9)) ) ds, i = 1.2,
0
where u; = (u'’,u®) and 3,, = B8;. Using now (3.17) and , we obtain
t t
10) = 52(0)] < O [ 1819 = Balo)lds + [ uth(s) = u'(5) = (ul2(e) = (o)) ).
Next, we apply Gronwall’s inequality to deduce
t
61(2) = Ba(t)| < C/ [uz! (s) = uZ' () — (uz”(s) — uF(s))| ds,

0
which implies

t

|B1(t) = Ba(1)]* < C/ (Ju(s) = u'(s)]* + |u*(s) — u™(s)*)ds.

0
Integrating the last inequality over I's and keeping in mind (2.3)), we find

¢

1B1(t) = Ba()IIZ2 ) < C/O (Hull(s) —u'?(8)[[F + [[u? (s) = u22(s)||%/2)ds.
Taking into account (2.4), we deduce
t
I81(6) = Aa(Olfaryy < C [ ua(s) = walo) .

the second part of lemma [4.2] O

Now we consider the following viscoelastic problem and we prove the existence and uniqueness result for

(13.30), (3.31)), and (3.32)) with the corresponding initial condition.

Problem QV.
Find a displacement field u = (u!,u?) : [0, 7] — V, a damage field a = (a!,a?) : [0,7] — H'(2), and a
stress field o = (o, 0?) : [0,T] — H, satisfying (3.30), (3.33)), and

2
D (0 (1) e())ge +5(B(E) ult), v) = (E(t),v)v, VeV, tel0T], (4.8)
{=1
u(0) = ug, a(0) = ap. (4.9)

Let n € C(0,T; H), and consider the following variational problem.
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Problem QV,.
Find a displacement field u, = (u},u2) : [0,7] — V and a stress field o) = (o}, 02) : [0,7] — H such
that

o (1) = A= (i (1) + (1), (110)
2

Z(Uf;(t),a(vé))ﬂzj(ﬁun (t),u,(t),v) = (f(t),v)y, VveV, tel0,T], (4.11)

=1

u,(0) = up. (4.12)

To solve problem QV,, we consider § € C(0,T;V) and we construct the following intermediate problem.

Problem QV,,.
Find a displacement field u,y = (u7179, ‘17279) :[0,7] — V and a stress field o, = (0'7179,0'7279) 20,7 = H
such that

() = Ale( (1)) + ' (t), (4.13)
2

D (ol(t),e(W))ye + (0(t),v)y = (£(t),v)y, Vv eV, te[0,T], (4.14)

(=1

u;0(0) =g (4.15)

Lemma 4.3. There exists a unique solution g, o9 of problem PQ,q which satisfies (4.1)—(4.2).

Proof. We use Riesz’s representation theorem to define the operator A: V — V by

(Au,v)y = (Ae(u),e(v))y Yu,vevV, (4.16)
2
(Ae(u),e(v))y = Z(Az(a(uz)),s(vz))ﬂe v ut, vlevh (4.17)
=1

Using (3.13), it follows that A is a strongly monotone Lipschitz operator, thus A is invertible and A~ :
V' — V is also a strongly monotone Lipschitz operator. It follows that there exists a unique function v,y
which satisfies

v € C(0,T;V), (4.18)
Avyg(t) = hye(t), (4.19)

where h,g € C(0,7;V) is such that

(hn9<t)7 U)V = (f<t)7v)V - (n(t>7€<v))7{ - (e(t)7V)V7 Vv ev, (4'20)

Let w9 : [0,7] — V be a function defined by
t
Uy = / Vngds +uy Vte [O,T]. (4.21)
0

It follows from (4.21)), , and (4.19) that u,p € C(0,7;V). Consider o, defined in (4.13). Since
n e C0,T;H), uy € C*(0,T;V) and from the relations (3.13) we deduce that oy € C(0,T;H). Since
Dive,y = —fy € C(0,T; H), we further have o, € C(0,7;H1). This concludes the existence part of lemma
Z%!|

The uniqueness of the solution follows from the unique solvability of time-dependent equation (4.19)).
Finally (u,s, 09) is the unique solution to the problem QV, 4 obtained in Lemma which concludes the
proof.
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Now we consider the operator A : C'(0,7;V) — C(0,T;V), given by
(AO(1),V)v = j(Bu,e (1), upe(t),v), V¥veV, tel0,T], (4.22)
We have the following result.

Lemma 4.4. For each 8 € C(0,T;V) the function A@ : [0,T] — V belongs to C(0,T;V). Moreover, there
exists a unique element 0* € C(0,T;V) such that AG* = 6*.

Proof. Let 0; € C(0,T;V). We use the notation w; = (u!'?,u?), and 3,, = B; for i = 1,2. The equalities
and inequalities below are valid for all v € V a.e. t € (0,7). Using (4.22)), (3.29)), and the properties of the

function p,, after some computation, we obtain
|(A61(t) — ABs(t),v)v| SC(HuH(t) — w2 ()| L2rgye + 16?1 (8) = w2 (1)l 12 (rg)a
+ [1B1(¢) — Bz(t)llm(rg))(HUIHLZ(rg)d + [0 L2(rg)0)-
Moreover, keeping in mind (2.3]) and (2.4)), we can write
|(AB1(t) — AB>(t), v)v| < C([[B1(t) — B2(E) | L2(ry)
+ ([[utt () — a2 @)y + 6 (@) = w2 O llv2) (ot v + 02 ]v2)),
and form this inequality we find
1461(1) ~ A1)l < C(I181(8) — Ba(D)l ey + s (1) — wa(®)v ). (4.23)
Then by Lemma 4.3}, we have

1460,() = A8 < € () = wa Ol + [ fhan(s) = wa(s) [ ds).

1A0:(t) — AG2(1)[I} < C/t Ivi(s) = va(s)|[{ds. (4.24)
Moreover, from it follows that ’
(Ae(vy1) — Ae(va),e(vi — v2))y + (01 — 02, vy — vo)y =0 on (0,7). (4.25)
Hence
[vi(s) = va(s)llv < C[|01(s) = O2(s)[lv, Vs €0,T]. (4.26)

Now from the inequalities (4.24]) and (4.26]) we have
t
146:(0) = 862(0) < C [ 63(5) ~ B(5) Vs < 0.7,
0

Reiterating this inequality n times yields
"
n!

IA™01 — A" 0 1) < 101 — 05120 11

We conclude that for a sufficiently large n, the mapping A™ of A is a contraction in the Banach space
C(0,T;V). Therefore, there exists a unique 8* € C(0,7; V') such that A"0* = 6* and, moreover, 6" is the
unique fixed point of the mapping A. O

Lemma 4.5. There exists a unique solution of problem QV,, satisfying (4.1)—(4.2).

Proof. Let 0* € C(0,T;V) be the fixed point of A. Lemma implies that (wy«,0p6+) € C(0,7;V) x
C(0,T;#H,) is the unique solution of QV,, for 6 = *. Since A0* = 6" and from the relations (4.22), ,
(4.11)), and , we obtain that (u,, o) = (w9, 0;p+) is the unique solution of QV, . The uniqueness of
the solution is a consequence of the uniqueness of the fixed point of the operator A given in . O

Let w € C(0,T; L%*(Q)). We suppose that the assumptions of Theorem hold and we consider the
following intermediate problem for the damage field.
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Problem PV,,.
Find the damage field a, = (a},a?) : [0, T] — H*(Q) such that ay,(t) € K for all t € [0,T] and

(Gw(t),€ — aw)r2(0) +alaw(t),§ — aw(t) = (w(t),§ — aw(t))r2(q)
VéE e K, ae. te(0,T),
a,(0) = ap, (4.28)

(4.27)

2

where K = K' x K2, (c(t),§ — aw)r2q) = Z:l(di(t)vfg — (1) 2y and (W(t), € — aw(t)) o) =

2
ST (wWh(t), &8 — ol (1) r2(q¢y- To solve problem PV, we recall the following standard result for parabolic
(=1

variational inequalities (see, e.g.,[17], page 47).

Lemma 4.6. Problem PV, has a unique solution o (t) such that
o, € WH2(0,T; L2()) N L*(0, T; HY(Q)). (4.29)

Proof. We use (3.21]), (3.22)), and a classical existence and uniqueness result on parabolic equations (see for
instance [2, p. 124]. O

As a consequence of solving the problems QV, and PV, we may define the operator £ : C (0, 75V x
L2(2)) — C(0,T;V x L*()) by

L(n,w) = (G(e(uy), o), S(e(uy), a)) (4.30)
for all (n,w) € C(0,T;V x L*(Q)), then we have the following lemma.

Lemma 4.7. The operator L has a unique fized point
(n*,w*) € C(0,T;V x L*(Q)).

Proof. Let (ny,w1), (Mg, w2) € C(0,T;V x L?(2)), t € [0,7] and use the notation u,, = w;, U, = v,, = v;,
and «, = «a; for i = 1,2. Taking into account the relations (3.14)), (3.15)), and (4.30), we deduce that

[£(n1,w1) — L(Mg,wa)lvxr2) < C(HUl —wflv + (a1 — 042HL2(Q)>- (4.31)

Moreover, using (4.11)) we obtain

(Ae(v1) — As(va),e(v1) — e(v2))u = j(Bu2,u2,v1 — v2)
— J(Buy,u1, vi — Vo) + (ny — ny,e(vi) — e(ve))y ae. t € [0,T].

Keeping in mind (3.13]) and (3.16)), we find
Ivi(t) = va ()3 < C(Hﬁul (t) = Bua (D172 (ry) + 01(8) — w2 + [l (1) — 772@)“%/)- (4.33)

By Lemma we obtain

(4.32)

Vi) = va@)I < C(Im(®) = ma®)I + () — wa(t) I}
t
+ [ ) = (o) ) (4.34)
t
< C(Jlm(®) —ma®II} + /0 [vi(s) = va(s) [} ds).
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Applying Gronwall inequality yields

Iva(®) = va(®) % < Cllmy(®) — ma(®) . (4.35)
Since u(0) = uy(0), we have
Hmw—wﬁwécéww®—w@w@-

From the two previous inequalities, we find

t
s (8) — w2 (t)|lv < C/O [71() — m2(s)lvds. (4.36)

From (4.27), we deduce that
(dl — Q9,07 — OéQ)LQ(Q) + CL(Ozl — g, ] — 052)) < (w1 — wg, 0] — ag)L2(Q), a.e. € (O,T).

Integrating the inequality with respect to time, using the initial conditions a1(0) = a2(0) = ap and the
inequality a(a; — ag, a1 — ag) > 0, we find

1 5 t
5101(0) = 02(OfE ey < € [ (wa(s) (o). (9) = a(s)) 2oy,

which implies that

t t
01(t) = ao®)ffany < € [ e1(6) — (o) Eagards + [ (o) =~ aalo) s

This inequality, combined with Gronwall’s inequality, leads to

e (t) = aa ()] 20) < C/O lwi(s) = wa(s)ll L2 (@yds,  Vt € [0,T]. (4.37)

Substituting (4.36)) and (4.37)) in (4.31)), we obtain

t
[1£(m1,w1) = L(ng, w2) v xr2(0) < C/O (11, w1)(s) = (19, w2)(s)lv x £2(2)ds- (4.38)
Lemma is a consequence of the result (4.38]) and Banach’s fixed-point Theorem. O

Now, we have all the ingredients to solve QV .
Lemma 4.8. There exists a unique solution {u,o,a} of problem QV satisfying (4.1)—(4.4).

Proof. We start the proof by the existence of the weak solution:

Existence

Let (n*,w*) € C(0,T;V x L*(Q)) be the fixed point of £ given by (4.30); by lemma we con-
clude that {u,,o,} = {w;p, 0.} € C(0,T;V) x C(0,T;H1) is the unique solution of QV,. Since
L(n*,w*) = (n*,w*), from the relations (4.10), (4.11), (4.12), and lemma we obtain that {u,o,a} =
{9+, g, ayg } is the unique solution of QV. The regularity of the solution follows from lemmas
and lemma [Smm]

Uniqueness
The uniqueness of the solution results from the uniqueness of the fixed point of the operator £ defined
by (4.30). O

Now, we have all the ingredients to prove Theorem
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Proof of Theorem [/.1. In this proof we give the existence and uniqueness of the weak solution.

Existence
Let {u, o, a} is the solution of the problem QV given by Lemmas and 8 = B, the solution of
(4.5) given by Lemma It follows that {u, o, 8, a} is the solution of problem PV satisfying (i3.30])—(3.34]).

This concludes part existence.

Uniqueness

The uniqueness of the solution follows from the uniqueness of the solution of Cauchy problems (4.8)—(4.9))
and (4.11)), guaranteed by Lemmas and respectively. O
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